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Understanding the properties of triangles in three-dimensional space is fundamental in
various fields such as geometry, physics, computer graphics, and engineering. When given
the vertices of a triangle in 3D coordinates, one common problem is to determine specific
angles within the triangle. This article provides a step-by-step guide to calculating the
angle at a given vertex of a triangle with vertices A(1,0,1), B(3,2,0), and C(1,3,3). We will
explore the problem comprehensively, starting from basic vector operations, moving
through the calculation process, and concluding with the precise measure of the angle at
the specified vertex.

---

Understanding the Problem: Coordinates and the
Goal

Before diving into calculations, it is vital to understand what is being asked.

Vertices of the triangle:

- A(1, 0, 1)
- B(3, 2, 0)
- C(1, 3, 3)

Objective:

- Find the measure of the angle at a specific vertex, typically at one of the vertices A, B, or
C.

Note: Since the problem states "Find The Angle At The Vertex" without specifying which
vertex, a common interpretation is to find the angle at vertex A, B, or C. For this guide, we
will focus on calculating the angle at vertex A, but the methodology applies similarly for
other vertices.

---



Mathematical Foundations for Calculating Angles
in 3D

To find an angle at a vertex in a triangle in three-dimensional space, the most effective
method involves vector operations, particularly the dot product. The key concepts include:

- Vectors: Directed segments between points.
- Dot Product: A scalar product that relates to the cosine of the angle between two vectors.
- Magnitude of a Vector: The length of the vector.

Core formula:

\[
\cos \theta = \frac{\vec{u} \cdot \vec{v}}{|\vec{u}| |\vec{v}|}
\]

where:

- \(\theta\) is the angle between vectors \(\vec{u}\) and \(\vec{v}\),
- \(\vec{u} \cdot \vec{v}\) is the dot product,
- \(|\vec{u}|\) and \(|\vec{v}|\) are the magnitudes of the vectors.

Once \(\cos \theta\) is found, the angle \(\theta\) can be obtained by taking the inverse
cosine (arccos).

---

Step-by-Step Calculation of the Angle at Vertex A

Let's proceed systematically to compute the angle at vertex A, denoted as \(\angle BAC\).

Step 1: Determine the Relevant Vectors

The angle at vertex A is formed by the vectors:

- AB: from A to B
- AC: from A to C

Calculations:

\[
\vec{AB} = \vec{B} - \vec{A} = (3 - 1, 2 - 0, 0 - 1) = (2, 2, -1)
\]
\[
\vec{AC} = \vec{C} - \vec{A} = (1 - 1, 3 - 0, 3 - 1) = (0, 3, 2)
\]



Step 2: Compute the Dot Product \(\vec{AB} \cdot \vec{AC}\)

\[
\vec{AB} \cdot \vec{AC} = (2)(0) + (2)(3) + (-1)(2) = 0 + 6 - 2 = 4
\]

Step 3: Calculate the Magnitudes of \(\vec{AB}\) and \(\vec{AC}\)

\[
|\vec{AB}| = \sqrt{(2)^2 + (2)^2 + (-1)^2} = \sqrt{4 + 4 + 1} = \sqrt{9} = 3
\]

\[
|\vec{AC}| = \sqrt{(0)^2 + (3)^2 + (2)^2} = \sqrt{0 + 9 + 4} = \sqrt{13}
\]

Step 4: Calculate \(\cos \theta\)

\[
\cos \theta = \frac{\vec{AB} \cdot \vec{AC}}{|\vec{AB}| |\vec{AC}|} = \frac{4}{3 \times
\sqrt{13}} = \frac{4}{3 \sqrt{13}}
\]

Step 5: Find the Angle \(\theta\) in Degrees

Use a calculator to evaluate \(\theta\):

\[
\theta = \arccos \left( \frac{4}{3 \sqrt{13}} \right)
\]

Calculate numerator and denominator:

- \(\sqrt{13} \approx 3.6056\)
- Denominator: \(3 \times 3.6056 \approx 10.8168\)
- Fraction: \(4 / 10.8168 \approx 0.3698\)

Now,

\[
\theta \approx \arccos(0.3698)
\]

Using a calculator:

\[
\theta \approx 68.4^\circ
\]

---



Interpreting the Result and Verifying the
Calculation

The calculated angle at vertex A, \(\angle BAC\), is approximately 68.4 degrees. This
measurement is consistent with the geometric layout of the points in 3D space,
considering their relative positions.

