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Understanding the physical and mathematical properties of spheres in contact is fundamental in
physics and engineering. When two spheres of equal mass are in contact, and one has twice the
radius of the other, intriguing questions arise regarding their combined mass distribution,
gravitational interaction, and other physical characteristics. This article explores the problem

comprehensively, providing insights into the geometry, mass distribution, force interactions, and
practical applications associated with such a configuration.

Geometric Configuration of the Two Spheres

The initial step in analyzing two spheres in contact involves understanding their geometric relations.

Defining the Radii and Masses

- Let M be the mass of each sphere.
- Assume:

- Sphere 1 has radius R

- Sphere 2 has radius 2R

Given that both spheres have equal masses, M, but different sizes, the following points are
noteworthy:

- The spheres are in contact, meaning the distance between their centers is the sum of their radii:
d=R+2R=3R

- The centers of the spheres are separated by a distance d = 3R.

Mass Distribution and Density

Since the masses are equal, but the radii differ, their densities must also differ if they are uniform
spheres:

- Volume of Sphere 1:



Vi = (4/3)n R3

- Volume of Sphere 2:
V2 = (4/3)n (2R)®* = (4/3)n 8R®* =8 Vi

- Density of Sphere 1:
pr=M/ Vi

- Density of Sphere 2:
p2=M/V2=M/(8V1)=p1/8

Thus, the larger sphere is less dense if they have equal mass but different sizes.

Mass and Density Calculations

Understanding the mass distribution is critical for analyzing gravitational interactions and other
physical properties.

Mass Distribution in the Spheres

- Since the spheres are uniform, their mass distribution is evenly spread throughout their volume.
- For Sphere 1:
Mass M is uniformly distributed with density p:.

- For Sphere 2:
Mass M is uniformly distributed with density p2 = p1/ 8.

Implications of Density Differences

- The density difference influences the gravitational potential and force calculations.
- The smaller sphere's greater density suggests it has a higher mass per unit volume, but since total
masses are equal, the larger sphere's volume compensates for its lower density.

Gravitational Interaction Between the Spheres

One of the most interesting aspects of this configuration is the gravitational force acting between
the two spheres.



Newton's Law of Universal Gravitation

- The gravitational force between two masses separated by distance d is given by:
F=G(M:1M)/d?

- Since both spheres have equal mass M,
F=GM?/d?

- The separation distance: d = 3R

- Therefore, the force becomes:
F=GM?2?/(3R)2 =G M2/ 9R?

Calculating the Force for Specific Values

- For a concrete example, assume:

-M=1kg

-R =1 meter

- Gravitational constant: G = 6.674 x 10-'* N-m?/kg?

- Then:
F=(6.674 x101)1/(91%) = 7.415 x 102N

- This force is extremely small, illustrating the weakness of gravitational interactions at such scales.

Force Distribution and Center of Mass

- The centers are separated by 3R.
- The combined center of mass of the system is located along the line connecting the two centers, at:

Xem=MRi+MR2)/(2M)=(R+2R)/2=C3R)/2=15R

- The gravitational interaction affects the entire system's dynamics, especially when considering
external forces or orbital motion.

Potential Energy of the System

The gravitational potential energy between two masses is given by:
U=-GMi1M2/d

Since M1 = M2 = M, the potential energy simplifies to:



=-GM?/(3R)
Using the earlier example:
U=-(6.674 x 10-11) 1 /3 =-2.225 x 10~** Joules

This negative value indicates a bound state with energy stored in the gravitational potential.

Stress and Contact Mechanics Between the Spheres

Beyond gravitational interactions, the contact mechanics of the spheres are essential, especially
under external forces.

Normal Force at Contact

- When the spheres are in contact, they exert normal forces on each other.
- If external forces compress or stretch the spheres, Hertzian contact theory applies to determine the
contact stress and deformation.

Hertzian Contact Theory

- Describes the contact pressure and deformation between elastic spheres.
- The maximum contact pressure po is given by:

po=@3F)/(2ma?)

where F is the normal force and a is the contact radius.

- The contact radius a depends on the elastic properties and the applied force:
a=[(BFReff)/(4E)]1"{1/3}

where:

- R eff is the effective radius:

1/Reff=1/Ri+1/Re

- E is the effective elastic modulus:

1/E=(1-v1?)/E1+ (1-v2?)/E2

- E1, E2 are Young's moduli, and v1, v2 are Poisson's ratios of the materials.



Note: For identical materials, E1 = E2 = E, v1 = v2 = v, simplifying calculations.

Practical Applications and Real-World Examples

The study of contact between spheres of different sizes with equal mass has multiple practical
applications.

Engineering and Material Science

- Design of ball bearings, where balls of different sizes are in contact under load.

- Granular material behavior, such as in powders or pharmaceuticals, where particles of various
sizes interact.

- Contact mechanics in manufacturing, like pressing or rolling processes.

Astrophysics and Celestial Mechanics

- Modeling gravitational interactions between celestial bodies of different sizes but similar masses.
- Studying the behavior of contact binaries—astrophysical objects composed of two lobes in contact,
such as 'contact binary asteroids'.

