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Acceptable Choice For developing secure encryption mechanisms? RSA (Rivest-Shamir-Adleman) is
one of the most widely used asymmetric encryption algorithms, vital for securing digital
communication, online transactions, and data privacy. When analyzing a specific RSA setup, such as
with primes P=11 and Q=13 and a chosen public exponent E=7, understanding the foundational
parameters—namely N, Z, and the appropriateness of E—is crucial. This article delves into the
calculations, properties, and reasoning behind these cryptographic choices, offering insights into
RSA's core concepts and their practical implications.

Understanding RSA: Basic Concepts and Components

Before exploring specific parameters, it is essential to understand the core components of RSA
encryption.

What Is RSA Encryption?

RSA is an asymmetric cryptographic algorithm that uses a pair of keys: a public key for encryption
and a private key for decryption. Its security hinges on the mathematical difficulty of factoring large
composite numbers.

Key Parameters in RSA

- Prime Numbers (P and Q): Two large primes used to generate the modulus.

- Modulus (N): The product of P and Q, which forms part of both the public and private keys.

- Euler’s Totient (Z or ¢(N)): Represents the count of integers coprime to N.

- Public Exponent (E): Chosen to be coprime with Z, used for encrypting messages.

- Private Exponent (D): Calculated as the modular inverse of E modulo Z, used for decryption.

Calculating N and Z for P=11 and Q=13

Given the prime factors, P=11 and Q=13, the critical parameters for RSA are derived as follows:

Step 1: Compute N
N, the modulus, is obtained by multiplying P and Q:



\[ N =P\times Q\]

\[

N =11 \times 13 = 143
\]

This small modulus is used for illustrative purposes; real-world RSA implementations use much larger
primes for security.

Step 2: Compute Euler's Totient (Z or ¢(N))
Euler's totient function ¢(N) for two distinct primes P and Q is calculated as:
\[Z=(P-1)\times (Q-1)\]

\[

Z=(11-1)\times (13-1) =10 \times 12 =120

\]

This number represents how many integers less than N are coprime to N, which is essential for
determining suitable exponents.

Choosing the Public Exponent E =7

In RSA, the public exponent E must satisfy certain conditions for the encryption and decryption
process to work securely.

Criteria for E

- Coprimality with Z: E must be coprime with @(N) (here, Z=120).
- Size and Efficiency: E should be small for faster encryption.

Verifying E=7 is Suitable

To determine whether E=7 is acceptable, check the following:
1. GCD of E and Z:

\[
\gcd(7, 120) =1
\]

Since 7 shares no common divisors with 120 (other than 1), E=7 is coprime with Z=120.

2. Implications:
- Being coprime ensures that a modular inverse (private exponent D) exists.



- E=7 is a small, odd number, making encryption computations efficient.

Why E=7 Is an Acceptable Choice in RSA

Choosing E=7 in this RSA setup is justified for several reasons:

1. Ensures Proper Functionality

- Since \(\gcd(7, 120) = 1\), E=7 is suitable for generating the private key D.
- The existence of D guarantees that decryption can be performed correctly.

2. Computational Efficiency

- Smaller exponents like 7 speed up encryption, especially when encrypting large messages or
multiple data packets.

- In practice, common public exponents include 3, 5, 17, 65537, but 7 remains a valid choice for
simpler demonstrations.

3. Security Considerations

- While small exponents can sometimes pose security risks, in controlled environments or educational
contexts, E=7 is acceptable.

- Proper padding schemes (like OAEP) are crucial when employing small E values to mitigate
vulnerabilities.

Summary of Key Calculations and Concepts

| Parameter | Calculation | Explanation |

|l

| N |\( 11 \times 13 = 143\) | Modulus for public/private keys |

| Z (@(N)) | \( (11-1) \times (13-1) = 120) | Totient, crucial for key derivation |
| E| 7 | Public exponent, coprime with Z |

Additional Considerations in RSA Key Generation

While the example uses small primes for simplicity, real-world RSA keys involve large primes
(hundreds or thousands of bits) to ensure security. Here are some considerations:

- Prime Selection: Larger primes increase security but computational complexity.

- Public Exponent Choice: Typically small primes like 65537 are used due to efficiency and security
balance.

- Private Exponent D: Calculated as the modular inverse of E modulo Z, ensuring the decryption



process reverses encryption.