Verification tips:

- Double-check vector calculations.
- Confirm the dot product and magnitudes.
- Use alternative methods like the Law of Cosines if needed.
- Visualize the triangle in 3D space for better understanding.

---

Extension: Calculating Other Angles in the
Triangle

The same process can be applied to find the angles at vertices B and C.

Example: Angle at vertex B (\(\angle ABC\))

1. Find vectors:

\[
\vec{BA} = \vec{A} - \vec{B} = (1 - 3, 0 - 2, 1 - 0) = (-2, -2, 1)
\]
\[
\vec{BC} = \vec{C} - \vec{B} = (1 - 3, 3 - 2, 3 - 0) = (-2, 1, 3)
\]

2. Compute dot product:

\[
\vec{BA} \cdot \vec{BC} = (-2)(-2) + (-2)(1) + (1)(3) = 4 - 2 + 3 = 5
\]

3. Compute magnitudes:

\[
|\vec{BA}| = \sqrt{(-2)^2 + (-2)^2 + 1^2} = \sqrt{4 + 4 + 1} = \sqrt{9} = 3
\]

\[
|\vec{BC}| = \sqrt{(-2)^2 + 1^2 + 3^2} = \sqrt{4 + 1 + 9} = \sqrt{14} \approx 3.7417



\]

4. Calculate \(\cos \theta\):

\[
\cos \theta = \frac{5}{3 \times 3.7417} \approx \frac{5}{11.225} \approx 0.445
\]

5. Find the angle:

\[
\theta \approx \arccos(0.445) \approx 63.4^\circ
\]

Similarly, you can calculate the angle at vertex C.

---

Practical Applications of Finding Triangle Angles
in 3D

Understanding how to compute angles in 3D space has numerous applications across
various disciplines:

- Computer Graphics: Rendering 3D models requires calculating angles between surfaces
and vectors.
- Robotics: Determining joint angles and movement paths.
- Structural Engineering: Analyzing forces and stability in frameworks.
- Navigation and Geospatial Analysis: Calculating angles between points on the Earth's
surface or in space.
- Physics: Understanding the dynamics of particles and rigid bodies.

---

Summary of Key Steps for Finding Angles in 3D
Triangles

To recap, when calculating the angle at a vertex in a 3D triangle:

1. Identify the relevant vectors originating from the vertex of interest.
2. Calculate the vectors by subtracting coordinates.
3. Compute the dot product of these vectors.
4. Find the magnitudes of the vectors.
5. Use the dot product and magnitudes in the cosine formula.
6. Calculate the inverse cosine to find the angle.



This systematic approach ensures accuracy and can be adapted to any set of points in
three-dimensional space.

---

Conclusion

Calculating the angle at a specific vertex in a triangle with vertices in 3D space involves
fundamental vector operations. In the case of vertices A(1, 0

Frequently Asked Questions

How do you find the angle at vertex A in triangle ABC
with vertices A(1,0,1), B(3,2,0), and C(1,3,3)?
To find the angle at vertex A, calculate vectors AB and AC, then use the dot product
formula: angle = arccos[(AB · AC) / (|AB| |AC|)].

What are the steps to compute the vectors AB and AC
for the given points?
Subtract the coordinates of A from B to get AB: (3-1, 2-0, 0-1) = (2, 2, -1), and subtract A
from C to get AC: (1-1, 3-0, 3-1) = (0, 3, 2).

How is the dot product of vectors AB and AC calculated
in 3D space?
The dot product is calculated as AB · AC = (2)(0) + (2)(3) + (-1)(2) = 0 + 6 - 2 = 4.

