Consider The Function F(x, Y) =
(2x+y~2-5)(2x-1). Sketch The Following
Sets In The Plane.(a) The Set

Understanding the Function F(x, y) = (2x + y? -
5)(2x - 1): An In-Depth Exploration

Consider The Function F(x, y) = (2x + y2 - 5)(2x - 1). Sketch The Following Sets In
The Plane.(a) The Set. This function combines quadratic and linear terms, resulting in a
rich variety of geometric shapes in the coordinate plane. To analyze and sketch the sets
associated with this function, it’s essential to understand how the factors influence the
shape and position of the resulting curves. This article provides a comprehensive guide to
interpreting and visualizing these sets, with clear explanations, step-by-step procedures,
and visualization tips.

Breaking Down the Function: Structural Analysis

Factorization and Components

The given function is already factored into two parts:

e First factor: 2x + y?2-5

e Second factor: 2x -1

Each factor equals zero at specific sets of points, which correspond to notable curves in the
plane:

l. SetA: 2x +y?-5=0

2.SetB:2x-1=0

Understanding these sets is fundamental to sketching the entire structure of the function’s
level sets and zero sets.



Analyzing the Zero Sets of F(X, y)

Zero Set of F(x, y): The Solutions to F(x,y) =0

Since F(x, y) = (2x + y2 - 5)(2x - 1), the solutions to F(x, y) = 0 are where either factor
equals zero:

l. SetA:2x+y?-5=0

2.SetB:2x-1=0

Graphically, these are the curves where the entire function vanishes, forming the boundary
lines and conic sections in the plane.

Sketching the Zero Sets
Let’'s analyze each set individually to understand their geometric nature:
Set A: The Parabola 2x + y2-5=0

e Rewrite: y2 = 5 - 2x

e This is a parabola opening to the left, since y2 depends on (5 - 2x).

e Vertex: The parabola reaches its maximum or minimum at the point wherey = 0:

oSety=0:2x+0-5=0-2x=5->x=25

o Vertex at (2.5, 0)

e Domain:y2=z0=5-2x=0=x=<2.5

Set B: The Vertical Line2x-1=0
e Simplifies to x = 0.5

e This is a vertical line crossing the x-axis at 0.5



Visualizing and Sketching the Sets

Plotting the Parabola

To sketch the parabola:

1. Identify key points: The vertex at (2.5, 0)

2. Find points on either side:

oForx=25:y=0
oForx=2:y?=5-4=1->y==1

o Forx =3:y2=5-6 =-1 (no real points), so the parabola is only defined where x
=25

Plot these points and sketch the parabola opening to the left, passing through (2, 1), (2, -1),
and vertex at (2.5, 0).

Plotting the Vertical Line

This is straightforward: draw a straight vertical line at x = 0.5, extending through the
relevant y-values.

Analyzing the Sign of F(Xx, y)

Regions Where F(Xx, y) Is Positive or Negative

The sign of F(x, y) depends on the signs of each factor:

e |f both factors are positive, then F(x,y) > 0
e |f both factors are negative, then F(x, y) > 0

e If one is positive and the other negative, then F(x, y) < 0

Determining these regions helps in sketching the level sets where F(x, y) takes specific
values, such as 1, -1, or other constants.



Sign Analysis in Different Regions

1. Region where 2x + y?-5>0and 2x-1>0
2. Region where 2x + y?-5<0and 2x-1>0
3. Region where2x + y2-5>0and2x-1<0

4. Region where 2x +y?-5<0and2x-1<0

By analyzing these, you can sketch the entire plane divided into regions with different
signs, aiding in the visualization of the level curves and the behavior of F(x, y).

Sketching the Level Sets of F(x, y)

Level Curves for F(x, y) = ¢

For various constants ¢, the level sets are given by:

(2x + y2 - 5)(2x - 1) = ¢

These are more complex curves, but understanding the zero set is a key first step.

Special Cases

* F(x, y) = 0: The union of the parabola and the line (already discussed)
e F(x, y) = 1: The hyperbolic curves satisfying (2x + y2-5)(2x-1) =1

e F(x, y) = -1: Similar hyperbolas with negative constant

Plotting these involves solving for y in terms of x, which may lead to hyperbolic equations,
and can be approximated numerically or graphically for visualization purposes.

Summary of Key Steps to Sketch the Sets

1. Identify the zero sets of each factor: parabola and vertical line.
2. Plot these basic curves on the coordinate plane.

