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Understanding the motion of objects along curves in the xy-plane is
fundamental in physics and calculus. When an object moves along a path
defined by a position function, analyzing its wvelocity, acceleration, and
trajectory becomes essential to comprehend its behavior over time. In this
article, we focus on a specific scenario where the x-coordinate of the
object’s position, denoted as x(t), has a known derivative: Dx/dt = t? - t.
We will explore what this means for the object’s motion, how to interpret the
derivative, and how to determine the position functions, velocity components,
and overall trajectory of the object in the xy-plane.

Understanding the Given Derivative Dx/dt = t? -
t

What Does Dx/dt Represent?

The derivative Dx/dt indicates the rate at which the x-coordinate of the
object changes with respect to time. It is the x-component of the wvelocity
vector v (t). When Dx/dt is given as a function of time, it allows us to
analyze how the object’s horizontal position evolves.

Analyzing the Function Dx/dt = t? - t

The function Dx/dt = t? - t is a quadratic function of time:
e At t=0, Dx/dt = 0
e At t=1, Dx/dt =1 -1 =0

e For t<0, Dx/dt may be negative or positive depending on the value

e As t increases beyond 1, Dx/dt becomes positive and grows larger

This suggests that the object’s horizontal velocity changes over time,
initially decreasing, then increasing, which influences the shape of its
trajectory.

Determining the Position Function x(t)



Integrating Dx/dt to Find x(t)

Since Dx/dt = t? - t, the position function x(t) can be found by integrating:
N[ x(t) = \int (t"2 - t) dt + C_x \]
where \( C_x \) is the initial x-position at time t=0.

Performing the integration:
\[ x(t) = \frac{t"3}{3} — \frac{t™2}{2} + C_x \]

If the initial position x(0) is known, say \( x(0) = x_0 \), then:
\[ x(0) =0 -0+ C_x =x_0 \]

which gives:

N[ Cx = x_0 \]

Thus, the explicit form of x(t):
\[ x(t) = \frac{t"3}{3} — \frac{t™2}{2} + x_0 \]

Implications of x(t)

This cubic polynomial describes how the object’s horizontal position varies
over time, influenced by the changing horizontal velocity. Analyzing x(t)’s
behavior helps predict the object’s position at any given time.

Understanding the Y-Component of Motion

What About y(t)?

Unlike x(t), the y-position function y(t) is not specified. To fully describe
the trajectory, we need additional information about y(t). Common scenarios
include:

e Given y(t) explicitly or through a known function
e Given initial conditions for y(t) and its derivative dy/dt

e Assuming a particular functional form for y(t), such as constant,
linear, or sinusoidal

Velocity Components and Their Significance

The velocity vector v(t) consists of two components:
\ [

v(t) = \left( \frac{dx}{dt}, \frac{dy}{dt} \right)
\1]

where:
e Horizontal component: Dx/dt = t? - t

e Vertical component: dy/dt = y’ (t), which depends on the specific y(t)



Knowing both components allows us to analyze the magnitude and direction of
the velocity, as well as the curvature and shape of the trajectory.

Calculating Velocity and Acceleration

Velocity Components

Given Dx/dt and a known dy/dt, the velocity magnitude at time t is:

\ [

[\mathbf{v} (t) | = \sqrt{\left( t*2 - t \right)”"2 + \left( y’ (t) \right) "2}
\1]

This measure indicates how fast the object moves along its path at any
instant.

Acceleration Components

The acceleration vector is the derivative of velocity:
\

a(t) = \left( \frac{d"2x}{dt~2}, \frac{d*2 y}{dt~2} \right)
\1]

where:

\

\frac{d"2x}{dt"2} = \frac{d}{dt} ("2 - t) = 2t - 1

\1]

and:

\

\frac{d"2 y}r{dt*2} = y'"'(t)

\1]

which depends on the form of y(t).

Understanding acceleration helps in analyzing the forces acting on the object
and the curvature of the path.

Trajectory Analysis and Graphical
Representation

Plotting x(t) Over Time

With the explicit form of x(t), plotting the horizontal position against time
reveals periods of acceleration and deceleration in the horizontal direction,
including points where the velocity changes sign.

Determining the Path in the XY¥-plane

To visualize the path:
e Plot x(t) using the derived function

e Use y(t) to plot the vertical component



e Combine both to generate the trajectory curve

This composite graph shows the actual path the object traces over time.

Applications and Real-World Examples

Projectile Motion

While projectile motion often involves constant acceleration, analyzing
variable velocity components such as Dx/dt = t? - t helps model more complex
motions like objects in non-uniform fields.

Robotics and Path Planning

Understanding how an object moves along a curve with known derivatives
informs algorithms for controlling robot arms or autonomous vehicles
navigating complex paths.

