
An Estimator Is More Efficient That Other
Estimators If It Is Closer On Average To The
True Value Of
An Estimator Is More Efficient That Other Estimators If It Is Closer On Average To The
True Value Of — a foundational principle in the field of statistical inference and estimation theory.
Understanding what makes one estimator more efficient than another is crucial for statisticians,
data scientists, and researchers striving to make accurate predictions or derive meaningful insights
from data. This article explores the concept of estimator efficiency, the criteria that define it, and
how it influences the choice of estimators in various statistical applications.

Understanding Estimators and Their Role in Statistics

What Is an Estimator?
An estimator is a rule, formula, or algorithm used to infer the value of an unknown parameter in a
population based on observed data. For example, the sample mean is an estimator of the population
mean, while the sample variance estimates the true variance of the population.

Types of Estimators
Estimators can be broadly classified into different types based on their properties and methods,
including:

Point Estimators: Provide a single best estimate of the parameter.

Interval Estimators: Offer a range (confidence interval) within which the parameter is likely
to lie.

Defining Efficiency of an Estimator

What Does It Mean for an Estimator to Be Efficient?
Efficiency relates to how well an estimator performs relative to other estimators. Specifically, an
estimator is considered more efficient if it tends to produce estimates that are closer, on average, to
the true parameter value. This closeness is typically measured using variance or mean squared error
(MSE).



Efficiency and the Concept of Variance
The variance of an estimator quantifies its variability across different samples. Lower variance
indicates that the estimator consistently produces estimates close to the true value. Hence, an
efficient estimator has:

Minimal variance among all unbiased estimators (if unbiasedness is desired).

Smaller mean squared error if bias is present.

Measuring Efficiency: Variance and Mean Squared
Error

Variance as a Measure of Efficiency
Variance (\(\text{Var}(\hat{\theta})\)) measures the dispersion of the estimator around its expected
value. Given two unbiased estimators, the one with the smaller variance is considered more efficient
because it tends to produce estimates closer to the true parameter.

Mean Squared Error (MSE)
MSE combines both bias and variance:
\[
\text{MSE}(\hat{\theta}) = \text{Bias}^2(\hat{\theta}) + \text{Var}(\hat{\theta})
\]
An estimator with a lower MSE is more accurate on average, making it more efficient in terms of
overall estimation accuracy.

The Role of the Cramér-Rao Lower Bound

Understanding the Cramér-Rao Lower Bound (CRLB)
The CRLB provides a theoretical lower limit on the variance of any unbiased estimator of a
parameter. It states that:
\[
\text{Var}(\hat{\theta}) \geq \frac{1}{I(\theta)}
\]
where \(I(\theta)\) is the Fisher information, a measure of the amount of information that the
observable data carries about the unknown parameter.



Implications for Efficiency
An unbiased estimator that attains the CRLB is called an efficient estimator. It is considered the best
possible unbiased estimator in terms of variance. When an estimator approaches the CRLB, it is
deemed highly efficient.

Efficiency in Practice: Examples and Applications

Sample Mean vs. Other Estimators for the Population Mean
Consider estimating the population mean \(\mu\):

The sample mean \(\bar{X}\) is an unbiased estimator with variance \(\sigma^2 / n\), where
\(\sigma^2\) is the population variance and \(n\) is the sample size.

Any other unbiased estimator generally has a variance equal to or greater than that of
\(\bar{X}\), making \(\bar{X}\) the most efficient estimator for \(\mu\).

Estimating Variance: Sample Variance vs. Other Estimators
For estimating variance \(\sigma^2\), the sample variance \(s^2\) is an unbiased estimator with
known properties. Alternative estimators may be biased but can sometimes have lower mean
squared error, leading to discussions about efficiency in biased estimators.

Trade-offs and Considerations in Estimator Selection

Bias vs. Variance
While efficiency often emphasizes low variance, some estimators are biased but have significantly
lower MSE. The choice between biased and unbiased estimators depends on the context, goals, and
acceptable levels of bias.

Sample Size and Efficiency
Larger sample sizes generally lead to more efficient estimators because the variance of estimators
tends to decrease as \(n\) increases, thanks to the Law of Large Numbers.

Robustness and Efficiency
Some estimators are designed to be robust against violations of assumptions but may sacrifice some
efficiency. The balance between robustness and efficiency must be considered in practical



applications.

Summary and Key Takeaways

An estimator's efficiency is primarily about its closeness to the true parameter value on
average, measured through variance or MSE.

The most efficient estimators are those that attain the lowest possible variance, ideally
reaching the Cramér-Rao lower bound.

Efficiency is context-dependent; sometimes, biased estimators with lower MSE are preferred
over unbiased but less efficient alternatives.

Understanding the properties and limitations of estimators helps in selecting the most
appropriate one for a given statistical inference problem.

