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Understanding the Concept of an Annuity Paying 1 at
the End of Each Year for N Years

An Annuity Pays 1 At The End Of Each Year For N Years. Using An Annual Effective Interest
Rate Of I, is a fundamental concept in finance and actuarial science. This type of annuity, often
referred to as an ordinary annuity, involves receiving a fixed payment of 1 unit at the end of each
year over a specified period, N years. It plays a crucial role in retirement planning, investment
valuation, and insurance product design.

In this article, we will explore the mathematical foundation of such annuities, the calculation of their
present and future values, and how the annual effective interest rate | influences their valuation.
Whether you're a financial professional, student, or individual investor, understanding these principles
will help you make informed decisions regarding annuity products and investment strategies.

Basic Definitions and Key Concepts

Before delving into calculations, it's essential to familiarize yourself with key terms:

Annuity

A series of payments made at equal intervals. In this context, payments are made annually at the end
of each year.

Ordinary Annuity

An annuity where payments are made at the end of each period, as opposed to an annuity due, which
makes payments at the beginning.

Effective Interest Rate (1)

The annual interest rate that, when compounded once per year, yields the same amount of interest as
the actual compounding process. It is expressed as a decimal (e.g., 0.05 for 5%).



Present Value (PV)

The current worth of a series of future payments, discounted at the prevailing interest rate.

Future Value (FV)

The amount to which a series of payments will grow after N years, considering the interest rate.

Mathematical Formulation of an Ordinary Annuity

The primary goal when analyzing an annuity paying 1 at the end of each year for N years at an
interest rate | is to find its present value (PV) and future value (FV). These calculations help in
comparing different investment options and understanding the worth of such streams of payments.

Present Value of the Annuity

The present value of an ordinary annuity that pays 1 at the end of each year for N years, discounted
at an annual effective interest rate |, is given by the formula:

\[

PV =\frac{1-(1 + D™ {-N}}{I}
\]

Derivation:

- Each payment of 1 is discounted back to the present using the factor \((1 + )~ {-t}\), where t is the
year of payment.
- Summing these discounted payments over N years yields the formula above.

Future Value of the Annuity

The future value after N years of the same annuity is calculated as:

\[

FV =\frac{(1 + I)"N - 1}{I}
\]

Explanation:

- Each payment of 1, made at the end of each year, accrues interest over the remaining period until
year N.
- Summing the accumulated amounts results in this formula.

Impact of the Interest Rate (I) on Annuity Values

The annual effective interest rate | significantly influences both the present and future values of the



annuity.

Higher Interest Rates Increase Future Values

- As | increases, the future value \(FV\) of the annuity also increases.
- This is because each payment grows more substantially over time.

Higher Interest Rates Decrease Present Values

- Conversely, a higher | leads to a lower present value \(PV\) of the same stream of future payments.
- This occurs because future payments are discounted more heavily.

Visualizing the Relationship

Consider the following table illustrating how PV and FV change with varying I:

| Interest Rate (1) | Present Value (PV) for N=10 | Future Value (FV) for N=10 |
I | | |

| 0.02 (2%) | 8.9826 | 12.1892 |

| 0.05 (5%) | 7.7217 | 16.2889 |

| 0.10 (10%) | 6.1450 | 25.9374 |

This table demonstrates the sensitivity of annuity values to interest rate fluctuations.

Practical Applications of Annuity Calculations

Understanding the formulas for an annuity paying 1 at the end of each year over N years has
numerous practical applications:

1. Retirement Planning

- Estimating the present value of future pension payments.
- Determining the lump sum needed today to fund a series of annual retirement withdrawals.

2. Insurance Products

- Valuing life insurance policies and annuities.
- Calculating premiums and reserves.

3. Investment Valuation

- Comparing different investment streams with fixed annual payments.
- Analyzing the impact of interest rate changes on investment worth.



4. Loan Amortization

- Structuring fixed annual loan repayments.
- Evaluating the current worth of future payments.

Extensions and Variations

While the basic model considers an annuity paying 1 unit each year, real-world scenarios often
involve variations and extensions.