Conclusion: The Significance of RSA Parameters in
Security

Understanding the calculation of N and Z and the strategic selection of E is foundational for RSA
encryption. In the context of P=11 and Q=13, the parameters N=143 and Z=120 are straightforward
to compute, demonstrating the core principles behind RSA. Choosing E=7 exemplifies a valid public
exponent, given its coprimality with Z, enabling secure and efficient encryption. While this simplified
example is educational, real-world applications require larger primes and careful parameter choices to
safequard against cryptographic attacks. Mastery of these concepts ensures the development of
robust encryption systems vital for digital security in today's interconnected world.
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Frequently Asked Questions

What are the values of N and Z in RSA with P=11 and Q=132

In RSA, N is calculated as P multiplied by Q, so N = 11 x 13 = 143. Z, also known as Euler's totient
function value, is (P-1) x (Q-1) =(11-1) x (13-1) =10 x 12 = 120.

Why is E = 7 considered an acceptable choice for the public
exponent in RSA?

E = 7 is acceptable because it is a prime number that is coprime with Z = 120, meaning gcd(7, 120)
= 1. This ensures that E has a modular inverse, which is necessary for the decryption key.

How do you verify that E = 7 is suitable for RSA with P=11
and Q=13?

You verify suitability by checking that gcd(7, 120) = 1. Since 7 and 120 share no common factors
other than 1, 7 is coprime with Z, making it a valid public exponent.

What is the significance of choosing small primes like 11 and
13 in RSA?

Small primes like 11 and 13 simplify calculations and are useful for educational purposes or
demonstration, but for real-world security, much larger primes are used to ensure security.



How do you compute the private key in RSA given P, Q, and E?

First, compute Z = (P - 1)(Q - 1). Then, find the modular inverse of E modulo Z, i.e., find D such that
(D x E) = 1 mod Z. D becomes the private key exponent.

What are the steps to generate RSA keys with P=11, Q=13,
and E=7?

Calculate N = 143 and Z = 120. Verify gcd(7, 120) = 1. Find D, the modular inverse of 7 mod 120,
which is D = 103. The public key is (N=143, E=7), and the private key is (N=143, D=103).

Why is it important that E and Z are coprime in RSA?

Because E must have a modular inverse D modulo Z, ensuring the decryption process works correctly.
If E and Z are not coprime, the inverse D cannot be found, invalidating RSA.

What does the modulus N=143 represent in RSA encryption?

N=143 is the product of the two primes P=11 and Q=13. It forms part of the public and private keys
and defines the modular arithmetic space for encryption and decryption.

Can E=7 be used with larger primes for a more secure RSA
system?

Yes, E=7 can be used with larger primes, but typically, larger public exponents like 65537 are
preferred for efficiency and security reasons. However, 7 remains a valid choice if it meets the
coprimality condition.

What are the key considerations when choosing E in RSA?

E should be a small odd number that is coprime with Z, typically prime, to facilitate efficient
encryption. Common choices include 3, 5, or 65537 for security and computational efficiency.

Additional Resources
Comprehensive Analysis of RSA with P=11, Q=13, and E=7

Introduction to RSA and Its Fundamental Principles

RSA (Rivest-Shamir-Adleman) is a cornerstone cryptographic algorithm widely used for secure data
transmission. It is an asymmetric encryption algorithm, meaning it involves a pair of keys: a public
key for encrypting data and a private key for decrypting it. RSA's security is rooted in the

computational difficulty of factoring large composite numbers, particularly the product of two large



primes.

To understand the specific scenario involving P=11, Q=13, and E=7, it is essential to grasp the core
steps involved in generating RSA keys and the mathematical underpinnings that make RSA secure.

Part A: Calculating N and Z

1. Understanding N (The Modulus)

Definition:
In RSA, N (the modulus) is the product of two distinct prime numbers, P and Q. It forms the core of
both the public and private keys.

Calculation:
Given P=11 and Q=13, compute N as follows:

\[
N = P \times Q = 11 \times 13 = 143

\]

Significance of N:

- N determines the size of the key; larger N implies higher security.

- It is used in both encryption and decryption processes.

- The security of RSA relies on the difficulty of factoring N to retrieve P and Q.

2. Calculating Z (Euler's Totient Function, ¢(N))

Definition:
Euler's totient function, denoted as ¢(N) or Z, counts the number of integers less than N that are
coprime to N.

Calculation for RSA:
For two primes P and Q, the totient is calculated as:

\[

\phi(N) = (P - 1) \times (Q - 1)
\]

Applying the given primes:

\[



\phi(143) = (11 - 1) \times (13 - 1) = 10 \times 12 = 120
\]

Why is Z important?

- Z is used to determine the possible choices for the encryption exponent E and the decryption
exponent D.

- It defines the order of the multiplicative group modulo N, which is critical for RSA's mathematical
foundation.

