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Understanding Markov chains is fundamental in various fields such as mathematics, computer
science, economics, and engineering. Specifically, analyzing Markov chains with a small,
manageable number of states helps build intuition about their behavior, transition probabilities, and
long-term characteristics. In this article, we focus on a Markov chain with three states, denoted as S
= {1, 2, 3}, and explore its properties, transition matrix, stationary distributions, and applications.
By examining this specific case, we aim to provide a comprehensive understanding suitable for
students, researchers, and practitioners interested in stochastic processes.

Introduction to Markov Chains

Before delving into the particular three-state Markov chain, it is essential to understand the basic
concepts of Markov chains.

What is a Markov Chain?

A Markov chain is a stochastic process characterized by the Markov property: the future state
depends only on the current state and not on the sequence of events that preceded it. Formally, a
discrete-time Markov chain is defined by:

A finite or countable set of states, S.

A transition probability matrix, P, where each entry pij represents the probability of moving
from state i to state j in one step.

The transition matrix must satisfy:

Non-negativity: pij ≥ 0 for all i, j.

Row stochasticity: the sum of each row equals 1, i.e., ∑j pij = 1.



States and Transition Probabilities

In our case, the state space is S = {1, 2, 3}. The transition probabilities are represented by a 3×3
matrix:

\[
P = \begin{bmatrix}
p_{11} & p_{12} & p_{13} \\
p_{21} & p_{22} & p_{23} \\
p_{31} & p_{32} & p_{33}
\end{bmatrix}
\]

where each row sums to 1:

\[
p_{i1} + p_{i2} + p_{i3} = 1 \quad \text{for} \quad i=1,2,3
\]

The entries pij represent the probability of transitioning from state i to state j.

Transition Diagram and Its Significance

Visualizing a Markov chain through a state transition diagram helps in understanding the possible
moves between states and the structure of the process.

Constructing the Transition Diagram

The diagram consists of three nodes labeled 1, 2, and 3, with directed edges that indicate possible
transitions. Each edge is labeled with the corresponding transition probability. For example:

- An arrow from node 1 to node 2 with label p12.
- An arrow from node 2 to node 3 with label p23.
- Loops from each node to itself with probabilities pii.

This diagram visually encapsulates the transition structure and helps identify properties like
irreducibility, periodicity, and the existence of stationary distributions.

Example Transition Diagram

Suppose the transition diagram looks like this:

- From state 1: transitions to state 2 with probability 0.3, to state 3 with probability 0.4, and remains
in state 1 with probability 0.3.



- From state 2: transitions to state 1 with probability 0.2, stays in state 2 with probability 0.5, and
moves to state 3 with probability 0.3.
- From state 3: transitions to state 1 with probability 0.6, to state 2 with probability 0.2, and remains
in state 3 with probability 0.2.

Such a diagram provides immediate insight into how the process evolves over time.

Transition Matrix for the Three-State Markov Chain

Given the transition diagram, the transition matrix P can be explicitly written as:

\[
P = \begin{bmatrix}
p_{11} & p_{12} & p_{13} \\
p_{21} & p_{22} & p_{23} \\
p_{31} & p_{32} & p_{33}
\end{bmatrix}
\]

For our example:

\[
P = \begin{bmatrix}
0.3 & 0.3 & 0.4 \\
0.2 & 0.5 & 0.3 \\
0.6 & 0.2 & 0.2
\end{bmatrix}
\]

This matrix encapsulates all transition probabilities and is the foundation for analyzing the chain's
long-term behavior.

Analyzing the Behavior of the Three-State Markov
Chain

Understanding how the process behaves over time involves analyzing properties such as
irreducibility, periodicity, and the existence of stationary distributions.

Irreducibility and Aperiodicity

- Irreducibility: A Markov chain is irreducible if it’s possible to reach any state from any other state
in some finite number of steps. For the above matrix, we analyze whether the chain is irreducible by
examining the connectivity of the transition graph.
- Aperiodicity: The chain is aperiodic if it does not cycle through states with fixed periodicity greater



than 1. This is confirmed if, for example, the greatest common divisor of the lengths of all possible
return paths to a state is 1.