How do you find the magnitude of vectors AB and AC?
Magnitude of AB: |AB| = √(2² + 2² + (-1)²) = √(4 + 4 + 1) = √9 = 3. Magnitude of AC: |AC|
= √(0² + 3² + 2²) = √(0 + 9 + 4) = √13.

What is the formula to find the angle at vertex A using
the dot product?
Angle at A = arccos[(AB · AC) / (|AB| |AC|)] = arccos[4 / (3 √13)].

Calculate the numerical value of the angle at vertex A in



degrees.
First, compute the cosine: 4 / (3 √13) ≈ 4 / (3 3.6056) ≈ 4 / 10.8168 ≈ 0.370. Then, angle
≈ arccos(0.370) ≈ 68.4 degrees.

Can the same method be used to find the angles at
vertices B and C?
Yes, by calculating vectors BA and BC for vertex B, and CA and CB for vertex C, then
applying the dot product formula similarly.

What are some common mistakes to avoid when
calculating angles in 3D triangles?
Common mistakes include mixing vector directions, incorrect subtraction of coordinates,
forgetting to convert the arccos result to degrees, or miscalculating magnitudes.

How can this method be extended to find angles in 3D
polygons with more than three vertices?
The same principle applies: compute vectors from the vertex of interest to adjacent
vertices, use the dot product formula to find angles between those vectors, and repeat as
needed.

Additional Resources
Understanding and Calculating the Angle at a Vertex of a Triangle in 3D Space

When analyzing triangles in three-dimensional space, one of the fundamental tasks is to
determine the measure of angles at specific vertices. These angles are crucial in various
fields such as geometry, physics, engineering, computer graphics, and more. In this
detailed review, we will focus on the triangle with vertices A(1, 0, 1), B(3, 2, 0), and C(1, 3,
3), specifically aiming to find the angle at vertex A.

This process involves multiple steps, including understanding the geometric setup,
translating the problem into vector algebra, and applying the appropriate formulas to
compute the angle. We will explore each step meticulously to ensure clarity and
comprehension.

---

Overview of the Problem and Its Significance

Before diving into calculations, it’s important to understand the significance of finding the
angle at a specific vertex.



- Geometric relevance: The angle at a vertex indicates how "sharp" or "obtuse" the corner
is, which impacts the shape’s properties.
- Applications: In physics, the angles influence forces and moments; in computer graphics,
they help in shading and rendering; in engineering, they are critical for structural
integrity assessments.
- Mathematical importance: Calculating angles in 3D involves vector operations, notably
dot products and magnitudes, which are foundational concepts in vector calculus.

Given the vertices:

- \( A(1, 0, 1) \)
- \( B(3, 2, 0) \)
- \( C(1, 3, 3) \)

Our goal is to find the measure of the angle at A, which is the angle between the vectors
AB and AC.

---

Step-by-Step Approach to Finding the Angle at
Vertex A

1. Conceptual Framework

The angle at vertex A, denoted as \(\angle BAC\), is the angle between the vectors:

- \(\vec{AB}\): from A to B
- \(\vec{AC}\): from A to C

Mathematically, the angle \(\theta\) between two vectors \(\vec{u}\) and \(\vec{v}\) is
given by the dot product formula:

\[
\cos \theta = \frac{\vec{u} \cdot \vec{v}}{|\vec{u}| |\vec{v}|}
\]

where:

- \(\vec{u} \cdot \vec{v}\) is the dot product,
- \(|\vec{u}|\) and \(|\vec{v}|\) are the magnitudes (lengths) of the vectors.

Once we compute \(\cos \theta\), we can find \(\theta = \arccos(\cos \theta)\).

---



2. Computing the Vectors \(\vec{AB}\) and \(\vec{AC}\)

Given points:

\[
A(1, 0, 1), \quad B(3, 2, 0), \quad C(1, 3, 3)
\]

The vectors are:

\[
\vec{AB} = \vec{B} - \vec{A} = (3 - 1, 2 - 0, 0 - 1) = (2, 2, -1)
\]

\[
\vec{AC} = \vec{C} - \vec{A} = (1 - 1, 3 - 0, 3 - 1) = (0, 3, 2)
\]

These vectors represent the directions from A to B and from A to C, respectively.