Part B: Choosing E = 7 and Its Acceptability

1. The Role of E in RSA

Definition:
E, known as the public exponent, is an integer used as part of the public key. It is used during
encryption, where a message M is transformed into ciphertext C using:

\[

C\equiv M~E \pmod{N}

\]

Criteria for selecting E:

- E should be greater than 1 and less than ¢(N).
- E must be coprime to ¢(N).

- E should be chosen such that it has a small Hamming weight for computational efficiency, but this is
not a strict requirement.

2. Validating E = 7

Step 1: Check that E is within the valid range
- Since 1 < E < ¢(N) (which is 120), E=7 is valid.

Step 2: Check coprimality with ¢(N)
- E must be coprime to 120.

Calculate gcd(7, 120):

- Prime factors of 7: 7
- Prime factors of 120: 2, 3, 5

Since 7 shares no common prime factors with 120, gcd(7, 120) = 1.



Thus, E=7 is coprime to ¢(N).

Conclusion:
E=7 satisfies the fundamental requirements for choosing a public exponent in RSA.

3. Why is E=7 an Acceptable Choice?
Advantages of choosing E=7:

- Small and Efficient:
The number 7 is small, which makes the encryption process
faster due to fewer computational steps.

- Coprimality Confirmed:
As established, 7 is coprime to 120, ensuring the existence of
a modular inverse (D).

- Established Use in Cryptography:
Small prime exponents like 3, 5, 7, 17, 65537 are common
choices that balance efficiency and security.

Potential Concerns:

- Security Considerations:

While small exponents like 3 or 7 are computationally
advantageous, they can sometimes introduce vulnerabilities if
not implemented securely.

- Vulnerability to Certain Attacks:

Small exponents may be susceptible to specific attacks such
as low-exponent attacks if the message is not properly
padded.



Mitigations:

- Use padding schemes like OAEP (Optimal Asymmetric
Encryption Padding) to prevent attacks exploiting small
exponents.

- Ensure that messages are properly randomized and padded
before encryption.

Overall:

E=7 is acceptable for RSA, especially in controlled
environments or educational settings, provided that proper
padding and security measures are in place.

Deep Dive: Mathematical and Security Implications of
Choosing E=7

1. Mathematical Foundation

- Existence of D (Private Exponent):

Since gcd(E, $(N))=1, there exists a unique multiplicative
inverse D modulo ¢(N).

D satisfies:

\[
D \times E \equiv 1 \pmod{120}

\]



- Calculating D:
Using the Extended Euclidean Algorithm, D can be computed
as:

\[
D \equiv E~{-1} \pmod{120}
\]

For E=7:
- Find D such that \(7 \times D \equiv 1 \pmod{120}\).

- Because 7 x 103 = 721, and 721 mod 120:

\[

120 \times 6 = 720
\]

\[

721 -720=1

\]

So,
\[

D =103
\]

Therefore, the private exponent D=103.

2. Security Analysis of Small Public Exponents



- Advantages:

- Faster encryption and verification, especially with small E
like 3, 5, or 7.

- Reduced computational overhead, beneficial in constrained
environments.

- Risks:

- Small exponents can facilitate certain attacks if messages
are not properly padded.

- For example, Low-Exponent Attack: If the same message is
sent to multiple recipients with the same small exponent and
no padding, an attacker might recover the message via the
Chinese Remainder Theorem.

- Best Practices:

- Use padding schemes such as PKCS1 or OAEP.

- Avoid encrypting small or predictable messages directly;
always randomize messages with padding.

- Real-World Usage:
- Modern RSA implementations often use E=65537 (a Fermat

prime) because it is large enough to resist low-exponent
attacks yet computationally efficient.



Summary and Final Thoughts

- N Calculation:

\[

N =143

\]

- Z (Euler's Totient):
\[

\phi(N) = 120

\]

- Choosing E=7:

- Valid, since 1 <7 <120 and gcd(7, 120)=1.

- Facilitates efficient encryption.

- Widely acceptable in educational contexts, provided proper
padding and security measures are used.

- Private Exponent D:

\[

D \equiv 103 \pmod{120}
\]

- Security Caveats:
Small public exponents can be efficient but require careful
implementation to prevent known vulnerabilities.

Conclusion



Employing P=11, Q=13, and E=7 in RSA illustrates
fundamental principles of cryptographic key generation. The
process underscores the importance of selecting appropriate
parameters to balance efficiency and security. While E=7 is
mathematically suitable and computationally advantageous,
real-world RSA implementations favor larger public exponents
like 65537 to mitigate potential vulnerabilities associated
with small exponents. Nonetheless, understanding this
configuration deepens comprehension of RSA's mathematical
structure and highlights the critical considerations in
cryptographic parameter selection.
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