1. Annuity with Different Payment Amounts

- Payments may increase or decrease over time.
- Calculations involve adjusting the formula accordingly.

2. Annuity Due

- Payments made at the beginning of each period.
- The formulas adjust by multiplying the PV by \((1 + 1)\).

3. Perpetuities

- Payments continue indefinitely.
- Present value simplifies to \(PV = \frac{1}{l}\) for a perpetuity paying 1 unit annually.

4. Variable Interest Rates

- When interest rates change over time, calculations become more complex, involving stochastic
models or changing discount factors.

Calculating the Present Value and Future Value: Step-
by-Step

Let's walk through an example to solidify understanding.

Example: Calculating PV and FV for an Annuity

Suppose:
-N =15 years
- Annual effective interest rate | = 5% (0.05)

Step 1: Calculate Present Value (PV)



\[
PV =\frac{1-(1 + 0.05)~{-15}}{0.05}
\]

\[
PV = \frac{1 - (1.05)~{-15}}{0.05}
\]

\[
PV =\frac{1 - 0.4810}{0.05} =\frac{0.5190}{0.05} = 10.38
\]

Step 2: Calculate Future Value (FV)

\[
FV =\frac{(1 + 0.05)" {15} - 1}{0.05}
\]

\[
FV =\frac{(1.05)"~{15} - 1}{0.05}
\]

\[
FV =\frac{2.0789 - 1}{0.05} = \frac{1.0789}{0.05} = 21.58

\]

Interpretation:

- The present value of receiving 1 at the end of each year for 15 years at 5% interest is approximately
10.38 units.

- The future value at the end of 15 years of this stream is approximately 21.58 units.

Conclusion

Understanding how to evaluate an annuity paying 1 at the end of each year over N years using an
annual effective interest rate | is vital for various financial applications. The formulas for present and
future values provide essential tools for valuation, planning, and decision-making.

By grasping the influence of the interest rate on these values, investors and financial professionals
can better assess the attractiveness of different investment strategies, structure loan repayments,
and design insurance products. Remember, precise calculation and careful consideration of the
interest environment are key to effective financial planning involving annuities.

Further Resources

- "Actuarial Mathematics" by Newton L. Bowers et al.
- "Principles of Finance" by Richard A. Brealey and Stewart C. Myers
- Financial calculator tools and software for quick computations



Note: Always verify the assumptions underlying your calculations, especially the interest rate and
payment timing, to ensure accurate valuation.

Frequently Asked Questions

What is the present value of an annuity that pays 1 at the end
of each year for N years at an annual effective interest rate I?

The present value (PV) is given by PV = [(1 - (1 + 1)™-N) / I].

How do you calculate the future value of this annuity after N
years?
The future value (FV)isFV=[((1 +1)"N-1)/I].

What is the meaning of the annual effective interest rate I in
this context?

The annual effective interest rate | represents the interest earned over one year, compounded
annually, which affects the valuation of the annuity payments.

How does increasing the interest rate | affect the present
value of the annuity?

Increasing | decreases the present value of the annuity because future payments are discounted
more heavily.

If the annuity pays 1 each year for N years, how is the annuity
factor derived using 1?

The annuity factor is derived as (1 - (1 + 1)"-N) / I, which converts the annual payment into its present
value.

Can this annuity be considered an ordinary annuity, and why?

Yes, because payments are made at the end of each year for N years, fitting the definition of an
ordinary (or regular) annuity.

Additional Resources
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When evaluating financial products such as annuities, understanding the fundamental principles and
calculations is essential for both investors and financial professionals. An annuity that pays 1 at the
end of each year for N years, discounted at an annual effective interest rate I, embodies a classic
financial instrument with widespread applications, from pension planning to insurance products. This
comprehensive review delves into the mechanics, valuation, and implications of such an annuity,
providing clarity on its theoretical underpinnings and practical considerations.

Understanding the Concept of an Annuity in Financial
Context

What Is an Annuity?

