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especially when analyzing the behavior of functions near specific points.
Taylor polynomials serve as powerful tools in calculus, providing polynomial
approximations of functions around a point of interest. In this article, we
will explore how to compute the second-degree (T2 (x)) and third-degree
(T3(z)) Taylor polynomials centered at Z = 7 for a given function F(x) = 1 +
T(z). We will delve into the theoretical background, step-by-step calculation
procedures, and practical applications of these polynomials.

Understanding Taylor Polynomials

What Are Taylor Polynomials?

Taylor polynomials are finite sums of derivatives of a function evaluated at
a specific point, used to approximate the function locally around that point.
The general form of the Taylor polynomial of degree n centered at a point a
is:

N[ P_n(x) = \sum_{k=0}"{n} \frac{f~{(k)}(a){k!'} (x - a)’ "k \]

where:

- \N( £2{(k)}(a) \) is the k-th derivative of \( £ \) evaluated at \( a \),
- \( k! \) is the factorial of \( k \),

- \( (x — a)”k \) is the polynomial term.

These polynomials are particularly useful because they can approximate
complex functions with simpler polynomial functions within a certain interval
near the center point.

The Role of Center Point Z = 7

Centering the Taylor polynomial at Z = 7 means that the approximation is most
accurate around the point \( z = 7 \). The choice of this point depends on
the domain of interest and the behavior of the function near that point.

Given Function and Its Components

Function Definition

The function provided is:

N[ F(x) =1 + T(z) \]



This suggests that \( F \) is expressed in terms of another function \( T(z)
\). To proceed, we need to clarify the form of \( T(z) \). For the purpose of
this calculation, let's assume \( T(z) \) 1is a known function, such as a
polynomial or a differentiable function where derivatives can be computed

easily, for example, \( T(z) = e”z \), \( T(z) = \ln(z) \), or a polynomial
expression.
Note: For a concrete example, we will take \( T(z) = e”z \), which is a

common choice in calculus problems involving Taylor expansions.

Rewriting the Function

With \( T(z) = e”z \), the function becomes:
N[ F(z) =1 + e”z \]

Our goal is to find the Taylor polynomials \( T_2(z) \) and \( T_3(z) \)
centered at \( z=7 \).

Calculating the Taylor Polynomial \( T_2(z) \)
at \( z=7 \)

Step 1: Find the derivatives of \( F(z) \)

Since \( F(z) =1 4+ e”z \), the derivatives are:

- First derivative:

N[ F'(z) = \frac{d}{dz} (1 + e”z) = e*z \]

— Second derivative:

N[ F''(z) = \frac{d}{dz} ez = ez \]

— Third derivative (for higher order, not needed for T2):

N[ F'""'"(z) = e’z \]

Step 2: Evaluate derivatives at \( z=7 \)

Calculate:

N[ F(7) =1 + ™7 \]
N[ F'(7) = erT \]

N[ E'"'(7) = e \]

Step 3: Write the Taylor polynomial \( T_2(z) \)

Using the Taylor polynomial formula:

N[ T_2(z) = F(7) + F'(7)(z — 7) + \frac{F''(7)}{2!'} (z = 7)"2 \]



Substituting the evaluated derivatives:
N[ T_2(z) = (1 + e*7) + e*7 (z - 7) + \frac{e”7}{2} (z - 7)72 \]

This is the second-degree Taylor polynomial of \( F(z) \) centered at \( z=7
\) .

Calculating the Taylor Polynomial \( T_3(z) \)
at \( z=7 \)

Step 1: Derivatives up to third order

From previous calculations:
N[ F'""'"(z) = e”z \]
Evaluate at \( z=7 \):

N[ E"" (7)) = eT \]

Step 2: Write the third-degree Taylor polynomial \ (
T_3(z) \)
The general form:

\[ T_3(z) =F
)

+ F'"(7)(z = 7) + \frac{F''(7)}{2'} (z - 7)"2 +
\Nfrac{F'"'' (7 }o(z —

7)73 \1]
Substituting known values:

N[ T_3(

z) = (1 + e™7) + e”7 (z — 7)) + \frac{e™7}{2} (z - 7)"2 + \frac{e”7}{6}
(z = 7)"3 \]

This polynomial provides a higher-order approximation of \( F(z) \) near \(
z=7 \).

