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When a uniform solid disk and a uniform hoop are placed side by side at the top of an inclined plane
of height \( H \), their subsequent motion under gravity illustrates fundamental principles of
rotational dynamics and energy conservation. This scenario serves as an excellent demonstration to
understand how moments of inertia influence the acceleration and rolling behavior of different
objects. In this comprehensive article, we explore the physics behind these objects' motion, analyze
their rotational and translational energies, and discuss the key factors affecting their acceleration
down the inclined plane.

---

Understanding the Scenario: Solid Disk and Hoop on an
Incline

Before delving into the detailed physics, it is important to establish the initial conditions and the
physical properties of the objects involved.

Initial Setup and Conditions

- Both objects are placed at the same height \( H \), at the top of an inclined plane.
- The incline has an angle \( \theta \) relative to the horizontal.
- Both objects are released simultaneously without initial velocity.
- Rolling without slipping is assumed, meaning the objects roll down the incline smoothly without
slipping.

Physical Properties of the Objects

| Object | Mass | Radius | Moment of Inertia \( I \) | Moment of Inertia Expression |
|---------|--------|---------|---------------------------|------------------------------|
| Solid Disk | \( M \) | \( R \) | \( \frac{1}{2} M R^2 \) | \( I = \frac{1}{2} M R^2 \) |
| Hoop | \( M \) | \( R \) | \( M R^2 \) | \( I = M R^2 \) |

The key difference lies in their moments of inertia, which significantly influence their acceleration
during rolling motion.



---

Fundamental Concepts in Rolling Motion

To analyze the motion of the solid disk and hoop, it is crucial to understand the concepts of energy
conservation, rotational inertia, and the rolling condition.

Energy Conservation Principle

As the objects roll down the incline, their initial potential energy converts into kinetic energy, which
includes both translational and rotational components:

\[
PE_{initial} = KE_{translational} + KE_{rotational}
\]

At the bottom of the incline, the total kinetic energy for each object is:

\[
PE_{initial} = \frac{1}{2} M v^2 + \frac{1}{2} I \omega^2
\]

where:

- \( v \) is the linear velocity at the bottom,
- \( \omega \) is the angular velocity,
- The rolling condition relates \( v \) and \( \omega \):

\[
v = \omega R
\]

Role of Moment of Inertia

The moment of inertia \( I \) determines how much rotational kinetic energy an object possesses for a
given angular velocity. Objects with larger \( I \) resist changes in rotational motion more and tend
to accelerate more slowly down the incline.

---

Deriving the Acceleration of the Objects

The acceleration of rolling objects down an inclined plane can be derived from Newton's second law



and rotational dynamics.

Step-by-Step Derivation

1. Forces Acting on the Object:

- Component of gravitational force along the incline: \( M g \sin \theta \)
- Frictional force \( f \), which provides the torque for rotation but does no work due to the rolling
without slipping condition.

2. Translational Motion:

Applying Newton's second law along the incline:

\[
M a = M g \sin \theta - f
\]

3. Rotational Motion:

The torque \( \tau \) due to friction:

\[
\tau = f R
\]

Newton's second law for rotation:

\[
\tau = I \alpha
\]

where \( \alpha \) is angular acceleration and relates to linear acceleration:

\[
\alpha = \frac{a}{R}
\]

4. Linking Forces and Motion:

Combining the equations:

\[
f R = I \frac{a}{R}
\]

\[
f = \frac{I a}{R^2}
\]



5. Substituting back into the translational equation:

\[
M a = M g \sin \theta - \frac{I a}{R^2}
\]

Rearranged:

\[
a \left( M + \frac{I}{R^2} \right) = M g \sin \theta
\]

6. Final Expression for Acceleration:

\[
a = \frac{M g \sin \theta}{M + \frac{I}{R^2}}
\]

---

Comparing the Acceleration of the Solid Disk and Hoop

Using the above formula, we can analyze the acceleration of both objects:

- For the solid disk:

\[
I_{disk} = \frac{1}{2} M R^2
\]

\[
a_{disk} = \frac{g \sin \theta}{1 + \frac{1/2 M R^2}{M R^2}} = \frac{g \sin \theta}{1 +
\frac{1}{2}} = \frac{g \sin \theta}{\frac{3}{2}} = \frac{2}{3} g \sin \theta
\]

- For the hoop:

\[
I_{hoop} = M R^2
\]

\[
a_{hoop} = \frac{g \sin \theta}{1 + \frac{M R^2}{M R^2}} = \frac{g \sin \theta}{2} =
\frac{1}{2} g \sin \theta
\]

Key Point:

- The solid disk accelerates faster (\( \frac{2}{3} g \sin \theta \)) than the hoop (\( \frac{1}{2} g \sin



\theta \)), owing to its smaller moment of inertia.

---

Time of Descent and Final Velocities

Knowing the acceleration, we can determine the time taken to reach the bottom and the final
velocities.

Time to Reach the Bottom

Starting from rest, the time \( t \) to reach the bottom from height \( H \) is:

\[
H = \frac{1}{2} a t^2
\]

\[
t = \sqrt{\frac{2 H}{a}}
\]

- For the solid disk:

\[
t_{disk} = \sqrt{\frac{2 H}{(2/3) g \sin \theta}} = \sqrt{\frac{3 \times 2 H}{2 g \sin \theta}} =
\sqrt{\frac{3 H}{g \sin \theta}}
\]

- For the hoop:

\[
t_{hoop} = \sqrt{\frac{2 H}{(1/2) g \sin \theta}} = \sqrt{\frac{4 H}{g \sin \theta}}
\]

Observation:

- The solid disk takes less time to reach the bottom and thus arrives earlier than the hoop.

Final Velocity at the Bottom

Using the relation:

\[
v = a t
\]



- For the solid disk:

\[
v_{disk} = \left( \frac{2}{3} g \sin \theta \right) \times t_{disk} = \left( \frac{2}{3} g \sin \theta
\right) \times \sqrt{\frac{3 H}{g \sin \theta}} = \sqrt{\frac{4}{3} g H \sin \theta}
\]

- For the hoop:

\[
v_{hoop} = \left( \frac{1}{2} g \sin \theta \right) \times t_{hoop} = \left( \frac{1}{2} g \sin \theta
\right) \times \sqrt{\frac{4 H}{g \sin \theta}} = \sqrt{g H \sin \theta}
\]

Conclusion:

- The solid disk has a higher final velocity at the bottom than the hoop, consistent with its higher
acceleration.

---

Practical Applications and Experimental Verification

Understanding the dynamics of rolling objects like disks and hoops has real-world implications:

- Roller Coasters: The design involves understanding how different shapes affect acceleration and
speed.
- Transportation Engineering: Analyzing how wheels and tires roll under various conditions.
- Physics Education: Demonstrating conservation of energy and rotational motion principles.

Experimental Setup:

To verify the theoretical predictions:

- Use a smooth inclined plane with a fixed angle \( \theta \).
- Place identical masses of a solid disk and hoop at the top.
- Use high-speed cameras or motion sensors to record their descent.
- Measure the time taken and velocities at the bottom.
- Compare the

Frequently Asked Questions

How does the moment of inertia of a uniform solid disk
compare to that of a uniform hoop when rolling down an



incline?
The moment of inertia of a uniform solid disk is (1/2) MR², whereas that of a uniform hoop is MR².
This difference affects their acceleration during rolling, with the solid disk generally accelerating
faster due to its smaller moment of inertia relative to its mass distribution.

Which object, the solid disk or the hoop, reaches the bottom of
the incline first and why?
The solid disk reaches the bottom first because it has a lower moment of inertia relative to its mass,
allowing it to convert more potential energy into translational kinetic energy during rolling,
resulting in a higher acceleration.

