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Introduction

Calculating the flux of a vector field across a specified surface is a fundamental concept in
vector calculus, with applications spanning physics, engineering, and mathematical
analysis. In particular, the flux quantifies how much of a vector field passes through a given
surface, providing insight into concepts like fluid flow, electromagnetic fields, and heat
transfer.

This article focuses on a specific problem: calculating the flux of a given vector field across
the boundary of an annular region defined between the curves X + Y = 9 and another
boundary (which appears incomplete but typically involves a second curve or boundary
condition). We will explore how to approach such a problem systematically using tools like
the Divergence Theorem, parameterizations, and surface integrals.

Understanding the geometric shape of the region—an annular (ring-shaped) region—is
crucial. It involves the area between two curves, often described in the xy-plane, where the
boundary curves define the limits of integration. The problem's core is to evaluate the
outward flux of a vector field through this boundary.

Context and Significance

Flux calculations are central to many physical phenomena:

- Fluid Dynamics: Determining how much fluid passes through a surface.

- Electromagnetism: Calculating magnetic or electric field flux.

- Heat Transfer: Quantifying heat flow across surfaces.

- Mathematical Analysis: Applying divergence theorem and Green's theorem to convert
surface integrals into easier volume or line integrals.

In our case, the key challenge is to evaluate the outward flux of a specified vector field over

a boundary formed by the curves X + Y = 9 and another boundary, possibly a second curve
or a coordinate boundary.

Understanding the Annular Region and Its Boundaries

The Geometric Shape



An annular region in the xy-plane is a ring-shaped area enclosed between two concentric or
non-concentric curves. Typically, these are circles, but in this case, it appears the
boundaries involve straight lines or linear curves.

Given the boundary curve X + Y = 9, we can interpret this as a straight line in the xy-plane:

- The line passes through points such as (0,9), (9,0), etc.
- It divides the plane into two half-planes.

If the problem involves an annular region between X + Y = 9 and another boundary, this
other boundary could be:

- Another line, perhaps X + Y = ¢, where c < 9, forming a strip.
- Or perhaps the region is bounded by the line and a circle or other curve, forming a ring.

Typical Boundary Conditions
Since the problem statement is incomplete, a common scenario is:

- The annular region between X + Y =9and X+ Y =k, with 0 <k < 9.
- Or between X + Y = 9 and a circular boundary, such as x? + y? = r2,

For this explanation, we will assume the region lies between X + Y = 9 and the coordinate
axes, or perhaps between two parallel lines, forming a strip. For simplicity and clarity, let's
consider the region between X + Y =9 and X + Y = 0, which forms a strip bounded by
these two lines.

Mathematical Framework for Flux Calculation
Vector Field and Surface Integral

Let the vector field be F(x, y) = (P(x, y), Q(X, y)). The flux of F across a closed curve C (the
boundary of the region R) is given by the line integral:

\[
\Phi = \oint_C \mathbf{F} \cdot \mathbf{n}\, ds
\]

where n is the outward unit normal vector along C, and ds is the differential arc length.

Alternatively, using the Divergence Theorem, the flux across the boundary oR can be
expressed as the double integral over the region R:

\[
\iint_R \nabla \cdot \mathbf{F} \, dA
\]

where V-F is the divergence of F:



\[
\nabla \cdot \mathbf{F} = \frac{\partial P} {\partial x} + \frac{\partial Q} {\partial y}
\]

The Divergence Theorem simplifies the flux calculation by converting a surface integral into
a double integral over R, provided F is continuously differentiable over R.

Approach to the Problem
To compute the flux:

1. Identify the region \( R \): Determine the exact bounds in the xy-plane.
2. Calculate the divergence \( \nabla \cdot \mathbf{F} \).
3. Set up the double integral over the region \( R \\):

\[

\text{Flux} = \iint_R \nabla \cdot \mathbf{F} \, dA

\]

4. Evaluate the integral, possibly converting to appropriate coordinates (Cartesian, polar, or
other).

Step-by-Step Solution Strategy
1. Defining the Region \( R\)
Suppose the region is bounded between the two lines:

\[

X +Y = 0\quad \text{and} \quad X + Y =9

\]

In the xy-plane, these are parallel lines with the same slope but different intercepts.
-For\( X + Y = c)), the line passes through points \( (c, 0) \) and \( (0, c) \).

The region between these lines forms a strip that can be described as:

\[
O\leg X +Y\leq9
\]

Expressed in terms of \( x \) and \( y \), the bounds are:

\[
Y = 9 - X \quad \text{and} \quad Y = -X
\]

for \( x\) in some interval, say \( x \in [a, b] ).