Interpreting and Applying Taylor Polynomials

Approximation Accuracy

The degree of the Taylor polynomial determines how closely it approximates
the original function within a neighborhood of the center point \( z=7 \).
Generally, the higher the degree, the better the approximation near the
center, although the polynomial may diverge away from this point.

Applications in Science and Engineering

Taylor polynomials are widely used in:



e Numerical Analysis: for estimating function values and derivatives
e Physics: to linearize nonlinear systems around equilibrium points
e Economics: for simplifying models near specific points

e Computer Science: in algorithms requiring function approximations

Summary and Practical Tips

Key Takeaways

— Calculating Taylor polynomials involves derivatives evaluated at the center
point.

— The degree of the polynomial determines the accuracy of approximation.

- Centering at \( Z=7 \) ensures the approximation is most precise near that
point.

- For functions like \( e”z \), derivatives are straightforward since all
derivatives are \( ez \).

Tips for Calculating Taylor Polynomials

- Always verify the derivatives and their evaluations at the center.

— Use factorial notation for coefficients to simplify calculations.

- For complicated functions, symbolic computation tools like WolframAlpha,
Maple, or Mathematica can facilitate derivatives and evaluations.

— Remember that Taylor polynomials approximate the function locally; their
accuracy diminishes further from the center point.

Conclusion

Calculating Taylor polynomials centered at a specific point is a fundamental
skill in calculus that enables the approximation of complex functions with
simpler polynomial expressions. By understanding the derivatives and their
evaluations at the center point, you can construct accurate approximations
such as \( T_2(z) \) and \( T_3(z) \). These tools are invaluable in various
scientific and engineering disciplines for analysis, modeling, and problem-—
solving.

Note: While this example used \( T(z) = e”z \), the process applies to any
differentiable function \( T(z) \). The key steps involve finding
derivatives, evaluating at the center point, and assembling the polynomial
expression accordingly.

Frequently Asked Questions



How do you find the Taylor polynomial T2 (x) centered
at z 7 for the function F(x) =1 + T(z)?

To find T2 (x), first compute the derivatives of F(z) at z=7 up to the second
order, then use the Taylor polynomial formula centered at 7: T2(x) = F(7) +
F'(7)(x=7) + (F''"(7)/2") (x=T7)"2.

What is the general process to derive T3 (z) for the
function F(x) = 1 + T(z) centered at z = 7?

First, find the derivatives of F(z) up to the third order at z=7, then
substitute these into the Taylor polynomial formula T3(z) = F(7) + F'(7) (z-7)
+ (F'"'"(7)/2") (z=7)"2 + (F'""'"(7)/3!)(z-7)"3 to obtain T3 (z).

Why is it important to center the Taylor polynomials
at z = 7 when calculating T2 (x) and T3(z)?

Centering at z=7 ensures the Taylor polynomials provide the best
approximation of the function near that point, minimizing error in the
neighborhood around z=7, especially when the function is expanded around that
specific value.

How does the function F(x) = 1 + T(z) relate to the
Taylor polynomials T2 (x) and T3(z)?

Since F(x) = 1 + T(z), the Taylor polynomials T2 (x) and T3 (z) are used to
approximate the function F(x) around z=7, capturing its behavior up to second
and third order derivatives, respectively, near that point.

What are common applications of calculating Taylor
polynomials like T2(x) and T3(z)?

Taylor polynomials are used to approximate complex functions with polynomials
for easier computation, analyze function behavior near specific points, and
in numerical methods such as solving differential equations or optimization
problems.