Educational and Research Contexts

- Demonstrating fundamental physics principles.
- Developing simulation models for complex systems involving multiple contact and gravitational
forces.

Summary and Conclusion

Analyzing two spheres of equal mass M, with one having twice the radius of the other, reveals
insightful facets about their geometry, mass distribution, gravitational interactions, and contact
mechanics. The key takeaways include:

- The larger sphere (radius 2R) possesses four times the volume of the smaller sphere (radius R), but
both have equal mass, resulting in a significant difference in density.

- The centers of the spheres are separated by 3R, with gravitational force computed via Newton's
law, yielding extremely weak but theoretically significant forces.

- The system's potential energy and center of mass are straightforward to compute, providing



foundational understanding for more complex systems.

- Contact mechanics, informed by Hertzian theory, describe the stresses and deformations at the
point of contact, relevant in engineering applications.

- The principles discussed have broad applications ranging from engineering design to astrophysics.

Understanding these concepts enhances our ability to analyze real-world systems involving spheres
of varying sizes, contributing to advancements in science, engineering, and technology.

Keywords: two spheres contact, equal mass spheres, radius difference, gravitational force, contact
mechanics, Hertzian theory, mass distribution, potential energy, astrophysics, engineering
applications

Frequently Asked Questions

What happens when two spheres of equal mass are in contact,
but one has twice the radius of the other?

They exert gravitational forces on each other, and the larger sphere has a greater moment of inertia
due to its larger radius, affecting their rotational dynamics.

How does the radius difference influence the gravitational
force between the two spheres?

Since both have equal mass, the gravitational force depends on their separation distance. The larger
sphere's increased radius doesn't directly affect the force unless it alters their contact distance or
center-to-center separation.

If the spheres are connected and allowed to rotate freely, how
does the radius difference affect their rotational motion?

The larger sphere, having twice the radius, will have a larger moment of inertia, which affects how it
responds to applied torques and its angular acceleration compared to the smaller sphere.

Does the difference in radius impact the stability of the two
spheres when in contact?

Yes, the larger sphere's greater size can influence contact stability, potentially leading to uneven
force distributions and affecting their equilibrium positions.

How would the Kinetic energy distribution differ between the
two spheres if they are spun together?

The larger sphere, with its greater radius and moment of inertia, would tend to store more rotational



kinetic energy for the same angular velocity compared to the smaller sphere.

In a collision scenario, how does the radius difference affect
the impact dynamics between the two spheres?

The larger sphere's greater radius influences the contact point and impact force distribution,
potentially leading to different deformation or energy transfer characteristics during collision.

What are the implications of having two spheres of equal mass
but different radii in contact for gravitational or mechanical
systems?

It demonstrates how size and geometry, even with equal mass, can significantly influence
gravitational forces, moments of inertia, stability, and rotational behavior in physical systems.
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Introduction

The problem of two spheres in contact, sharing equal mass but differing in size, is a classic scenario
in physics and engineering that explores the interplay of mass distribution, gravitational forces, and
contact mechanics. When one sphere has twice the radius of the other, intriguing questions arise
regarding their combined behavior, including their gravitational interaction, contact stresses,
deformation, and potential energy considerations.

This analysis delves into the various physical aspects of this setup, exploring the implications of size
disparity while maintaining equal mass. Such a scenario can be relevant in fields ranging from
planetary science—where celestial bodies of different sizes interact—to material science and

mechanical engineering, where understanding contact mechanics between objects of different scales
is essential.

Fundamental Assumptions and Setup

Before diving into detailed analysis, it's essential to clarify the assumptions and parameters:

- Mass (M): Both spheres have the same mass, M.



- Radii: Let:

- Radius of the smaller sphere be \( R)\).

- Radius of the larger sphere be \( R'\), with \( R' = 2R\).

- Density (\( \rho \)): Assuming uniform density for both spheres.

- Material properties: For simplicity, material properties such as Young's modulus and Poisson's
ratio are considered constant and isotropic.

- Contact: The spheres are just in contact, with no initial deformation, and possibly with some
external forces acting on them.

- Gravity: If considering gravitational interaction, the mutual gravitational attraction is analyzed.
- Coordinate frame: The centers of the spheres are aligned along a line, with the contact point at the
point where they touch.

Mass and Volume Relationship

Given that both spheres have the same mass \( M \), but different radii, there's an immediate
implication for their densities:

\[
\text{Volume of sphere} = \frac{4}{3} \pi R"3
\]

\[
\text{Mass} = \rho \times \text{Volume}

\]

Since both have the same mass:

\[
M = \rho \times \frac{4} {3} \pi R*3 = \rho' \times \frac{4}{3} \pi R'""3
\]

If the densities are identical:

\[
\rho = \rho' \Rightarrow R*3 = R'"3
\]

which cannot be true if \( R' = 2R \), because:

\[
R'*3=(2R)"3=8R"3
\]

Thus, to have equal masses but different radii:

\[
\rho' = \frac{M} {\frac{4}{3}\pi R"*3} = \frac{M} {8 \times \frac{4} {3} \pi R*3} = \frac{\rho} {8}



\]

This indicates that the larger sphere must have one-eighth the density of the smaller sphere to
maintain the same mass.