These properties influence whether the chain will settle into a steady-state distribution.

Stationary Distribution

A stationary distribution, π = (π1, π2, π3), is a probability vector satisfying:

\[
\pi P = \pi
\]

and

\[
\pi_1 + \pi_2 + \pi_3 = 1
\]

Solving these equations yields the long-term probabilities of being in each state, regardless of the
initial state, provided the chain is ergodic.

Solving for the Stationary Distribution

Let's illustrate how to find the stationary distribution for our example.

Set up the Equations

From the definition:

\[
\begin{cases}
\pi_1 = \pi_1 p_{11} + \pi_2 p_{21} + \pi_3 p_{31} \\
\pi_2 = \pi_1 p_{12} + \pi_2 p_{22} + \pi_3 p_{32} \\
\pi_3 = \pi_1 p_{13} + \pi_2 p_{23} + \pi_3 p_{33} \\
\pi_1 + \pi_2 + \pi_3 = 1
\end{cases}
\]

Substituting the transition probabilities:

\[
\begin{cases}
\pi_1 = 0.3 \pi_1 + 0.2 \pi_2 + 0.6 \pi_3 \\
\pi_2 = 0.3 \pi_1 + 0.5 \pi_2 + 0.2 \pi_3 \\



\pi_3 = 0.4 \pi_1 + 0.3 \pi_2 + 0.2 \pi_3 \\
\pi_1 + \pi_2 + \pi_3 = 1
\end{cases}
\]

This system can be solved using linear algebra techniques to find the stationary probabilities.

Implications of the Stationary Distribution

Once calculated, the stationary distribution provides insights into the long-term behavior:

- The likelihood of being in each state after many transitions.
- The chain's stability and ergodicity.
- Design considerations in applications like queueing systems, reliability engineering, and Markov
decision processes.

Applications of the Three-State Markov Chain Model

The theoretical framework described has practical applications across multiple disciplines.

Economics and Finance

Markov chains model market regimes, credit ratings, or economic states, helping predict long-term
trends. For example, a three-state model can represent recession, stagnation, and growth phases.

Computer Science and Algorithms

In algorithms such as PageRank, Markov chains help determine the importance of web pages. A
three-state chain could model a simplified web graph with different page categories.

Biology and Medical Research

States can represent health statuses—healthy, sick, recovered—allowing for modeling disease
progression over time.

Engineering and Reliability

Modeling system states such as operational, degraded, and failed helps in maintenance scheduling
and reliability analysis.



Conclusion and Summary

The analysis of a Markov chain with three states, S = {1, 2, 3}, provides foundational understanding
of stochastic processes.

Frequently Asked Questions

What are the key components needed to fully describe a
Markov chain with states S={1, 2, 3}?
The key components include the state space S={1, 2, 3}, the transition probability matrix, and the
initial state distribution.

How can we determine the steady-state distribution for a
Markov chain with three states?
By solving the system of linear equations derived from the transition matrix, ensuring that the
probabilities sum to 1, we can find the steady-state distribution.

What does the transition diagram tell us about the possible
long-term behaviors of the chain?
The diagram indicates how states are connected and can reveal if the chain is ergodic, has absorbing
states, or contains closed communicating classes, influencing long-term behavior.

How do transition probabilities between states affect the
chain's classification as recurrent or transient?
High transition probabilities within a subset of states suggest recurrence, meaning the chain tends
to return; low or zero probabilities can lead to transience, where states are visited finitely often.

Can a Markov chain with three states have multiple stationary
distributions?
Typically, a finite Markov chain with a unique ergodic class has a unique stationary distribution;
multiple stationary distributions occur only if the chain is reducible or has certain symmetries.

What role does the initial state play in the behavior of the
Markov chain over time?
The initial state influences the distribution of states at early steps, but for ergodic chains, the
distribution converges to the stationary distribution regardless of the starting point.