Additional Resources
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Introduction

In the realm of mathematical analysis, Taylor polynomials serve as
fundamental tools for approximating functions near a specific point, enabling
a profound understanding of their local behavior. The task of calculating the
Taylor polynomials \(T_2 (x)\) and \(T_3(z)\) centered at \(z=7\) for the
function \ (F(x) = 1 + T(z)\) exemplifies this methodology's power and
precision. This investigation delves into the detailed derivation of these
polynomials, examining the nuances that underpin their construction, and



explores their implications in both theoretical and applied contexts.

Context and Significance

Taylor polynomial approximations are pivotal in fields ranging from numerical
analysis to physics, engineering, and computational sciences. They provide
polynomial representations that approximate complex functions with
controllable error margins within specified intervals. When centered at a
particular point—here, \ (z=7\)—these approximations can reveal local
properties and facilitate computations that might otherwise be intractable.

In this exploration, the focus is on the function:

where \(T(z)\) is a component that presumably relates to a broader function
\(f(z)\). The goal is to derive the second and third-degree Taylor
polynomials, \(T_2(x)\) and \(T_3(z)\), centered at \(z=7\). This process
involves meticulous calculation of derivatives, understanding of the
function's behavior at the center point, and the application of Taylor's
theorem.

Clarification of the Function and Variables

Before proceeding, it is crucial to clarify the function's structure:

- The notation suggests that \(F(x) = 1 + T(z)\), implying that \(T(z)\) may
be a function of \(z\), and the overall \(F(x)\) depends on \(x\), possibly

with a substitution \ (x=z\).

— The problem states "centered at \(z=7\)", indicating that the Taylor
polynomials are to be developed around \ (z=7\).

— The notation \(T_2(x)\) and \(T_3(z)\) suggests that the Taylor polynomials
are expressed as functions of \(x\) and \(z\), respectively, but since the
center is at \(z=7\), the primary focus is on derivatives evaluated at

\ (z=7\) .

Given these, the most consistent interpretation is:

- \(T(z)\) 1s a known differentiable function of \(z\).

- \(F(z) =1+ T(z)\).

- The task is to find the degree 2 and degree 3 Taylor polynomials of
\(F(z)\) centered at \(z=7\), i.e.,

\

T_2(z) = F(7) + F'(7) (z=7) + \frac{F''(7)}{2!}(z-7)"2,
\]

\

T_3(z) = T_2(z) + \frac{F'''(7)}{3!}(z-7)"3.



— The mention of \(T_2(x)\) and \(T_3(z)\) likely hints at a typographical
variation or a broader context where \(x\) and \(z\) are variables; for
clarity, the core focus remains on the derivation centered at \ (z=7\).

Methodology for Computing Taylor Polynomials
Step 1: Identify the function \ (T (z))\)

Since the explicit form of \(T(z)\) is not provided in the prompt, a typical
approach involves:

- Assuming a specific function \(T(z)\) (e.g., a polynomial, exponential, or
other well-understood function).

- Or, if the problem is more theoretical, considering \(T(z)\) as an
arbitrary differentiable function, with derivatives evaluated at \ (z=7\).

For demonstration, assume \(T(z)\) is a known function, such as:

T(z) = e~{z},

which is common in Taylor polynomial examples due to its smoothness and

infinite differentiability.

Step 2: Calculate derivatives at \ (z=7\)

Given \(T(z) = e™{z}\):

= \(T(7) = e™{7}\).

- \(T'(z) = e™{z} \Rightarrow T'(7) = e™{7}\).

- \(T''(z) = e™{z} \Rightarrow T''(7) = e™{7}\).

- \(T"""(z) = e™{z} \Rightarrow T'''(7) = e™{7}\).

Step 3: Construct Taylor polynomials

— Since \(F(z) =1 + T(z)\),
\ [

F(7) =1 + e™{7}.

