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Construct A Pushdown Automata That Recognizes {ww | w € {0,1}} Such That W
Has An Unequal Number

Introduction

In the realm of formal languages and automata theory, recognizing patterns
within strings and understanding the computational models capable of such
recognition is fundamental. One classic problem involves recognizing the
language of strings that are concatenations of a string with itself, i.e.,
strings of the form ww, where w is any string over the alphabet {0,1}. This
language is known as a non-regular language because it requires memory of an
unbounded size to verify that the first half matches the second half.

However, the problem becomes even more interesting when we impose additional
constraints, such as recognizing all strings of the form ww where the two
halves are not equal-that is, strings where w # w. In particular, the
language:

L={ww | we€{0,1} }\ {ww | w€ {0,1} and w has an equal number of 0Os
and 1s }

or more generally, the set of all strings of the form ww where the two halves
are unequal.

Constructing a Pushdown Automaton (PDA) that recognizes such a language
involves understanding the nature of the language, its non-regularity, and
how the PDA's stack can be employed to compare the two halves efficiently.

Understanding the Language and Constraints

Language Definition

The language of interest can be defined as:



L={ww | wE€ {0,1} and the number of 0s in w # number of 1s in w }

or, more simply, strings that are the concatenation of a string with itself,
with the additional condition that the two halves are not equal.

For this article, we focus on the latter, i.e., strings of the form ww where
the two halves are not identical. Formally:

L={ww | wE€{0,1} and w # w }

which simplifies to all strings of the form ww where the first half and
second half differ.

Key points:

- The language contains strings of even length (since they are of the form
ww) .

- The halves are of equal length.

- The halves are not identical.

Why Recognize This Language?

Recognizing such languages is significant because:

- They are not regular, requiring a stack for memory.

- They test the automaton's ability to compare two halves of a string.
- They demonstrate the usefulness of a PDA in recognizing context-free
languages with additional constraints.

Designing the Pushdown Automaton (PDA)

Designing a PDA for this language involves understanding how to use the stack
to compare the first and second halves of the string, and to accept only
those that are unequal.

High-Level Approach

The construction involves multiple stages:

1. Reading the first half of the string (w): Push each symbol onto the stack.
2. Reading the second half of the string: Pop symbols from the stack to
compare with the current input symbol.

3. Comparison and acceptance: Accept if at any point the symbols differ,



indicating the halves are not equal; reject if the entire string is processed
with all matched symbols, indicating the parts are equal.

Key Challenges

- Determining the midpoint: Since the string is of even length, the PDA needs
to know when to switch from pushing to popping.

- Handling unequal halves: The automaton should accept only if the two halves
differ at least at one position.

- Avoiding acceptance of strings with equal halves: If all symbols match, the
string should be rejected.

Constructing the PDA: Step-by-Step

States and Transitions Overview

The PDA will comprise several states:

- g start: Initial state, begins reading input.

- g _push: Reads the first half, pushing symbols onto the stack.

- g_compare: Reads the second half, popping from the stack and comparing.

- g accept: Accepts if the halves are unequal.
- g reject: Rejects if the halves are equal or other invalid conditions.

Alphabet and Stack Symbols

- Input alphabet: {0,1}
- Stack alphabet: {0,1, Z} (Z is the initial stack symbol)

Transition Functions

Below is a detailed outline of the transition functions:



1. Start and Push First Half:

On input O or 1, in g _start:

Push the symbol onto the stack.

Transition to g_push.

For example:

6(g start, 0, Z) = (q_push, 0Z)
6(gq start, 1, Z) = (q_push, 17)
- In gq_push:

6(q _push, 0, s) = (q _push, 0s)
6(q _push, 1, s) = (q_push, 1s)

2. Detecting Midpoint:

- Since the string length is even, after reading half the symbols, the
automaton should switch to comparison mode.

- The PDA can nondeterministically guess the midpoint:

- At any point during q push, on € (epsilon transition), it can decide that
the first half is complete and move to q compare.

- For example:

6(g push, €, s) = (q _compare, s)

This nondeterministic guess allows the PDA to handle all possible strings.

3. Compare Second Half:

In q compare, read the second half:

For each input symbol:

Pop the top symbol from the stack.

If the input symbol matches the popped symbol, continue.

If they differ, immediately transition to q accept, since the halves are
unequal.