How can we identify if the Markov chain is irreducible based
on its transition diagram?
If every state can be reached from every other state through some sequence of transitions, the chain
is irreducible; otherwise, it is reducible.

What is the significance of communicating classes in the
context of the given Markov chain?
Communicating classes group states that communicate with each other; analyzing these classes
helps understand the chain's structure and potential for recurrence or transience within subsets of
states.

Additional Resources
Consider The Markov Chain With Three States S={1, 2, 3} That Has The State Transition Diagram
Is Shown — this scenario offers a compelling glimpse into the intricacies of Markov chains with a
finite state space. Whether you're a student studying stochastic processes or a professional
analyzing systems modeled by Markov chains, understanding the structure, behavior, and long-term
properties of such a chain is fundamental. This guide aims to provide a comprehensive overview of
the key concepts, techniques, and insights related to this specific three-state Markov chain, enabling
you to analyze and interpret its behavior effectively.

---

Introduction to Markov Chains

Before diving into the specifics of the three-state chain, it is essential to establish a clear
understanding of what a Markov chain is.

What Is a Markov Chain?

A Markov chain is a stochastic process that models a sequence of random states, where the
probability of moving to the next state depends solely on the current state — a property known as
the Markov property.

Key Components of a Markov Chain

- States (S): A finite or countable set of possible states; in our case, S = {1, 2, 3}.
- Transition Probabilities: Probabilities that dictate how the process moves from one state to
another, often represented as a transition matrix.
- Initial Distribution: The probability distribution over states at time zero.

---

The State Transition Diagram for S={1, 2, 3}

Visual representations provide crucial insights into the behavior of Markov chains. The state



transition diagram for the three-state chain is a directed graph with nodes representing states and
edges representing possible transitions, annotated with transition probabilities.

Typical Structure of the Transition Diagram

- States: 1, 2, and 3.
- Directed Edges: From each state to possibly all states (including itself).
- Transition Probabilities: Each edge has an associated probability, satisfying the conditions that all
outgoing probabilities from a state sum to 1.

For example, the transition diagram may look like this:

- State 1 transitions to states 1, 2, 3 with probabilities p11, p12, p13 respectively.
- State 2 transitions to states 1, 2, 3 with probabilities p21, p22, p23.
- State 3 transitions to states 1, 2, 3 with probabilities p31, p32, p33.

---

Transition Matrix Representation

The transition probabilities are compactly represented in the transition matrix P, a 3x3 matrix:

| | 1 | 2 | 3 |
|-----|-----|-----|-----|
| 1 | p11 | p12 | p13 |
| 2 | p21 | p22 | p23 |
| 3 | p31 | p32 | p33 |

This matrix plays a pivotal role in analyzing the chain’s properties, such as steady states, absorption,
and periodicity.

---

Fundamental Concepts in Analyzing a Three-State Markov Chain

1. Irreducibility and Communicating Classes

- A chain is irreducible if it's possible to reach any state from any other state in some number of
steps.
- For the three-state chain, check if the transition matrix allows moving between all pairs of states.
- The chain may be reducible if some states are inaccessible from others, leading to multiple
communicating classes.

2. Periodic and Aperiodic States

- The period of a state is the greatest common divisor (gcd) of the number of steps in which return to
that state is possible.
- An aperiodic chain (period 1) tends to have a unique stationary distribution.
- The periodicity affects the long-term behavior and convergence.

3. Stationary Distributions



- A stationary distribution π = (π₁, π₂, π₃) satisfies πP = π and the sum of its entries equals 1.
- It represents the long-term proportion of time the chain spends in each state, assuming it exists
and the chain is ergodic.

4. Absorbing and Transient States

- A state is absorbing if once entered, the chain remains there.
- Transient states are those that may be left and not necessarily revisited.
- In a three-state chain, the presence of absorbing states greatly influences long-term dynamics.