\]

'"(z) = T'(z) = e”{z} \Rightarrow F'(7) = e~{7}.

— Second derivative:

\ [
F''(z) = T''(z) = e”{z} \Rightarrow F''(7) = e™{7}.
\]

— Third derivative:



\ [
F'''(z2)
\1]

= T'"'"(z) = e”{z} \Rightarrow F'''(7) = e"{7

Calculating the Taylor Polynomials
Second-degree Taylor polynomial \(T_2(z)\):
\ [

T 2(z) =
\]

F(7) + F'"(7) (z=7) + \frac{F''(7)}{2!}(z-7)

substituting the derivatives:

\ [
T _2(z) =
\]

(1 + e™{7}) + e™{7}(z=-7) + \frac{e™{7}}{2}(

Third-degree Taylor polynomial \(T_3(z)\):

\ [
T 3(z) =
\]

T_2(z) + \frac{F'''(7)}{3!'}(z-7)"3,

which yields:
\ [
T_3(z) = (1 + e™{7}) + e™{7}(z-7)

\frac{e"{7}}{6}(z-7)"3.
\]

Generalization to Other Functions
While the above derivation assumes \(T(z) = e~{z}\),

The key steps involve:

- Computing derivatives at the center point \ (z=7\).

'

/\2,

z="7)

~2.

+ \frac{e™{7}}{2}(z=-7)"2 +

the method 1is
universally applicable to any sufficiently differentiable function \(T(z)\).

— Plugging these derivatives into the Taylor polynomial formula.

— Recognizing the pattern for higher-degree terms.
Derivatives for Other Common Functions

| Function \(T(z)\) | Derivatives at \ (z=7\) |

| Polynomial \(z"n\) | \(T*{(k)}(z) = n! / (n - k)!

Comments

-
\times z"{n-k}\)

\leg n\) | Derivatives become zero after \(n\)th order |
I \(\sin(z)\) | \N(\sin(7), \cos(7), —-\sin(7), —-\cos(7)\)
every 4 steps |

I N\(\In(z)\) | \(1/7, -1/49, 2/343, -6/2401\) |

factorials and powers |

for \ (k

Derivatives cycle

Derivatives involve



Implications and Applications

The significance of calculating Taylor polynomials extends beyond theoretical
exercises:

- Approximation of functions: Facilitates polynomial approximations near a
point, essential in numerical methods.

- Error estimation: The remainder term in Taylor's theorem provides bounds on
approximation accuracy.

— Analytic continuation: Understanding local behavior informs global
properties of functions.

— Applied sciences: Engineering problems often rely on polynomial
approximations for control systems, signal processing, and physics
simulations.

Limitations and Considerations

While Taylor polynomials are invaluable, certain limitations must be
acknowledged:

- Radius of convergence: The accuracy diminishes outside the convergence
radius, requiring caution when extending approximations.

— Smoothness requirement: Functions must be sufficiently differentiable at
the center point.

— Computational complexity: Higher-degree polynomials involve calculating
multiple derivatives, which can be computationally intensive for complex
functions.

Conclusion

Calculating the Taylor polynomials \(T_2(z)\) and \(T_3(z)\) centered at

\ (z=7\) for the function \(F(z) =1 + T(z)\) demonstrates the essential
process of local function approximation. By systematically evaluating
derivatives at the center point and constructing the polynomial expressions,
mathematicians and scientists can harness these tools for precise analysis
and practical problem-solving. While the specific derivatives depend on the
form of \(T(z)\), the methodology remains consistent and universally
applicable, underpinning a broad spectrum of analytical techniques across
scientific disciplines.

This investigation underscores the importance of Taylor series in
understanding functions' local behavior, highlighting their theoretical
elegance and practical utility. As functions grow more complex, the
principles outlined here continue to serve as foundational techniques in the
ongoing pursuit of mathematical insight and technological advancement.
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