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Understanding the properties of operators in quantum mechanics and linear algebra is fundamental
for both theoretical insight and practical applications. One crucial class of operators is the set of
anti-hermitian (or skew-hermitian) operators. These operators exhibit unique symmetry properties
that make them vital in quantum theory, especially in the context of generators of unitary
transformations, evolution operators, and symmetry operations. This article aims to provide a
comprehensive explanation of why an anti-hermitian operator is equal to minus its Hermitian
conjugate, with detailed demonstrations and examples.

Fundamentals of Hermitian and Anti-hermitian
Operators

Before delving into the specifics of anti-hermitian operators, it is essential to understand the broader
context by defining Hermitian operators and exploring their properties.

Hermitian Operators

An operator \( A\) acting on a complex inner product space (such as a Hilbert space) is called
Hermitian or self-adjoint if it satisfies:

\[
A = A™\dagger
\]

where \( A™\dagger \) denotes the Hermitian conjugate (or adjoint) of \( A \). The Hermitian
conjugate of an operator involves taking the transpose and complex conjugate of the matrix
representation (or more generally, the adjoint with respect to the inner product). Hermitian
operators are significant because they have real eigenvalues and orthogonal eigenvectors, making
them essential in quantum mechanics for representing observable quantities like position,
momentum, and energy.

Anti-hermitian (or Skew-hermitian) Operators

An operator \( Q) is called anti-hermitian or skew-hermitian if it satisfies:



\[
Q = -Q"\dagger
\]

This property indicates that the operator is "anti-symmetric" with respect to the Hermitian conjugate
operation. Anti-hermitian operators often generate unitary transformations and are related to
infinitesimal symmetry transformations.

Mathematical Demonstration: Why Is an Anti-hermitian
Operator Equal To Minus Its Hermitian Conjugate?

The core property of anti-hermitian operators is succinctly expressed as:

\[
Q = -Q™\dagger
\]

This relation emerges directly from the definition and can be demonstrated through algebraic
manipulations and properties of adjoint operators.

Step-by-step Derivation

Suppose \( Q) is an anti-hermitian operator. By definition:

\[
Q = -Q"™\dagger
\]

Taking the Hermitian conjugate of both sides:

\[
Q™\dagger = -Q” {\dagger \dagger}
\]

Recall that the Hermitian conjugate of the Hermitian conjugate returns the original operator:

\[
Q~{\dagger \dagger} = Q
\]

Therefore, the above equation becomes:

\[
Q"™\dagger = -Q
\]



which confirms that;:

\[
Q =-Q"\dagger
\]

Thus, the defining property of an anti-hermitian operator is that it is equal to minus its Hermitian
conjugate.

Implication of the Property

Because \( Q = -Q™\dagger \), the eigenvalues of anti-hermitian operators are purely imaginary or
zero. To see this, suppose \( Q) acts on an eigenvector \( |\psi\rangle \):

\[
Q |\psi\rangle = \lambda |\psi\rangle
\]

Taking the inner product with \( |\psi\rangle \):

\[
\langle \psi | Q |\psi \rangle = \lambda \langle \psi |\psi \rangle

\]

Since \( Q) is anti-hermitian:

\[
\langle \psi | Q |\psi \rangle = - \langle Q \psi | \psi \rangle”™ = - \langle \psi | Q |\psi \rangle™
\]

This implies:

\[

\langle \psi | Q |\psi \rangle \text{ is purely imaginary}
\]

and consequently:

\[
\lambda \langle \psi | \psi \rangle \text{ is purely imaginary}
\]

Given that \( \langle \psi | \psi \rangle \) (the norm squared) is real and positive, it follows that \(
\lambda \) must be purely imaginary or zero.



Examples of Anti-hermitian Operators

Understanding the abstract concept becomes clearer with concrete examples.

Example 1: The Imaginary Unit Times a Hermitian Operator

Suppose \( H) is a Hermitian operator (\( H = H™\dagger \)). Then, the operator:

\[
Q=1iH
\]

is anti-hermitian because:

\[

Q~™\dagger = (iH)"\dagger = -i H"\dagger = -i H = -Q
\]

Thus, \( Q = -Q"\dagger \), confirming the property.