How does the distribution of mass in a solid disk versus a hoop
influence their rolling motion on an incline?
The mass in a solid disk is distributed closer to the center, resulting in a smaller moment of inertia,
while the hoop's mass is distributed farther from the center, increasing its moment of inertia. This
distribution causes the solid disk to roll faster than the hoop on the incline.

What is the effect of the height H of the incline on the final
velocities of both the solid disk and the hoop?
Both objects gain kinetic energy proportional to the height H; however, because the solid disk
accelerates faster, it will have a higher velocity at the bottom compared to the hoop, regardless of
the initial height.

If both the solid disk and the hoop are released from rest at
the same height H, which will have a greater angular velocity
at the bottom of the incline?
The solid disk will have a greater angular velocity at the bottom because it accelerates faster due to
its lower moment of inertia, resulting in a higher rotational speed after rolling down the incline.

Additional Resources
A Uniform Solid Disk And A Uniform Hoop Are Placed Side By Side At The Top Of An Incline Of
Height H

---

Introduction

A uniform solid disk and a uniform hoop are placed side by side at the top of an incline of
height H. This seemingly simple setup opens a window into the fascinating world of rotational
dynamics and energy conservation principles. When released simultaneously, the two objects roll



down the incline, their differing mass distributions influencing their acceleration and final velocities.
Understanding their behavior not only enriches our grasp of classical mechanics but also has
practical implications in engineering, robotics, and even sports science. In this article, we will
explore the physics underlying this scenario, analyze their motion, and examine the factors that
determine which object reaches the bottom first.

---

Understanding the Physical Setup

Before delving into detailed calculations, it's essential to comprehend the basic configuration and
the properties of the objects involved.

The Incline:

- Length: L (unknown, but related to H and the angle of inclination)
- Height: H
- Inclination angle: θ, where sin θ = H / L

The Objects:

- Uniform Solid Disk:
- Radius: R
- Mass: M
- Moment of inertia: I = (1/2) M R²
- Uniform Hoop:
- Radius: R
- Mass: M
- Moment of inertia: I = M R²

Both objects are uniform, meaning their mass is evenly distributed throughout their volume or shell.
They are released from rest at the top, without initial velocity, and roll without slipping.

Key Assumptions:

- No slipping occurs during the descent.
- Air resistance and frictional losses are negligible, except for the rolling constraint.
- The objects are rigid bodies with fixed mass and geometry.

---

Fundamental Principles Governing the Motion

The motion of rolling objects down an incline involves the interplay of gravitational potential energy,
translational kinetic energy, and rotational kinetic energy.



Energy Conservation:

At the start, both objects possess gravitational potential energy:

\[ PE_{initial} = M g H \]

As they descend, potential energy converts into kinetic forms:

\[ KE_{translational} = \frac{1}{2} M v^2 \]
\[ KE_{rotational} = \frac{1}{2} I \omega^2 \]

where:

- \( v \) is the linear velocity of the center of mass at the bottom.
- \( \omega \) is the angular velocity of the object at the bottom.

Since the objects roll without slipping:

\[ v = \omega R \]

---

Deriving the Final Velocity at the Bottom

Applying energy conservation:

\[ M g H = \frac{1}{2} M v^2 + \frac{1}{2} I \omega^2 \]

Substitute \( \omega = v / R \):

\[ M g H = \frac{1}{2} M v^2 + \frac{1}{2} I \left( \frac{v}{R} \right)^2 \]

Simplify:

\[ M g H = \frac{1}{2} M v^2 + \frac{1}{2} I \frac{v^2}{R^2} \]

Factor out \( v^2 \):

\[ M g H = v^2 \left( \frac{1}{2} M + \frac{1}{2} \frac{I}{R^2} \right) \]

Expressed as:

\[ v^2 = \frac{2 M g H}{ M + \frac{I}{R^2} } \]

Now, substitute the moments of inertia:

- For the solid disk: \( I_{disk} = \frac{1}{2} M R^2 \)

\[ v_{disk}^2 = \frac{2 M g H}{ M + \frac{1/2 M R^2}{R^2} } = \frac{2 M g H}{ M +