An annuity is a series of periodic payments made or received over a specified period. In the context of
our discussion:

- The annuity pays 1 unit of currency at the end of each year.

- The payments are made for N years.

- The payments are fixed and regular, simplifying valuation models.

- The timing of payments (end of each year) aligns with the standard ordinary annuity.

Types of Annuities

While our focus is on a straightforward ordinary annuity, it's useful to understand related types:
- Ordinary (or regular) annuity: Payments occur at the end of each period.

- Annuity due: Payments occur at the beginning of each period.

- Perpetuity: Payments continue indefinitely.

- Term annuities: Payments for a fixed number of years.

Our specific case is an ordinary annuity with payments of 1 for N years, which is foundational in
actuarial science.

The Role of Effective Interest Rate | in Valuation

Effective Annual Interest Rate |

- The annual effective interest rate | reflects the interest accumulated over one year, considering
compounding.
- It's expressed as a decimal (e.g., 0.05 for 5%).



Implication for Discounting and Accumulation

- The rate | impacts the present value (PV) of future payments.
- When discounting, each payment is multiplied by the discount factor \( v*t\), where:

\[
v =\frac{1}{1 + I}
\]

- The discount factor reduces future payments to their present value, considering the time value of
money.

Calculating the Present Value of the Annuity

Fundamental Formula

The present value (PV) of an ordinary annuity paying 1 at the end of each year for N years, discounted
at an annual effective interest rate |, is given by:

\[
PV =\sum_{t=1}"{N} \frac{1}{(1 + )"t}
\]

This sum represents the total worth today of all future payments.

Deriving the Closed-Form Expression

To simplify calculations, we recognize this sum as a geometric series:

\[

PV =\frac{1 - v"N}{i}
\]

where:

-\(v =\frac{1}{1 + 1} \) (the discount factor)
-\(i=\Wrac{I}{1 + 1} ) (the effective interest rate per period expressed as a fraction)

Alternatively, the more common form used in actuarial mathematics is:

\[
PV =\frac{1 - v°"N}{i}
\]

This formula holds because:
- The sum of a geometric series:

\[



\sum _ {t=1}"Nv~t=v\frac{1-v"~{N}}{1-v}
\]

-Since\(1-v=i/(1+1))),the formula simplifies accordingly.

Detailed Analysis of the Present Value Formula

Interpreting the Components

-\( v*N\): The discounting of the final payment at year N.
-\(1-v”~N)\): Represents the cumulative discount effect over N years.
-\(i\): The effective interest rate per period, which adjusts the sum for the time value.

Special Cases

-When \( I\to 0), the present value approaches N, since there's no discounting.
- When \( N \to \infty \), the sum converges only if \( | > 0), leading to a perpetual annuity.

Alternative Representations and Calculations

Using the Annuity Immediate Formula

The annuity immediate (paying 1 at end of each year) is often denoted as:

\[
a_{\overline{N}|i} = \frac{1 - v"N}{i}
\]

Where:
-\(a_{\overline{N}|i} \): Present value of an annuity of 1 per period, payable at the end of each
period, for N periods, with interest rate \(i ).

Expressing in Terms of the Effective Rate |

Since \(i = \frac{I}{1 + 1} \), we can rewrite:

\[

a_{\overline{N}|i} = \frac{1 - \left( \frac{1}{1 + I} \right)"N}{\frac{I} {1 + 1}} = \frac{(1 + I) \left[ 1
- (1 + D7 {-N} \right]}{I}

\]



This form directly links the annuity's PV to the annual effective interest rate | and the number of
periods N.

Practical Applications and Implications

Valuation of Annuities

- The formula allows actuaries to determine the current worth of a series of future payments.
- It's used in:

- Pension fund valuations

- Life insurance policy calculations

- Structured settlement designs

- Loan amortizations

Sensitivity to Interest Rate Changes

- Small changes in | can significantly affect the PV:

- Higher | reduces PV (discounts future payments more heavily).
- Lower | increases PV.