2. Parameterization of the Region
To perform the double integral, we can choose the variables:
- Method 1: Fix \( x\) and vary \( y \) between the bounds:

\[

\text{For each } x\in [x_{min}, x_{max}]

\]

\[

\text{then } y \text{ varies from } -x \text{ to } 9 - x
\]

- Method 2: Use a change of variables:

Define new variables:

\[

u = X + Y \quad \Rightarrow \quad du = dx + dy

\]

But for simplicity, let's stick with the Cartesian bounds for now.
Assuming \( x \in [0, 9] \):

-When \( x =0)\):

\[

y \in [-Or 9 - O] = [Or 9]

\]

-When \( x =9)\):

\[

y\in [-9, 0]

\]

But perhaps a better approach is to set the bounds explicitly.
3. Computing the Divergence \( \nabla \cdot \mathbf{F} \)

Suppose the vector field is known, for example:

\[
\mathbf{F}(x, y) = (P(x, y), Q(X, y))
\]

The divergence is:

\[
\nabla \cdot \mathbf{F} = \frac{\partial P} {\partial x} + \frac{\partial Q} {\partial y}



\]

Once the divergence is known, the double integral over the region \( R\) becomes
straightforward.

4. Evaluating the Double Integral
The flux is:

\[

\text{Flux} = \iint_R \left( \frac{\partial P} {\partial x} + \frac{\partial Q} {\partial y} \right)
dA

\]

Expressed as:

\[

\text{Flux} =\int_{x=x_{min}}~{x {max}} \int {y=y {bottom}(x)}~{y=y _{top}(x)}
\left( \frac{\partial P} {\partial x} + \frac{\partial Q} {\partial y} \right) dy\, dx

\]

or vice versa, depending on region bounds.

Example: Calculating Flux for a Specific Vector Field
Suppose the vector field is:

\[

\mathbf{F}(x, y) = (X, y)

\]

which models a radial field emanating from the origin.

Step 1: Compute divergence

\[

\nabla \cdot \mathbf{F} = \frac{\partial x} {\partial x} + \frac{\partial y}{\partial y} =1 +
1=2

\]

Step 2: Set up the double integral

Given the divergence is constant:

\[

\text{Flux} =\iint_ R 2\, dA = 2 \times \text{Area}(R)
\]

Therefore, the flux reduces to twice the area of the region \( R ).



Step 3: Calculate the area of \( R\\)
The region between\( X + Y=0\)and\( X +Y =9)\):

- The area between two parallel lines in the xy-plane can be

Frequently Asked Questions

What is the general approach to calculating the flux of
a vector field out of an annular region between two
curves?

The typical approach involves applying the Divergence Theorem or computing the surface
integral directly over the boundary curves, taking into account the orientation of the
boundary and the vector field components.

How do you define the boundary of the annular region
between the curves X + Y = 9 and another line X + ...?

The boundary consists of the two curves themselves, which form the inner and outer
boundaries of the annular region. These are typically represented as line segments or
curves, each with specified equations and orientations.

What is the significance of the vector field (, ) in
calculating flux?

The components of the vector field determine the flow across the boundary. To compute
flux, you evaluate the surface integral of the vector field's normal component over the
boundary, which involves dotting the field with the outward normal vector.

How do you determine the outward normal vectors for
the boundary lines?

For each boundary curve, the outward normal vector is found by taking a perpendicular
vector to the curve, ensuring it points outward from the region. Its direction is confirmed by
the orientation of the boundary traversal.

What role does setting up parametric equations for the
boundary curves play in flux calculation?

Parametric equations allow for straightforward substitution into the line integral
expressions, simplifying the process of evaluating the flux across each boundary segment.



When applying the Divergence Theorem to this
problem, what quantity should be computed?

You should compute the divergence of the vector field over the entire annular region and
multiply it by the area of the region, which gives the total flux outward from the region.

How do the equations of the boundary lines influence
the limits of integration in the flux calculation?

The equations define the geometric limits for the line integrals, dictating the start and end
points of the parameterizations and ensuring integrals are computed over the correct
segments.

What is the importance of orientation when calculating
flux across the boundary of the annular region?

Orientation determines the direction of the normal vectors and the direction of traversal
along the boundary curves, ensuring that the flux is correctly computed as outward flux
from the region.

Can the symmetry of the vector field or the region
simplify the flux calculation? If so, how?