Practical example:

- The momentum operator \( p \) in quantum mechanics, which is Hermitian, can generate anti-
hermitian operators when multiplied by \(1i\):

which is anti-hermitian.

Example 2: Skew-symmetric Matrices

In finite-dimensional vector spaces, anti-symmetric matrices are examples of anti-hermitian
operators when considering complex matrices.

For instance, a \( 2 \times 2 \) anti-symmetric matrix:

\[
A = \begin{bmatrix} 0 & a \\ -a & 0 \end{bmatrix}

\]

where \( a\) is real, satisfies:

\[
A™\dagger = A"T =-A



\]

which means:

\[
A = -A™\dagger
\]

and thus is anti-hermitian.

Significance of Anti-hermitian Operators in Quantum
Mechanics and Mathematics

Anti-hermitian operators play a vital role in various theoretical constructs and practical applications.

Generators of Unitary Transformations

In quantum mechanics, unitary operators are fundamental in describing time evolution, symmetry
operations, and gauge transformations. The generators of these unitary operators are anti-
hermitian:

\[
U=e~{Q}
\]

where \( Q) is anti-hermitian. This ensures:

\[
U™\dagger = e~ {Q"\dagger} = e~ {-Q} = U~ {-1}
\]

implying that \( U'\) is unitary because its inverse is its Hermitian conjugate.

Evolution Operators and Symmetries

The Schrodinger evolution operator:

\[
U(t) = e~ {-\frac{i}{\hbar} H t}
\]

has the exponent involving a Hermitian Hamiltonian \( H \). The generator of this evolution, \( -
\frac{i}{\hbar} H), is anti-hermitian, guaranteeing the unitarity of \( U(t) \).



Similarly, anti-hermitian operators generate infinitesimal symmetry transformations, which preserve
inner products and probabilities in quantum systems.

Mathematical Applications

Beyond physics, anti-hermitian operators are used in:

- Lie algebras associated with Lie groups like \( U(n) \), \( SU(n) \)
- Representation theory
- Differential geometry

They are the natural infinitesimal generators of compact Lie groups owing to their skew-symmetric
properties.

Conclusion

In summary, the relation:

\[
Q =-Q"™\dagger
\]

is the defining characteristic of anti-hermitian (or skew-hermitian) operators. This property ensures
that such operators have purely imaginary eigenvalues and serve as generators of unitary
transformations in quantum mechanics. Their importance spans multiple domains, including physics,
mathematics, and engineering.

Understanding why an anti-hermitian operator equals minus its Hermitian conjugate involves
recognizing the fundamental symmetry of the operator under the adjoint operation. This symmetry
underpins many essential physical phenomena and mathematical structures, making anti-hermitian
operators a cornerstone concept in modern theoretical science.

Key Takeaways:

- Anti-hermitian operators satisfy \( Q = -Q~\dagger ).

- Their eigenvalues are purely imaginary or zero.

- They generate unitary transformations when exponentiated.

- Examples include \(i\) times Hermitian operators and anti-symmetric matrices.

- They play a fundamental role in quantum evolution, symmetry operations, and Lie algebra
structures.

For further reading, exploring topics such as Lie groups and Lie algebras, quantum operator theory,
and symmetry transformations will deepen understanding of anti-hermitian operators and their
applications.



Frequently Asked Questions

What is an anti-Hermitian (or skew-Hermitian) operator in
quantum mechanics?

An anti-Hermitian (or skew-Hermitian) operator is an operator A for which the Hermitian conjugate
At equals -A, meaning At = -A. Such operators have purely imaginary eigenvalues and are important
in describing certain physical transformations.

How do you mathematically demonstrate that an anti-
Hermitian operator satisfies Qf = -Q?

To show this, start with an operator Q and its Hermitian conjugate Qf. If Q is anti-Hermitian, by
definition, Qt = -Q. The proof involves taking the Hermitian conjugate of the operator and
confirming this relation holds, often through properties of conjugation and linearity.