---

3. Finding the Dot Product \(\vec{AB} \cdot \vec{AC}\)

The dot product of two vectors \(\vec{u} = (u_1, u_2, u_3)\) and \(\vec{v} = (v_1, v_2,
v_3)\) is:

\[
\vec{u} \cdot \vec{v} = u_1 v_1 + u_2 v_2 + u_3 v_3
\]

Applying this to \(\vec{AB}\) and \(\vec{AC}\):

\[
\vec{AB} \cdot \vec{AC} = (2)(0) + (2)(3) + (-1)(2) = 0 + 6 - 2 = 4
\]

---

4. Calculating the Magnitudes of \(\vec{AB}\) and
\(\vec{AC}\)

The magnitude (or length) of a vector \(\vec{u} = (u_1, u_2, u_3)\) is:

\[
|\vec{u}| = \sqrt{u_1^2 + u_2^2 + u_3^2}



\]

Calculate each:

\[
|\vec{AB}| = \sqrt{(2)^2 + (2)^2 + (-1)^2} = \sqrt{4 + 4 + 1} = \sqrt{9} = 3
\]

\[
|\vec{AC}| = \sqrt{(0)^2 + (3)^2 + (2)^2} = \sqrt{0 + 9 + 4} = \sqrt{13}
\]

---

5. Computing \(\cos \theta\) and \(\theta\)

Now, substitute the values into the dot product formula:

\[
\cos \theta = \frac{4}{(3)(\sqrt{13})} = \frac{4}{3 \sqrt{13}}
\]

To find \(\theta\):

\[
\theta = \arccos \left( \frac{4}{3 \sqrt{13}} \right)
\]

Calculating the numerical value:

\[
\frac{4}{3 \sqrt{13}} \approx \frac{4}{3 \times 3.6056} \approx \frac{4}{10.8168}
\approx 0.370
\]

Using a calculator or computational tool:

\[
\theta \approx \arccos(0.370) \approx 68.4^\circ
\]

Thus, the angle at vertex A is approximately 68.4 degrees.

---



Interpretation and Significance of the Result

The approximate measure of 68.4 degrees at vertex A has several implications:

- Shape characterization: The triangle is somewhat acute at vertex A, indicating a sharp
but not extremely narrow corner.
- Geometric properties: Knowing this angle helps in understanding the triangle's spatial
orientation and how it might interact with other geometric or physical systems.
- Applications: In structural engineering, such angles influence stress distribution; in
computer graphics, they affect shading and rendering techniques.

---

Advanced Considerations and Alternative
Methods

While the vector dot product approach is the most straightforward for calculating angles
in 3D, there are other methods and considerations:

- Using the Law of Cosines in 3D: If the side lengths are known, the Law of Cosines can
also determine the angles, although in 3D, the vector approach is more direct.
- Coordinate transformations: For complex geometries, transforming coordinates to a
different basis can simplify calculations.
- Numerical precision: When implementing these calculations computationally, consider
floating-point precision and rounding errors.

---

Summary and Final Thoughts

In this comprehensive exploration, we have:

- Clarified the problem of finding the angle at a specific vertex in a 3D triangle.
- Provided a step-by-step methodology grounded in vector algebra.
- Calculated the vectors from the given vertices.
- Applied the dot product formula to find the cosine of the angle.
- Derived the approximate measure of the angle, approximately 68.4 degrees.

This process exemplifies how fundamental vector operations serve as powerful tools in
spatial geometry, enabling precise measurements and insights into three-dimensional
shapes. Whether for academic, engineering, or computer graphics purposes, mastering
these techniques is essential for anyone working in the realm of 3D geometry.

---



Final note: Always double-check calculations and consider visualization when possible to
ensure geometric intuition aligns with analytical results.
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