3. Determine the sign of F(x, y) in each region divided by these curves.



4. Understand the level sets F(x, y) = c for various constants ¢, especially those close to
zero.

5. Use these insights to sketch the overall shape and behavior of the function’s level
curves.

Practical Tips for Sketching and Visualization

e Use graphing tools like GeoGebra or Desmos for accurate plotting.

e Start with the zero sets to establish boundaries.

e Analyze the sign regions to understand where the function is positive or negative.
e Explore level sets numerically if algebraic solutions are complicated.

* Label key points, vertices, and intercepts to enhance clarity.

Conclusion: Mastering the Geometric
Representation of F(x, y)

By dissecting the structure of F(x, y) = (2x + y? - 5)(2x - 1), we gain a comprehensive
understanding of its geometric features. Recognizing the parabola and vertical line as
fundamental components allows us to sketch the zero set accurately. Exploring the sign
regions and level curves further enriches our visualization skills. Whether you are a student
learning to interpret functions graphically

Frequently Asked Questions

What is the geometric interpretation of the set defined
by F(x, y) =(2x + y™2 - 5)(2x - 1) in the plane?

The set corresponds to the points (x, y) where the product of the two factors equals zero,
meaning either 2x + y™~2 -5 = 0 or 2x - 1 = 0. Geometrically, this represents a parabola
y~2 =5-2x and a vertical line x = 1/2.

How do you sketch the set defined by F(x, y) = 0 based
on the factors?

To sketch the set, plot the parabola y~2 =5 - 2%, which opens leftward, and the vertical



line x = 1/2. The union of these two curves forms the set where F(x, y) = 0.

What is the significance of the points where the
parabola y~2 = 5 - 2x intersects the line x = 1/2?

At the intersection points, substitute x = 1/2 into the parabola equation: y*~2 =5 - 2(1/2) =
5-1 = 4. Therefore, y = £2. The intersection points are (1/2, 2) and (1/2, -2).

Can the set defined by F(x, y) = 0 be considered as a
union of simpler geometric objects?

Yes, it is the union of a parabola y™~2 = 5 - 2x and a vertical line x = 1/2, each a basic
geometric curve in the plane.

How would the graph change if the function was
defined as F(x, y) = (2x + y™*2 - 5)(2x - 3)?

In that case, the set would be the parabola y™~2 =5 - 2x and the vertical line x = 3/2,
shifting the vertical line from x = 1/2 to x = 3/2.

What is the domain and range of the parabolay”~2 =5 -
2x involved in the set?

The domain of the parabola is x = 5/2, since y™~2 = 0 implies 5-2x = 0 -» x < 5/2. The
range of y is all real numbers, as y”~2 can take any non-negative value.

Additional Resources

Consider The Function F(x, Y) = (2x + y? - 5)(2x - 1). Sketch The Following Sets In The
Plane.(a) The Set

Introduction

Mathematics often presents us with functions that seem complex at first glance but reveal
elegant structures upon closer inspection. The function F(x, y) = (2x + y? - 5)(2x - 1)
exemplifies this phenomenon. It combines quadratic and linear factors, resulting in a rich
tapestry of geometric shapes in the xy-plane. Understanding the sets defined by such
functions is fundamental in fields ranging from algebraic geometry to multivariable
calculus. In this article, we'll delve into the analysis of this specific function, explore the
geometric significance of its zero set, and guide you through sketching the associated sets
with clarity and precision.

Dissecting the Function: An Overview



The function F(x, y) is a product of two factors:

- Factor 1: 2x + y2-5
- Factor 2: 2x -1

Understanding the zero set of F(x, y) involves examining where the product equals zero,
which naturally leads us to analyze the zeros of each factor separately.

Zero Sets of the Factors: Foundations for Sketching
The Zero Set of 2x + y?-5

This factor equals zero when:

\[2x +y~2-5=0\]

Rearranged, it becomes:

\[y~2 =5-2x\]

This is a standard parabola opening to the left or right depending on the range of x-values
for which the right-hand side remains non-negative.

- Domain considerations: Since y? = 0, we require:

\[ 5 - 2x \geq 0 \Rightarrow 2x \leq 5 \Rightarrow x \leq \frac{5} {2} \]
- Range of x: All x = 2.5

- Corresponding y-values:

\[y =\pm\sqrt{5 - 2x} \]

- Graphical interpretation:

This set is a parabola opening horizontally, with its vertex at:

\[ y~2 = 0 \Rightarrow y=0 \Rightarrow 2x + 0 - 5=0 \Rightarrow 2x=5 \Rightarrow x=
\frac{5} {2} \]

So, the vertex is at the point \(\left(\frac{5} {2}, O\right)\), and the parabola extends
leftward towards negative infinity in x.

The Zero Set of 2x - 1
This factor equals zero when:

\[ 2x - 1=0 \Rightarrow x=\frac{1} {2} \]



- Graphical interpretation:

This is a vertical line crossing the x-axis at \(x=0.5\). It extends infinitely in the y-direction.