- For example:



6(g_compare, 0, 0) (q_compare, €)

6(g_compare, 1, 1) (q_compare, €)

6(q_compare, 0,
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6(g_compare, (q_accept, €) // mismatch found

- If the entire second half is read and all symbols match:
- Transition to q reject, since the halves are equal.

- For example, after reading input and emptying the stack:
6(gq _compare, €, Z) = (q_reject, Z)

4. Acceptance and Rejection:

- The PDA accepts if it reaches q accept upon detecting a mismatch.

- The PDA rejects if it reaches q reject after processing the whole string
with all symbols matching (i.e., halves equal).

Formal Description of the PDA

A formal 7-tuple (Q, X, I', &, g start, Z, F):

- Q: { g start, g push, g compare, q accept, q reject }
-2 {0,1}

-r: {0,1,z2}

- 6: Defined as above for each transition.

- g _start: Initial state.

- Z: Initial stack symbol.

- F: { q_accept }

The automaton operates nondeterministically, guessing the midpoint of the
string and proceeding accordingly.



Analysis of the PDA's Functionality

This PDA effectively uses its stack to remember the first half of the string.
It then compares the second half by popping symbols from the stack. The key
feature is that it accepts strings where the halves differ at least at one
position, and rejects when the halves are identical.

Example:

- Input: "0110"

- First half: "01"

- Second half: "10"

- Since "01" # "10", the automaton detects a mismatch during comparison and
accepts.

- Input: "0101"
- First half: "o1"
- Second half: "01"

- The second half matches the first; the automaton rejects.

Extending the Construction to More Complex
Conditions

While the above construction handles the recognition of strings of the form
ww where the halves are unequal, more complex conditions—such as differences
in the number of zeros and ones, or other pattern constraints—can be
integrated by augmenting the PDA's states and transitions.

For example, to recognize strings where:

- The two halves are not equal, or

- The number of zeros in the first half does not equal the number of ones,

the PDA can incorporate counters or additional states to track these
properties.



Conclusion

Constructing a Pushdown Automaton to recognize strings of the form ww with
unequal halves involves exploiting the PDA's stack to remember the first half
and compare it with the second. The key elements include nondeterministically
guessing the midpoint, pushing symbols during the first half, and then
popping and comparing during the second half. Acceptance hinges on detecting
any discrepancy between the two halves, ensuring the PDA recognizes precisely
the language of strings with unequal repeated substrings.

This construction exemplifies the power of PDAs in recognizing context-free
languages with specific constraints, extending foundational automata theory
into practical

Frequently Asked Questions

What is the language described by the set {ww | w €
{0,1} and w has an unequal number of 0s and 1s}?

The language consists of all strings formed by concatenating a binary string
w with itself, where w contains an unequal number of zeros and ones.

How can a pushdown automaton (PDA) be constructed to
recognize the language {ww | w € {0,1} and w has an
unequal number of 0s and 1s}?

The PDA can be designed to read the first w, pushing symbols onto the stack
to record its structure, then compare it with the second w, ensuring the
counts of 0s and 1ls are unequal by checking the stack and input during the
second phase.

What are the main challenges in designing a PDA for
the language {ww | w has unequal 0s and 1s}?

The main challenge is ensuring the automaton can verify that the second half
matches the first while also confirming that the number of 0s and 1s in w are
unequal, which requires careful stack operations and state management.

Can a deterministic PDA recognize the language {ww |
w has unequal number of 0s and 1s}?

No, since the language involves comparing two parts of the string and
checking conditions on counts, it is non-regular and typically requires a
nondeterministic PDA, especially because equality checks and inequality
conditions are involved.



What is the role of the stack in the PDA recognizing
{ww | w has unequal 0s and 1s}?

The stack is used to store information about the first w, such as counting
zeros and ones or matching symbols, enabling the PDA to compare with the
second w and verify the inequality condition.

How does the PDA ensure it only accepts strings
where w has an unequal number of O0s and 1s?

The PDA can incorporate states that track the count of zeros and ones during
reading w, and upon reading the second w, it uses the stack to verify the
counts are not equal, accepting only if the counts differ.

Is the language {ww | w has an unequal number of 0Os
and 1s} context-free, and why?

Yes, the language is context-free because a PDA can be constructed to
recognize it, as it involves matching patterns and counting symbol
differences, which are within the capabilities of context-free languages.