---

Analyzing the Chain: Step-by-Step Approach

Step 1: Examine the Transition Matrix

Determine whether the chain is irreducible:

- Does each state communicate with every other?
- Are some transition probabilities zero, blocking certain paths?

Step 2: Identify Communicating Classes and Recurrence

- Identify if the chain is irreducible or decomposable.
- For an irreducible chain, every state is recurrent; for reducible chains, some are transient or
absorbing.

Step 3: Check for Periodicity

- Calculate the period of each state:
- Find the gcd of lengths of possible cycles returning to the state.
- If all states are aperiodic, convergence to a stationary distribution is guaranteed.

Step 4: Find Stationary Distribution(s)

- Solve the system πP = π with the constraint Σπ_i = 1.
- Use algebraic methods or linear algebra tools:
- Set up equations based on the transition matrix.
- Solve for π.

Step 5: Analyze Long-Term Behavior

- Determine whether the chain converges to a stationary distribution.
- Assess the presence of absorbing states and their impact.
- If the chain is periodic, analyze the cyclic patterns.

---

Practical Example: Hypothetical Transition Matrix

Suppose the transition matrix is:



| | 1 | 2 | 3 |
|-----|-----|-----|-----|
| 1 | 0.7 | 0.2 | 0.1 |
| 2 | 0.3 | 0.4 | 0.3 |
| 3 | 0.2 | 0.3 | 0.5 |

Analysis:

- Irreducibility: All states communicate since there's positive probability to reach any state from any
other.
- Aperiodicity: Since the chain has non-zero diagonals and the chain can return to states in varying
number of steps, it is likely aperiodic.
- Stationary Distribution: Solve πP = π:

```
π₁ = 0.7π₁ + 0.3π₂ + 0.2π₃
π₂ = 0.2π₁ + 0.4π₂ + 0.3π₃
π₃ = 0.1π₁ + 0.3π₂ + 0.5π₃
π₁ + π₂ + π₃ = 1
```

- Solving these equations yields the long-term distribution.

---

Long-Term Behavior and Limit Theorems

Understanding the asymptotic behavior of the chain involves key theorems:

1. Ergodic Theorem for Markov Chains

- If the chain is irreducible and aperiodic, then the distribution after many steps converges to the
unique stationary distribution regardless of the initial state.

2. Limiting Distribution

- The long-term probabilities of being in each state are given by the stationary distribution π.

3. Absorbing States and Absorption Probabilities

- If the chain has absorbing states, compute the probabilities of absorption starting from each state.
- Use fundamental matrices and absorption probabilities formulas.

---

Applications and Implications

The analysis of a three-state Markov chain has broad applications across disciplines:

- Queueing Systems: Modeling customer flow with states representing queue lengths.
- Epidemiology: States representing disease status, e.g., susceptible, infected, recovered.



- Economics: Market states, such as bull, bear, and stagnant markets.
- Computer Science: State transitions in algorithms or network protocols.

Understanding the behavior of the chain helps in making predictions, optimizing strategies, or
designing control mechanisms.

---

Summary and Key Takeaways

- The consideration of the Markov chain with three states S={1, 2, 3} involves analyzing the
transition diagram, matrix, and properties like irreducibility, periodicity, and stationary
distributions.
- Visual and algebraic tools are essential for understanding the chain's long-term behavior.
- The chain's structure determines whether it converges to a steady state, exhibits cyclic patterns, or
has absorbing states.
- Practical applications rely heavily on the ability to compute and interpret these properties.

---

Final Thoughts

Analyzing a Markov chain with three states may seem straightforward at first glance, but the
richness of possible behaviors—from ergodic and mixing properties to absorption
phenomena—makes it a powerful model for a wide range of real-world systems. Mastery of these
concepts enables you to decode complex stochastic systems, predict their long-term tendencies, and
inform decision-making processes across various fields.

Whether you are constructing your own Markov models or interpreting existing ones, a solid grasp
of the fundamental principles outlined here will serve as a robust foundation for further exploration
and application.
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