- Understanding this sensitivity helps in:

- Risk management

- Pricing strategies

- Investment decision-making

Comparison with Perpetuities

- For very large N, if | remains positive, the annuity approaches a perpetuity:

\[
PV \approx \frac{1}{i}
\]

- This highlights the importance of interest rate assumptions in long-term planning.

Advanced Considerations

Interest Rate Assumptions and Model Limitations

- Real-world scenarios involve interest rate fluctuations, which complicate valuation.
- Models often assume:
- Constant | over the entire period.



- Payments are made precisely at the end of each year.

Extensions to the Basic Model

- Variable interest rates: Requires stochastic or dynamic models.
- Inflation adjustments: For real value calculations.
- Payments of varying amounts: Generalized formulas are used accordingly.

Impact of Timing of Payments

- Changing from end-of-year to beginning-of-year payments alters the valuation:
- Payments at the start of each period (annuity due) are worth more.
- The PV of an annuity due:

\[
a_{\overline{N}|i} ~{\text{due}} = a_{\overline{N}|i} + 1
\]

Real-World Examples and Numerical lllustrations

Example 1: Basic Calculation

Suppose:
-\(N =10\)) years
-\(I'=5\%) (0.05)

Compute:
-\(v=1/(1+ 0.05) =0.95238)
-\(v~{10} = 0.95238~ {10} \approx 0.601 )

-\(i=0.05))

The PV:

\[

PV =\frac{1 - 0.601}{0.05} = \frac{0.399}{0.05} = 7.98
\]

This means, at a 5% effective annual rate, the series of 1-unit payments over 10 years is worth
approximately 7.98 units today.

Example 2: Effect of Changing Interest Rates
SIfF\(1= 3\% \),



-\(v=0.97087)),
-\( v~ {10} \approx 0.737),
- PV \(\approx \frac{1 - 0.737}{0.03} = 8.87 ).

- The lower rate increases the PV, demonstrating the inverse relationship.

Conclusion and Key Takeaways

- The present value of an annuity paying 1 at the end of each year for N years, discounted at an
annual effective interest rate |, is elegantly captured by the formula:

\[
a_{\overline

An Annuity Pays 1 At The End Of Each Year For N Years Using
An Annual Effective Interest Rate Of 1

An Annuity Pays 1 At The End Of Each Year For N Years Using An Annual Effective Interest Rate Of
I

Related Articles

e Climate Changes That Impact Freeze-thaw Patterns Are Predicted To Have A Negative Impact
On Which Of

e A Stock Index Is Currently Trading At S 0 =100. A One-vear Forward Contract Is Available For
Long Or

e Aling Mercy Paid 600.00 For 50 Oranges. She Sold The Oranges At 15.00 Each. How Much
Was Her Profit?

Back to Home


https://sip.evo9x.com/ma11/an-annuity-pays-1-at-the-end-of-each-year-for-n-years-using-an-annual-effective-interest-rate-of-i.pdf
https://sip.evo9x.com/ma11/an-annuity-pays-1-at-the-end-of-each-year-for-n-years-using-an-annual-effective-interest-rate-of-i.pdf
https://sip.evo9x.com/ma11/climate-changes-that-impact-freeze-thaw-patterns-are-predicted-to-have-a-negative-impact-on-which-of.pdf
https://sip.evo9x.com/ma11/climate-changes-that-impact-freeze-thaw-patterns-are-predicted-to-have-a-negative-impact-on-which-of.pdf
https://sip.evo9x.com/ma11/a-stock-index-is-currently-trading-at-s-0-100-a-one-year-forward-contract-is-available-for-long-or.pdf
https://sip.evo9x.com/ma11/a-stock-index-is-currently-trading-at-s-0-100-a-one-year-forward-contract-is-available-for-long-or.pdf
https://sip.evo9x.com/ma11/aling-mercy-paid-600-00-for-50-oranges-she-sold-the-oranges-at-15-00-each-how-much-was-her-profit.pdf
https://sip.evo9x.com/ma11/aling-mercy-paid-600-00-for-50-oranges-she-sold-the-oranges-at-15-00-each-how-much-was-her-profit.pdf
https://sip.evo9x.com