The Zero Set of the Entire Function: Where F(x, y) =0

Since F(x, y) is a product, it equals zero whenever either factor is zero. Therefore, the zero
set is:

\[ \boxed{\left\{ (x,y) \mid 2x + y~2 - 5=0 \quad \text{or} \quad 2x - 1=0 \right\} } \]
This union of two sets comprises:

1. The parabola \( y™~2 =5 - 2x), for \(x \leq 2.5\)
2. The vertical line \( x= 0.5)

In the plane, these two sets intersect at points where both equations hold simultaneously.

Analyzing the Intersection of the Sets

To find the intersection points:

- Set \( x=0.5) into the parabola:
\[y*2=5-2(05)=5-1=4\]

- Therefore:

\[y =\pm 2]

- The intersection points are:

\[ (0.5, 2) \quad \text{and} \quad (0.5, -2) \]

Summary of intersection:

- Two points where the parabola and the vertical line cross.

- These points are crucial for sketching, as they represent where the zero set transitions
from one component to another.

Sketching the Zero Set: Step-by-Step Guide

Now that we've identified the key features, let's outline a systematic approach to sketching
the zero set.



Step 1: Draw the axes

- Label the x- and y-axes clearly.
- Mark relevant points such as \( x=0.5\), \( x=2.5), and the intersection points.

Step 2: Sketch the vertical line \( x=0.5)

- Draw a straight, dashed or solid line passing through the points \( (0.5, y) \) for all y.
- Mark the intersection points \( (0.5, 2) \) and \( (0.5, -2)\).

Step 3: Sketch the parabola \( y™~2 =5 - 2x)

- Determine the vertex at \( (2.5, 0) \).
- For \( x< 2.5\), compute y-values:

- For example, at \( x=2\):

\[ y~2=5-2(2) = 5-4=1 \Rightarrow y= \pm1 \]

- At\( x=1.5\):

\[ y*2= 5 - 3=2 \Rightarrow y= \pm\sqrt{2} \approx \pm1.414 \]
- At \( x=0\):

\[ y*2= 5 - 0=5 \Rightarrow y= \pm\sqrt{5} \approx \pm2.236 \]

- Plot these points and sketch a smooth parabola opening to the left, with its vertex at \(
(2.5, 0)\).

Step 4: Mark the intersection points

- The points \( (0.5, 2) \) and \( (0.5, -2)\) fall on both the line and the parabola, so mark
them clearly.

Step 5: Combine the sets

- The zero set is the union, so draw both the parabola and the vertical line.
- Indicate the intersection points.

Step 6: Final touches
- Label the key features.

- Shade or highlight the zero set to distinguish it from other regions.
- Add arrows or notes if necessary to clarify the parts of the set.

Geometric Interpretation and Significance

Understanding the zero set of the function F(x, y) offers insights into the topology of the



plane as dictated by the function's behavior.
Components of the Zero Set:
- The parabola \( y™2=5 - 2x\):

- Represents a conic section, specifically a horizontally opening parabola.
- The portion of the parabola relevant here is for \( x \leq 2.5 ).

- The vertical line \( x=0.5\):

- Acts as a boundary or "divider" in the plane.
- Intersects the parabola at two points, creating a connection between the two components.

Implications:
- The zero set partitions the plane into regions where \( F(x, y) \) is positive or negative.

- For points not on the zero set, the sign of \( F(x, y) \) depends on the signs of the factors \(
2x +y™2-5\)and \(2x-1\).

Sign Analysis of the Function
To deepen understanding, examine the signs of the factors in different regions:
- Region where both factors are positive:

-\(2x+y~2-5>0\)and\(2x-1>0))
- Corresponds to \( (x,y) \) with\(2x + y*~2-5>0\)and \( x > 0.5)

- Region where both factors are negative:

-\(2x+y"2-5<0\)and\(2x-1<0))
- Corresponds to\( x < 0.5\)and\(y~2 <5 -2x)

- Mixed regions:
- Where one factor is positive and the other negative, leading to \( F(x,y) < 0).

Mapping these regions helps visualize the behavior of \( F(x,y) \) across the plane.

Broader Context and Applications

The analysis of such functions isn't purely academic; it has practical applications across
various fields:

- In algebraic geometry: Zero sets of functions define algebraic curves and surfaces.
- In physics: Understanding potential fields and equipotential lines.



- In optimization: Identifying level sets for constraints or cost functions.
- In computer graphics: Rendering implicit curves and shapes.

This specific case, involving a parabola and a line, exemplifies how combining simple
geometric objects yields intricate structures, vital for both theoretical understanding and
computational modeling.
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