Physics and Engineering

Studying the derivatives of position functions is critical in fields like
mechanics, aerodynamics, and structural engineering, where precise movement
predictions are necessary.

Conclusion

Analyzing an object moving along a curve in the xy-plane with a known
derivative Dx/dt = t? - t provides valuable insights into its horizontal
motion. By integrating this derivative, we obtain the x(t) position function,
which, combined with y(t), defines the full trajectory. Understanding the
velocity and acceleration components enables us to predict the object’s
speed, direction, and path shape over time. Whether in physics, engineering,
or robotics, such analysis is fundamental in modeling and controlling complex
motions. Future studies could involve specifying y(t), analyzing the
curvature of the path, or considering additional forces acting on the object
to develop a comprehensive understanding of its motion dynamics.

Frequently Asked Questions

What does the derivative dx/dt = t*2 - t tell us
about the object's motion along the x—-axis?
It indicates how the x-position of the object changes with respect to time;

specifically, the rate of change depends quadratically and linearly on t,
showing acceleration or deceleration in x-direction over time.



At what times is the object stationary in the x-
direction?

The object is stationary when dx/dt = 0, which occurs when t*2 - t = 0, i.e.,
at t = 0 and t = 1.

How can we determine the velocity components of the
object at any time t°?

The velocity in the x-direction is dx/dt = t*2 - t, and the y-direction
velocity would be given by dy/dt, which depends on the specific function
Y (t).

What is the significance of the points t=0 and t=1
for the object's motion?

At t=0 and t=1, the x-component of velocity is zero, indicating the object
momentarily stops moving along the x—axis at these times.

If the y-position is given by a function Y (t), how
would the overall velocity vector be expressed?

The velocity vector is (dx/dt, dy/dt) = (£*2 - t, Y'(t)), where Y'(t) is the
derivative of Y(t) with respect to t.

How can we find the acceleration of the object in the
x—direction?

Acceleration in x-direction is the second derivative d”2x/dt”2, which is the
derivative of dx/dt = t72 - t, resulting in 2t - 1.

What is the significance of the points where dx/dt
changes sign?

Points where dx/dt changes sign indicate a change in the direction of motion
along the x-axis, i.e., from moving forward to backward or vice versa.

How can we determine the total displacement of the
object over a time interval?

Total displacement in x is obtained by integrating dx/dt over the time
interval, and similarly for y, then combining the results as a vector.

Can the object's path be described parametrically,
and how does dx/dt influence its shape?

Yes, the path is described by (x(t), Y(t)). The behavior of dx/dt affects how
x(t) varies over time, influencing the overall shape of the trajectory.



If Y(t) is known, how can we analyze the curvature of
the object's path?

The curvature depends on both dx/dt, dy/dt, and their derivatives. Knowing
Y(t) allows calculation of dy/dt and its derivatives, which, combined with
dx/dt, can determine the curvature at any point.

Additional Resources

An Object Moving Along A Curve In The XY-Plane Has Position (x(t), y(t)) at
Time t With dx/dt = t? - t

Understanding the motion of an object along a curved path in the XY-plane is
fundamental in fields ranging from physics and engineering to computer
graphics and robotics. When the position of the object is given as a function
of time, analyzing the derivatives of these functions provides deep insights
into the object's wvelocity, acceleration, and overall trajectory. In this
guide, we will explore the scenario where an object moves along a curve in
the XY-plane, with its x—-component of velocity described by the differential
equation dx/dt = t? - t. We’ll walk through the process of analyzing such
motion, deriving key quantities, and interpreting their physical
significance.

Introduction to the Motion of an Object in the XY-Plane

Imagine an object moving along a path in the XY-plane, with its position at
any time t given by the coordinate pair:

- x(t): the horizontal position
- y(t): the vertical position

The movement of the object is governed by the functions x(t) and y(t), which
are differentiable with respect to time. The derivatives dx/dt and dy/dt
represent the components of the velocity vector in the respective directions.

In our case, the problem specifies:

- The x-component of velocity: dx/dt = t? - t
- The y-component of velocity: dy/dt (unknown and to be analyzed)

Our goal is to understand the behavior of the object’s motion based on the

given information, analyze the derivatives, and interpret the physical
significance of the results.

Step 1: Deriving the Horizontal Position Function x(t)
Given the differential equation:
dx/dt = t? - t

This is a straightforward first-order ordinary differential equation that can



be integrated directly to find x(t).
Integration Process:

1. Write the integral:
x(t) = \int (t*2 - t) \, dt + C_x
where C_x is the constant of integration, representing the initial x-position

at t = 0.

2. Perform the integration:

\ [
x(t) = \int t*2 \, dt - \int t \, dt + C_x
\]
\ [
x(t) = \frac{t"3}{3} - \frac{t™2}{2} + C_x
\]

Final expression for x(t):

\ [

x(t) = \frac{t"3}{3} - \frac{t"2}{2} + C_x

\]

If initial conditions are provided, such as the position at t = 0, the

constant C_x can be explicitly determined.