\frac{1}{2} M } = \frac{2 M g H}{ \frac{3}{2} M } \]

Simplify numerator and denominator:

\[ v_{disk}^2 = \frac{2 M g H}{ \frac{3}{2} M } = \frac{2 M g H \times 2}{3 M} = \frac{4 g
H}{3} \]

- For the hoop: \( I_{hoop} = M R^2 \)

\[ v_{hoop}^2 = \frac{2 M g H}{ M + \frac{M R^2}{R^2} } = \frac{2 M g H}{ M + M } = \frac{2
M g H}{ 2 M } \]

Simplify:

\[ v_{hoop}^2 = g H \]

---

Comparing Final Velocities and Arrival Times

From the derived velocities:

- Solid disk:

\[ v_{disk} = \sqrt{\frac{4 g H}{3}} \]

- Hoop:

\[ v_{hoop} = \sqrt{g H} \]

Since \( \frac{4}{3} \approx 1.333 \), the solid disk attains a higher velocity at the bottom compared
to the hoop.

Implication:

The object with the higher final velocity will reach the bottom first, assuming they start
simultaneously from the same height and the incline length is the same.

Time of Descent:

The time to reach the bottom for each object can be estimated as:

\[ t = \frac{L}{v} \]

where \( L \) is the length of the incline. Since both objects start from the same height and the same
length:

\[ L = \frac{H}{\sin \theta} \]



and

- For the solid disk:

\[ t_{disk} = \frac{L}{v_{disk}} \]

- For the hoop:

\[ t_{hoop} = \frac{L}{v_{hoop}} \]

Given \( v_{disk} > v_{hoop} \), it follows that:

\[ t_{disk} < t_{hoop} \]

The solid disk reaches the bottom first.

---

Physical Intuition and Real-World Considerations

While the mathematical derivation provides a clear theoretical answer, physical intuition also
supports these findings.

Mass Distribution and Moment of Inertia:

- The solid disk's mass is distributed throughout its volume, leading to a lower moment of inertia
relative to its mass compared to the hoop.
- The hoop's mass is concentrated at its rim, resulting in a larger moment of inertia.
- A larger moment of inertia implies more rotational energy needed for the same angular
acceleration, reducing the translational kinetic energy and final velocity.

Effect on Acceleration:

- The solid disk experiences a higher acceleration down the incline because less of its initial
potential energy is "spent" on rotational motion compared to the hoop.
- Consequently, the disk "speeds up" more rapidly, reaching the bottom sooner.

Experimental Validation:

- Classic physics experiments confirm that solid disks roll faster than hoops under identical
conditions.
- These principles are applied in designing rolling elements in machinery, sports equipment, and
transportation systems to optimize efficiency and performance.

---



Practical Applications and Broader Implications

Understanding the dynamics of rolling objects with different mass distributions has several practical
implications:

- Engineering Design: Components such as wheels, gears, and rollers are optimized based on their
moments of inertia to achieve desired acceleration profiles.
- Robotics: Motion planning often involves rolling elements; knowing how mass distribution affects
acceleration improves control algorithms.
- Sports Science: Athletes and equipment designers analyze rotational inertia to enhance
performance, as seen in sports like skateboarding, cycling, and skiing.
- Educational Demonstrations: Physics educators use such setups to illustrate conservation laws,
inertia, and rotational dynamics vividly.

---

Conclusion

The analysis of a uniform solid disk and a uniform hoop rolling down an incline from height H
exemplifies fundamental principles of physics, notably conservation of energy and rotational
dynamics. Despite their identical sizes and masses, their differing moments of inertia lead to distinct
velocities upon reaching the bottom. The solid disk, with its lower moment of inertia relative to its
mass, accelerates more efficiently and arrives sooner than the hoop. These insights underscore the
profound influence of mass distribution on motion and serve as foundational knowledge in various
scientific and engineering disciplines.

In essence, the simple act of rolling down an incline reveals the intricate interplay of geometry, mass
distribution, and energy—an elegant demonstration of physics in action.
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