Conclusion
In the realm of statistical estimation, the efficiency of an estimator plays a pivotal role in
determining the accuracy and reliability of the inferences drawn. An estimator that is closer on
average to the true value of the parameter, characterized by lower variance and MSE, is deemed
more efficient. Recognizing and leveraging this concept enables statisticians and data analysts to
make more precise estimations, ultimately leading to better decision-making and insights in diverse
fields such as economics, medicine, engineering, and social sciences.

Frequently Asked Questions

What does it mean for an estimator to be more efficient than
others?
An estimator is considered more efficient if it has a lower variance, meaning its estimates are closer
to the true parameter value on average, leading to more reliable results.

How is the efficiency of an estimator related to bias and
variance?
Efficiency primarily relates to variance; an efficient estimator typically has low variance and is
unbiased, ensuring its average estimate is close to the true value.



Why is the mean squared error (MSE) important when
comparing estimator efficiency?
MSE combines bias and variance, so an estimator with a lower MSE is generally more efficient
because it tends to be closer on average to the true parameter value.

Can an unbiased estimator be less efficient than a biased one?
Yes, if the biased estimator has significantly lower variance, it can outperform an unbiased estimator
in terms of overall efficiency, depending on the context.

What role does the Cramér-Rao lower bound play in assessing
estimator efficiency?
The Cramér-Rao lower bound provides a theoretical minimum variance for an unbiased estimator;
estimators that achieve this bound are considered efficient.

Is an estimator's efficiency affected by sample size?
Yes, generally, larger sample sizes lead to more efficient estimators as their variance tends to
decrease, making estimates closer to the true value on average.

What is the relationship between the maximum likelihood
estimator (MLE) and efficiency?
Under certain conditions, the MLE is asymptotically efficient, meaning it achieves the lowest
possible variance among unbiased estimators as the sample size grows large.

How does the concept of efficiency influence the choice of an
estimator in practice?
Practitioners prefer more efficient estimators because they yield more precise and reliable estimates
of the true parameter with less variability.

Can an estimator be both consistent and efficient? If so, what
does that imply?
Yes, a consistent and efficient estimator converges to the true value as sample size increases and
does so with minimal variance, ensuring highly reliable estimates in large samples.

Additional Resources
An Estimator Is More Efficient Than Other Estimators If It Is Closer On Average To The True Value
Of

Estimators play a fundamental role in statistical inference, enabling us to make educated guesses



about unknown parameters based on observed data. When evaluating different estimators, a key
consideration is their efficiency—specifically, how close their estimates tend to be, on average, to
the true value of the parameter they aim to estimate. In this discussion, we will explore what makes
an estimator more efficient than others, the theoretical underpinnings of this concept, and practical
implications across various statistical applications.

---

Understanding Estimators and Their Role in Statistical
Inference

What Is an Estimator?
An estimator is a rule, formula, or algorithm that provides an estimate of a population parameter
based on sample data. For example, the sample mean \(\bar{x}\) is an estimator for the population
mean \(\mu\).

Key Characteristics of Estimators:
- Random Variable: Since estimators depend on the sample, they are random variables.
- Function of Data: They are functions of sample data points.
- Goal: To approximate the true parameter as accurately as possible.

Examples of Common Estimators
- Sample Mean (\(\bar{x}\)) for estimating population mean \(\mu\).
- Sample Variance (\(s^2\)) for estimating population variance \(\sigma^2\).
- Maximum Likelihood Estimators (MLEs) which maximize the likelihood function.

---

Measuring the Quality of Estimators

To compare estimators, statisticians rely on various criteria that measure their performance:

Bias
- The difference between the expected value of the estimator and the true parameter:

\[
\text{Bias}(\hat{\theta}) = E[\hat{\theta}] - \theta
\]

- An estimator is unbiased if \( E[\hat{\theta}] = \theta \).



Variance
- Measures the variability of the estimator:

\[
\operatorname{Var}(\hat{\theta}) = E[(\hat{\theta} - E[\hat{\theta}])^2]
\]

- Lower variance indicates more consistent estimates across different samples.

Mean Squared Error (MSE)
- Combines bias and variance into a single measure:

\[
\text{MSE}(\hat{\theta}) = E[(\hat{\theta} - \theta)^2] = \operatorname{Bias}^2(\hat{\theta}) +
\operatorname{Var}(\hat{\theta})
\]

- An estimator with lower MSE is generally considered better.

---

Defining Efficiency in Estimators

What Does Efficiency Mean?
Efficiency relates to the precision of an estimator. Intuitively, an estimator is more efficient if it
tends to produce estimates closer to the true parameter value on average.