What is the significance of the relation Qf = -Q in quantum
mechanics?

This relation indicates that the operator is purely imaginary in some basis, often associated with
generators of certain symmetries or transformations, such as anti-unitary operators or infinitesimal
generators of rotations, ensuring specific physical properties like conservation or symmetry.

Can you give an example of an anti-Hermitian operator?

Yes, the momentum operator multiplied by the imaginary unit i, such as i times the momentum
operator p, is anti-Hermitian because (i p)t = -i p, satisfying the relation Qt = -Q.

Why is it important to show that an operator is equal to minus
its Hermitian conjugate?

Showing this property confirms the operator's anti-Hermitian nature, which influences its spectral
properties and physical interpretation, especially regarding the reality of eigenvalues and the
operator's role in generating transformations like time evolution or symmetries.

How does the property Qt = -Q relate to the eigenvalues of the
operator Q?

Since Q is anti-Hermitian, its eigenvalues are purely imaginary or zero. This is because for an
eigenvector |y) with eigenvalue A, the relation implies that A = -A, leading to A being purely
imaginary.

In the proof '‘Q(a) Show' involving an anti-Hermitian operator,



what key steps are generally involved?

The typical steps include defining the operator Q, applying the Hermitian conjugate operation,
demonstrating that Qt equals -Q, and then analyzing the implications for the eigenvalues and

physical interpretations. This often involves properties of conjugation, linearity, and the inner
product structure of the Hilbert space.

Additional Resources
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In the realm of quantum mechanics and advanced linear algebra, operators play a fundamental role
in describing physical systems, transformations, and observables. Among these, Hermitian and anti-
Hermitian (or skew-Hermitian) operators are particularly significant due to their unique properties
and implications for physical observables and symmetry operations. This article aims to provide a
comprehensive, yet accessible, exploration of the statement: An anti-Hermitian (or skew-Hermitian)
operator is equal to minus its Hermitian conjugate, and demonstrates how this property naturally
arises from the definitions and properties of these operators.

Understanding Hermitian and Anti-Hermitian Operators

Before delving into the core proof, it is crucial to establish a clear understanding of what Hermitian
and anti-Hermitian operators are, and why they matter.

Hermitian Operators: The Mathematical and Physical Significance

A linear operator \( Q \) acting on a complex inner product space (such as a Hilbert space in
quantum mechanics) is said to be Hermitian (or self-adjoint) if it equals its own Hermitian conjugate:

\[
Q™\dagger = Q
\]

Here, \( Q™\dagger \) denotes the Hermitian conjugate (also known as the adjoint) of \( Q \).
Physically, Hermitian operators correspond to measurable quantities or observables, such as
position, momentum, and energy, because their eigenvalues are real—a fundamental requirement
for physical measurements.

Anti-Hermitian (Skew-Hermitian) Operators: The Opposite

An operator \( Q) is anti-Hermitian or skew-Hermitian if it satisfies:
\[

Q~™\dagger = -Q

\]

This property indicates that the Hermitian conjugate of \( Q) is its negative. Anti-Hermitian
operators often appear in the context of generators of certain symmetry transformations (like



unitary groups) and in the formulation of quantum dynamics, especially when considering operators
that encode phase shifts or infinitesimal transformations.

Formal Definition and the Core Property
Definition: An operator \( Q \) on a complex inner product space is anti-Hermitian if:

\[
Q™\dagger = -Q
\]

This relation is not just a random mathematical curiosity; it stems directly from the properties of the
Hermitian conjugate and the structure of the inner product space.

Key Point: The defining characteristic of anti-Hermitian operators is that they are equal to minus
their Hermitian conjugate, which can be written succinctly as:

\[
Q™\dagger = -Q
\]

or equivalently:

\[
Q =-Q"\dagger
\]

This property is fundamental in understanding the behavior and classification of operators within
quantum mechanics and linear algebra.

Demonstrating the Property: Why is an Anti-Hermitian Operator Equal to Minus Its Hermitian
Conjugate?

The proof of this property is straightforward, relying on the definitions and properties of the
Hermitian conjugate. Let’s systematically explore the reasoning.