Step 2: Analyzing the Velocity and Acceleration in the X-Direction

Horizontal velocity:

\ [

v_x(t) = \frac{dx}{dt} = t*2 - t
\]

Interpretation:

- When t < 0, depending on the domain, the velocity can be negative or
positive.
— The velocity changes over time, with critical points where v_x(t) = 0.

Finding critical points:

Set v_x(t) = 0:
\ [

t"2 -t =0

\]

\ [

t(t - 1) =0

\1]

Solutions:



t = 0 \quad \text{or} \quad t = 1

Physical significance:
- At t = 0 and t = 1, the object’s horizontal velocity is zero, indicating
moments where the object momentarily stops moving horizontally before

changing direction.

Horizontal acceleration:

\ [

a_x(t) = \frac{d"2x}{dt"2} = \frac{d v_x}{dt} = 2t - 1
\1

Interpretation:

— The acceleration in the x-direction changes linearly with time.

- At £t = 0.5, the horizontal acceleration is zero:
\ [

2(0.5) -1 =0

\]

- For t < 0.5, a_x(t) < 0 (deceleration).

- For t > 0.5, a_x(t) > 0 (acceleration).

Step 3: Investigating the Vertical Motion y(t)

The problem statement focuses primarily on dx/dt, but for a complete picture,
the vertical component y(t) is crucial. Since dy/dt is not specified, typical
analyses involve considering possible forms or additional conditions.

Common assumptions or approaches:

- Constant vertical velocity: If dy/dt = v_y, a constant, then:
\

y(t) = v_y t + C_y

\

— Known initial position: If initial vertical position y(0) is known, then:

\ [

y(t) = y(0) + \int_0"t dy/dt \, dt

\]

- Relation with x(t): Sometimes, the path is defined parametrically, for
example, y(t) = f£(x(t)).

Without specific information on dy/dt, the analysis proceeds by considering
general scenarios.

Step 4: Path Trajectory and Parametric Equations



The complete description of the object’s movement in the XY-plane requires
x(t) and y(t). If dy/dt is known or assumed, the trajectory y(t) can be
determined.

Example: Assuming a vertical velocity function

Suppose dy/dt = k, a constant, then:

(t) = \frac{t"3}{3} - \frac{t"2}{2} + C_x

(k) = y(0) + k t

This parametric form describes the path of the object, combining polynomial
in x(t) with linear in y(t).

Step 5: Analyzing the Trajectory
Critical points and turning points:
— Horizontal motion:

- At t =0 and t =1, v_x = 0.
— The object switches direction in the x-direction at these times.

— Vertical motion:

- Depending on dy/dt, the object may ascend, descend, or move horizontally.

Path shape considerations:

- Because x(t) involves a cubic term, the path may exhibit inflection points
or curvature changes.

— The overall trajectory depends heavily on dy/dt.

Graphical insights:

— When plotting x(t) against t, the cubic nature indicates points where the

object’s x position accelerates or decelerates.

— Combining with y(t), the path could resemble a curve with loops, bends, or
oscillations depending on dy/dt.

Step 6: Physical Interpretations and Applications

Understanding the derivatives and trajectory informs numerous real-world
applications:



— Physics: Analyzing projectile motion, especially when horizontal and
vertical components are governed by different equations.

— Engineering: Designing paths for robotic arms or autonomous vehicles.
— Computer graphics: Generating smooth curves and animations.

— Mathematics: Studying parametric curves and their properties.

Key concepts involved:

— Velocity components: Understand how the object’s speed and direction change
over time.

— Acceleration: Determine how the velocity changes, leading to insights about
forces acting on the object.

— Trajectory shape: Understand the overall path in the plane, including
points where the object reverses direction or speeds up.

Summary and Conclusions

In analyzing an object moving along a curve in the XY-plane with dx/dt = t? -
t, we derived the explicit form of x(t), explored critical points where
horizontal velocity is zero, and examined the implications of the
acceleration in the horizontal direction. While the vertical component dy/dt
remains unspecified, the framework provided allows for further exploration
once dy/dt is known.

By understanding derivatives like dx/dt and d?’x/dt?, one can predict the
motion characteristics, such as when the object reverses direction or
accelerates. The interplay between these derivatives and the parametric
equations forms the foundation for detailed trajectory analysis, essential in
physics, engineering, and beyond.

Further investigations could include:

— Incorporating specific initial conditions to fully specify x(t) and y(t).
- Analyzing the curvature of the trajectory.

- Extending the analysis to include acceleration components in both
directions.

This comprehensive approach empowers professionals and students alike to

decode the motion of objects along curves, fostering deeper insights into the
dynamics governing their paths.

End of Guide.
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