Formal Definition:
- An estimator \(\hat{\theta}_1\) is said to be more efficient than \(\hat{\theta}_2\) if it has a smaller
variance (or MSE) among unbiased estimators.
- When comparing estimators, efficiency is often expressed relative to a benchmark, typically the
Cramér-Rao Lower Bound (CRLB), which indicates the minimum possible variance for an unbiased
estimator.

Efficiency and the Cramér-Rao Lower Bound (CRLB)
- The CRLB provides a theoretical lower limit on the variance of unbiased estimators:

\[
\operatorname{Var}(\hat{\theta}) \geq \frac{1}{I(\theta)}
\]

where \(I(\theta)\) is the Fisher Information.



- An estimator that achieves the CRLB is called efficient.

Implications:
- The closer an estimator's variance is to the CRLB, the more efficient it is.
- Not all estimators are unbiased or efficient; many trade off bias for lower variance or vice versa.

---

Efficiency in Practice: Comparing Estimators

Case Study: Estimating the Population Mean
Suppose you want to estimate the population mean \(\mu\) based on a sample \(X_1, X_2, ..., X_n\).

1. Sample Mean (\(\bar{x}\))
- Unbiased estimator.
- Variance: \(\operatorname{Var}(\bar{x}) = \frac{\sigma^2}{n}\).
- Usually achieves the lowest variance among unbiased estimators.

2. Alternative Estimator: Trimmed Mean
- Involves removing some proportion of the smallest and largest observations before averaging.
- Can be more robust in the presence of outliers but typically has higher variance.

Comparison:
- The sample mean tends to be more efficient in terms of variance when data are normally
distributed.
- Trimmed means may be less efficient but more robust in contaminated data.

Key Takeaways from Comparing Estimators
- Efficiency depends on the distribution and context.
- The estimator with the lowest variance (among unbiased estimators) is considered the most
efficient.
- Sometimes, bias is introduced intentionally to reduce variance, leading to the concept of biased but
efficient estimators.

---

Theoretical Foundations of Efficiency

Mathematical Formalization
- The concept of efficiency is deeply rooted in the Best Unbiased Estimator framework.
- Among all unbiased estimators, the Minimum Variance Unbiased Estimator (MVUE) is the most



efficient.

Key Theorems and Results
- Lehmann–Scheffé Theorem: Identifies MVUEs based on sufficient and complete statistics.
- Cramér-Rao Inequality: Sets a lower bound on variance, guiding the design of efficient estimators.

Trade-offs in Estimator Design
- Bias-Variance Tradeoff: Sometimes, introducing a small bias can significantly reduce variance,
leading to a lower MSE.
- Robustness vs. Efficiency: Highly efficient estimators may be sensitive to deviations from model
assumptions, whereas more robust estimators may sacrifice some efficiency.

---

Practical Implications of Estimator Efficiency

Choosing the Right Estimator
- In practice, the goal is to select an estimator that balances efficiency, bias, robustness, and
computational simplicity.
- For well-behaved data (e.g., normal distribution), the sample mean is often optimal.
- In contaminated or heavy-tailed data, robust estimators like the median or trimmed means may be
preferable despite lower efficiency.

Impacts on Statistical Inference
- Efficient estimators lead to narrower confidence intervals and more powerful hypothesis tests.
- When using less efficient estimators, larger sample sizes may be necessary to achieve the same
level of precision.

Application in Modern Data Science
- Efficient estimators underpin many machine learning algorithms and statistical models.
- For example, in regression analysis, the ordinary least squares (OLS) estimator is efficient under
Gauss-Markov assumptions.
- In high-dimensional settings, efficiency considerations influence the choice of estimators and
regularization techniques.

---



Limitations and Considerations

Assumptions Underpinning Efficiency
- The concept of efficiency often assumes certain distributional or model assumptions.
- Violation of these assumptions can render the "most efficient" estimator suboptimal or biased.

Computational Complexity
- Some highly efficient estimators, like maximum likelihood estimators, can be computationally
intensive.
- Practical applications require balancing efficiency with computational feasibility.

Sample Size Considerations
- Theoretical efficiency results often assume large samples.
- In small samples, the variance and bias characteristics may differ from asymptotic properties.

---

Conclusion: The Significance of Efficiency in Estimator
Selection

Understanding that an estimator is more efficient than others if it is closer on average to the true
value of the parameter emphasizes the importance of variance and mean squared error in statistical
estimation. Efficiency is central to ensuring precise, reliable inference, guiding statisticians and data
scientists in selecting the best tools for their analyses.

While achieving maximum efficiency is desirable, it is equally important to consider the context, data
quality, computational constraints, and robustness needs. Recognizing the trade-offs and the
underlying assumptions allows for more informed decisions, ultimately leading to better insights and
more accurate conclusions.

In summary, the quest for efficiency in estimators is fundamentally about minimizing the expected
deviation from the true parameter, thereby enhancing the credibility and utility of statistical findings
across diverse disciplines.
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