Yes, symmetry can reduce the complexity by allowing certain integrals to cancel out or by
enabling the use of known integral results, thereby simplifying the overall flux computation.

Additional Resources

Calculate The Flux Of The Vector Field (, ), Out Of The Annular Region Between The X + Y =
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Calculating the flux of a vector field through a specified region is a fundamental task in
vector calculus, with applications spanning physics, engineering, and mathematics. When
the region in question is an annular (ring-shaped) area bounded by two curves, the problem
becomes both interesting and more complex, requiring careful consideration of boundary
conditions and the use of tools like the Divergence Theorem or line integrals. This article
provides a comprehensive guide to calculating the flux of a vector field through the annular
region between the line \( x + y = 9\) and another boundary defined similarly, with detailed
steps, mathematical techniques, and contextual understanding.

Understanding the Problem Setup

Before diving into calculations, it’s essential to clarify what the problem entails.



What Is Flux?

Flux, in the context of vector calculus, measures the amount of a vector field passing
through a surface or boundary. Mathematically, for a vector field \( \mathbf{F} = (P, Q) \),
the flux across a closed curve \( C\) is given by the line integral:

\[

\Phi =\oint_{C} \mathbf{F} \cdot \mathbf{n} \, ds

\]

where \( \mathbf{n} \) is the outward unit normal vector and \( ds ) is the differential arc
length.

The Region: Annular Region Between Lines

The problem specifies an annular (ring-shaped) region between the line\( x + y = 9\) and
another boundary—likely a similar line or curve. For the purpose of this analysis, let's
assume the inner boundary is given by \( x + y = c_1\) and the outer boundary by \( x + y
=c_2\), with\(c 1<c2)).

This forms a "strip" between two straight lines, which, when closed with appropriate
segments (or extending to infinity), creates an annular shape. The task is to compute the
flux of the vector field \( \mathbf{F} \) out of this region.

Mathematical Tools and Techniques

To compute flux, several mathematical tools are available:

1. The Divergence Theorem (Gauss's Theorem)

The divergence theorem relates flux through a closed surface (or boundary curve in 2D) to
the divergence over the region:

\[

\oint_{C} \mathbf{F} \cdot \mathbf{n} \, ds =\iint_{R} \nabla \cdot \mathbf{F} \, dA

\]

where \( R\) is the region enclosed by \( C ).

Advantages:
- Converts a line integral into a double integral, often easier to evaluate.
- Useful when divergence \( \nabla \cdot \mathbf{F} \) is simple.

Limitations:
- Requires the region to be closed.
- Boundary orientation must be consistent (outward normal).



2. Direct Line Integral Calculation

Alternatively, compute the flux by directly integrating \( \mathbf{F} \) along the boundary
segments, considering their normals.

Advantages:
- Precise when boundaries are complex.
- Useful when divergence is complicated or zero.

Limitations:
- Can be laborious with multiple boundary segments.

Defining the Vector Field and Boundaries

Suppose the vector field is \( \mathbf{F} = (P, Q) \). For illustration, consider a common
choice such as:

\[

\mathbf{F}(x, y) = (P, Q) = (X, y)

\]

which represents a radially increasing field.

The boundaries are lines:
- Inner boundary: \( x +y =c 1)
- Outer boundary: \(x +y =c_2)\)

Assuming \(c_1 < c_2)), the region \( R\) is the set:

\[
R = \left\{ (x, y) \mid c_1 \leq x + y \leq c_2 \right\}
\]

Step-by-Step Calculation of Flux

1. Parametrize the Boundary Curves

Each boundary line can be parametrized. For the line\( x + y = c\), a simple
parametrization is:

\[

\text{For } x =t,\quady =c-t

\]

where \( t\) varies over an interval covering the intersection points of the line with the
region.

Since these are infinite lines, to form a closed boundary, we can connect the lines with line



segments or consider a bounded portion, such as a finite segment from \(t =t _{min} ) to
\(t_{max}\).

Alternatively, if the region is bounded (e.g., between two parallel lines and limited in the
other direction), the entire boundary can be composed of:

- Two line segments along the lines\(x +y=c 1\)and\(x+y=c 2))

- Connecting segments at the "ends" of the region (if bounded)

2. Determine Outward Normals

The normal vector to the line \( x + y = c\) at a point is proportional to \( \nabla (x + y) =
(1, 1)\).

- For an outward normal, the direction depends on the orientation of the boundary.

- For the outer boundary \( x + y = c_2), the outward normal points away from the interior
region, typically in the direction of \( \nabla (x + y) \), i.e., \( (1, 1) \).