Step 1: Starting from the Definition

Suppose \( Q) is an anti-Hermitian operator:
\[

Q™ \dagger = -Q

\]

This is the defining relation, so our goal is to understand what this implies about \( Q \).

Step 2: Take the Hermitian Conjugate of Both Sides



Applying the Hermitian conjugate operation to both sides of the defining relation:

\[
(Q™\dagger)~\dagger = (-Q)"~\dagger
\]

Recall that the Hermitian conjugate of the conjugate returns the original operator:

\[
Q =-Q"\dagger
\]

But since \( Q"™\dagger = -Q ), replacing this back into the expression yields:

which is consistent and confirms the relation is self-consistent.
Step 3: Interpret the Result
This relation:

\[
Q™\dagger = -Q
\]

implies that the operator \( Q \) is skew-Hermitian or anti-Hermitian. It also indicates that the
eigenvalues of such an operator, in a suitable basis, are purely imaginary or zero, because:

\[
Q™\dagger = -Q
\]

and in the matrix representation, taking the conjugate transpose flips the sign, leading to purely
imaginary eigenvalues.

Implications and Physical Significance of Anti-Hermitian Operators

Understanding that an anti-Hermitian operator equals minus its Hermitian conjugate has profound
implications, especially in quantum physics.

1. Connection to Unitary Transformations
Anti-Hermitian operators generate unitary transformations via the exponential map:

\[
U=e~{Q}



\]

where \( Q) is anti-Hermitian. This is because:

\[
U™\dagger U = e~ {Q"\dagger} e~ {Q} = e”{-Q} e~ {Q} = e”{0} =1
\]

ensuring \( U\) is unitary. This property underpins the theory of symmetry transformations,
conservation laws, and the evolution of quantum states.

2. Generators of Continuous Symmetries

In quantum mechanics, anti-Hermitian operators often serve as generators of continuous symmetry

groups. For example, the angular momentum operators generate rotations, and their anti-Hermitian
nature ensures the associated transformations are unitary and preserve probabilities.

3. Connection to Physical Observables and Measurements

Since Hermitian operators correspond to measurable quantities with real eigenvalues, the operators

that generate transformations—being anti-Hermitian—are inherently linked to the phase and
evolution rather than direct measurement outcomes.

Examples of Anti-Hermitian Operators

To solidify understanding, consider some concrete examples:
Example 1: Momentum Operator in Quantum Mechanics
The momentum operator in the position basis:

\[

\hat{p} = -i \hbar \frac{\partial} {\partial x}

\]

is anti-Hermitian because:

\[
\hat{p}~\dagger = - \hat{p}
\]

This ensures the operator's eigenvalues are purely imaginary in the complex space, but in the
context of the full quantum formalism, it leads to real eigenvalues for physical measurements.

Example 2: Pauli Matrices
The Pauli matrices \( \sigma x, \sigma y, \sigma z\) are Hermitian. Multiplying any of these by \(i\):

\[



i\sigma j,\quadj=x,y, z
\]

produces an anti-Hermitian operator because:

\[
(i\sigma j)~\dagger = -i \sigma j
\]

which satisfies the defining property \( Q" \dagger = -Q \).

Summary and Final Remarks

The statement "An anti-Hermitian (or skew-Hermitian) operator is equal to minus its Hermitian
conjugate" is rooted in the fundamental definitions of these operators. The property \( Q"\dagger = -
Q) not only characterizes anti-Hermitian operators but also connects deeply with the structure of
quantum mechanics and the mathematics of unitary transformations.

Understanding this property enables physicists and mathematicians to classify operators, analyze
symmetry transformations, and explore the dynamics of quantum systems with clarity. It
underscores the elegant symmetry and structure underlying the complex world of operators in
Hilbert spaces, linking algebraic properties with profound physical interpretations.

In conclusion, the relationship \( Q”™\dagger = -Q \) encapsulates a key aspect of anti-Hermitian
operators, and recognizing this helps in both theoretical developments and practical applications
across physics and mathematics.
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