Implication: The larger sphere is less dense than the smaller one by a factor of 8, which might be
physically feasible in certain contexts but is generally unusual for homogeneous materials.
Alternatively, if both spheres are made of the same material, the masses cannot be equal if the radii
differ by a factor of 2.

Summary:

- To maintain equal mass with differing radii, the density must vary inversely with the cube of the
radius.

- This realization influences subsequent analyses, especially when considering gravitational
interactions and contact mechanics.

Gravitational Interaction Between the Spheres

One of the core aspects of two spheres in contact is the gravitational force they exert on each other.
Given their equal masses but different sizes, the gravitational force can be calculated
straightforwardly:

\[
F g = G\frac{M \times M} {d"2}
\]

where:

-\( G) is the gravitational constant.
-\(d)) is the center-to-center distance, which initially is\( R + R' = R + 2R = 3R\).

Therefore:

\[

F g = G\frac{M"2}{(3R)"2} = G \frac{M"2}{9 R"2}
\]

Key observations:

- The force depends inversely on the square of the center-to-center distance.

- Since the spheres are just in contact, the initial contact distance is \( R + R'\), but gravitational
attraction acts along the line connecting their centers.

Potential Energy:

The gravitational potential energy \( U \) of the system is:



\[
U = - G \frac{M \times M}{d} = - G \frac{M"2}{3 R}
\]

This energy is negative, reflecting a bound system.

Contact Mechanics and Deformation

When two spheres are in contact, especially under external forces or their own weight, they deform
slightly at the contact point. The study of these deformations involves Hertzian contact theory:

Hertzian Contact Theory:

- Describes the elastic deformation between two spheres under an applied load.
- The contact area is approximately circular with radius \( a \).
- The deformation \( \delta \) (overlap distance) relates to the applied normal force \( F\).

Key formulas:

\[
a = \left(\frac{3 F R {eff}}{4 E~} \right)~{1/3}
\]

\[
\delta = \frac{a”2}{R {eff}}
\]

where:

-\( R {eff} ) is the effective radius:

\[
\frac{1}{R {eff}} =\frac{1}{R} + \frac{1}{R'} = \frac{1}{R} + \frac{1}{2R} = \frac{3}{2R}
\]

-\( E™) is the effective Young's modulus:

\[
\frac{1}{E"} = \frac{1 - \nu™2}{E} + \frac{1l - \nu'"2}{E'}
\]

assuming identical materials (\( E, \nu \)), then:

\[
E”~ =\frac{E}{2(1 - \nu"2)}
\]



Implications:

- The larger sphere's size influences the contact area and deformation.

- Since the larger sphere has twice the radius, the effective radius is larger, which affects the
deformation depth \( \delta \) under a given force.

- If external forces are applied or if their mutual gravitational attraction causes compression, the
deformation can be calculated accordingly.

Mass Distribution and Center of Mass

Given the different radii but equal masses, the center of mass (COM) of the system lies along the line
connecting the centers, closer to the smaller sphere due to its higher density (assuming density
varies to keep mass constant).

Position of the COM:
Let:

-\(d\) be the center-to-center distance.
-\(x {small} \) be the distance from the smaller sphere's center to the COM.
-\(x {large} \) be the same for the larger sphere.

From the definition:

\[
M \times x {small} = M \times (d - x {large})

\]

and because total mass is \( 2M \):

\[
X _{small} + x {large} =d
\]

Given symmetry, the COM position relative to the smaller sphere:

\[
x {COM} = \frac{M \times 0 + M \times d} {2M} = \frac{d} {2}
\]

but this assumes equal densities. Since densities differ, the actual COM shifts toward the higher-
density sphere (the smaller sphere).

If densities are \( \rho \) and \( \rho'\), then the mass distribution along the line:

\[
x {COM} = \frac{M {small} \times x {small} + M {large} \times x {large} }{M {small} +



M {large}}
\]

with:

\[
M {small} =\rho V {small} = \rho \times \frac{4}{3} \pi R"3
\]

\[
M {large} = \rho' \times \frac{4}{3} \pi R'*3
\]

Using earlier result:

\[
\rho' = \frac{\rho}{8}
\]

then:

\[

M {large} = \frac{\rho}{8} \times \frac{4}{3} \pi (2R)"3 = \frac{\rho} {8} \times \frac{4}{3} \pi 8
R”3 = \rho \times \frac{4} {3} \pi R"3 = M_{small}

\]

Thus, both spheres have the same mass despite size differences when densities are adjusted
accordingly.

Conclusion:
- The centers of mass of each sphere are at the centers, but the overall system's COM is located at

the midpoint if densities are adjusted to keep equal masses.
- If densities are equal, the COM shifts toward the smaller, denser sphere.

Energy Considerations

Understanding the energy dynamics involves analyzing:

- Potential energy: Gravitational potential energy as calculated earlier.
- Elastic potential energy
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