- For the inner boundary \( x + y = c_1), the outward normal points inward (toward the
region), so it would be \( (-1, -1) \).

3. Compute the Line Integrals Along Each Boundary

The flux across each boundary segment is:

\[
\text{Flux} = \int_{C} \mathbf{F} \cdot \mathbf{n} \, ds
\]

where:
-\( \mathbf{n}\) is the outward unit normal vector.
-\( ds) is the differential arc length along the boundary.

Given the parametrization \( (x(t), y(t)) \), the differential \( ds = \sqrt{(dx/dt)"~2 +
(dy/dt)~2}\, dt)).

The integral becomes:

\[
\int_{t_{min}}~{t_{max}} \mathbf{F}(x(t), y(t)) \cdot \mathbf{n} \,
\sgrt{\left(\frac{dx} {dt}\right)~2 + \left(\frac{dy} {dt}\right)~2} \, dt
\]



Applying the Divergence Theorem for
Simplification

Given the divergence \( \nabla \cdot \mathbf{F} \):

\[
\nabla \cdot \mathbf{F} = \frac{\partial P} {\partial x} + \frac{\partial Q} {\partial y}
\]

For \( \mathbf{F} = (x, y) \):

\[
\nabla \cdot \mathbf{F} =1+1=2

\]

Applying divergence theorem:

\[
\text{Flux} = \iint_R \nabla \cdot \mathbf{F} \, dA = 2 \times \text{Area}(R)
\]

Calculating the area of the annular region:

\[
\text{Area} = \text{Area between lines } x+y=c 2 \text{and } x+y=c_1
\]

Since these are parallel lines, the distance between them in the direction perpendicular to
the lines is:

\[
d =\frac{|c_ 2 - c_ 1|}{\sqrt{1"2 + 1°2}} = \frac{|c_2 - c_1|}{\sqrt{2}}
\]

The region extends infinitely in the orthogonal direction unless bounded in other directions.
Assuming the region is bounded in the \( x \)- and \( y \)-directions, or that the problem
considers a finite segment, the area can be computed accordingly.

If the region is bounded between \( x =a\) and \( x = b)), the area is:

\[
\text{Area} = \text{width} \times \text{height}
\]

Alternatively, for an unbounded strip, the flux could be infinite unless the vector field
decays at infinity.



Example Calculation

Suppose the bounded region is between \( x + y =0\) and \( x + y = 9), and between \( x
= 0\) and \( x = 3\). The region is then a finite parallelogram.

- Area:

\[
\text{Area} = \text{length in } x \times \text{heightin } x +y

\]

Since the linesare\(x+y=0\)and\(x +y =9)), and \( x\) runs from 0 to

Calculate The Flux Of The Vector Field Out Of The Annular
Region Between The XY 9 And X

Calculate The Flux Of The Vector Field Out Of The Annular Region Between The XY 9 And X

Related Articles

e Answer The Question On The Basis Of The Following Output Data For A Firm. Assume That
The Amounts Of

e Classified As Property, Plant And Equipment Can Be Either Acquired For Use In Operations Or
Acquired

e A Stock Has An Expected Return Of 10.4 Percent, The Risk-free Rate Is 3 Percent, And The
Market Risk

Back to Home


https://sip.evo9x.com/ma11/calculate-the-flux-of-the-vector-field-out-of-the-annular-region-between-the-x-y-9-and-x.pdf
https://sip.evo9x.com/ma11/calculate-the-flux-of-the-vector-field-out-of-the-annular-region-between-the-x-y-9-and-x.pdf
https://sip.evo9x.com/ma11/answer-the-question-on-the-basis-of-the-following-output-data-for-a-firm-assume-that-the-amounts-of.pdf
https://sip.evo9x.com/ma11/answer-the-question-on-the-basis-of-the-following-output-data-for-a-firm-assume-that-the-amounts-of.pdf
https://sip.evo9x.com/ma11/classified-as-property-plant-and-equipment-can-be-either-acquired-for-use-in-operations-or-acquired.pdf
https://sip.evo9x.com/ma11/classified-as-property-plant-and-equipment-can-be-either-acquired-for-use-in-operations-or-acquired.pdf
https://sip.evo9x.com/ma11/a-stock-has-an-expected-return-of-10-4-percent-the-risk-free-rate-is-3-percent-and-the-market-risk.pdf
https://sip.evo9x.com/ma11/a-stock-has-an-expected-return-of-10-4-percent-the-risk-free-rate-is-3-percent-and-the-market-risk.pdf
https://sip.evo9x.com