What modifications are required in the PDA to
distinguish between equal and unequal counts of 0s
and 1s in w?

The PDA must include states and stack operations that keep track of the
difference in the number of 0s and 1ls during processing of w, and only accept
if the counts are unequal at the end of the second w.

Can you provide a high-level description of the
transition functions for the PDA recognizing {ww | w
has an unequal number of 0s and 1s}?

The transitions involve reading the first w, pushing symbols onto the stack

to record counts, then reading the second w, popping and comparing symbols,

and accepting if the final counts of zeros and ones differ, indicating w has
an unequal number.

Additional Resources

Constructing a Pushdown Automaton (PDA) for Recognizing Strings of the Form
ww over {0,1} Where W Has an Unequal Number of 0s and 1s

In the realm of formal language theory and automata, designing models that
accurately recognize specific language patterns is both a fundamental and



intricate task. One such challenge involves devising a pushdown automaton
(PDA) that accepts strings of the form ww, where W is a string over the
alphabet {0,1}, and crucially, W contains an unequal number of 0s and 1s.
This task not only tests our understanding of PDAs and context-free languages
but also offers insights into string symmetry, counting mechanisms, and the
computational limits of automata with stacks. This article aims to provide a
comprehensive, detailed, and analytical exploration of how to construct such
a PDA, including the theoretical underpinnings, step-by-step design, and
implications.

Understanding the Language: { ww | W € {0,1}
and W has unequal number of 0s and 1ls }

Before delving into the automaton's construction, it's essential to
thoroughly understand the language's structure and constraints.

Defining the Language

The language L under consideration is:
L={ww | wE€ {0,1} and the number of 0s # number of 1s in w }

This means that the string is formed by concatenating a string W with itself,
where the original string W has an imbalance in the count of zeros and ones.

For example:

- Valid strings: "001100", "0101", "111000" (if W has unequal numbers of 0Os
and 1s)

- Invalid strings: "0101" (if W has equal zeros and ones), "1100" (if W has
equal zeros and ones)

Key Observations

The length of the string is always even, since it's of the form ww.

The critical property is the imbalance in W, not necessarily the length.
Recognizing these strings involves verifying two aspects:

. The string is of the form ww.

. The first half W has an unequal number of 0s and 1s.

N~



Challenges in Automaton Design

Constructing a PDA to recognize such a language involves overcoming specific
hurdles:

1. Detecting the form ww: Ensuring the string is exactly the first half
repeated twice.

2. Verifying imbalance in W: Counting zeros and ones in W to confirm their
counts are not equal.

3. Handling the duplication: The automaton must process the first half, then
verify the second half matches the first, while considering the imbalance
condition.

The primary challenge lies in the fact that the language involves an
inequality condition on counts, which is not a regular property. Furthermore,

the requirement that the string be of form ww introduces a symmetry
constraint, which is context-free but not regular.

Approach to Constructing the PDA

Given the constraints and challenges, the construction involves multiple
steps:

1. Recognize strings of the form ww over {0,1}

This is a classic problem, as the lanqguage { ww | w € {0,1} } is context-free
but not regular. A PDA can recognize this language by:

Reading the first half W, pushing symbols onto the stack.
Reading the second half, popping and matching symbols.
Accepting if the second half matches the first exactly.

2. Incorporate the imbalance condition

Instead of merely verifying that the second half matches the first, we need
to:

- Count zeros and ones in W while reading it.
- Ensure at the end that counts of zeros and ones in W are not equal.

3. Combining the two aspects
The automaton must:

- Push symbols to record W.
- While reading W, maintain counters (via stack symbols) for zeros and ones.



- When verifying the second half, check that the string matches the first
half exactly.
- After verifying the match, check the counters to confirm their inequality.

Designing the PDA: Step-by-Step Construction

This section walks through the detailed design of the PDA, including states,
transitions, and stack operations.

States and Symbols

- States:

- g start: initial state

- g _read first half: reading W and pushing symbols

- g _read second half: verifying the second half, matching symbols
- g _check imbalance: checking the counts of zeros and ones

- (_accept: accepting state

- g reject: rejecting state

- Stack Symbols:

- Z0: initial stack bottom marker

- 0: symbol representing a zero in W

- 1: symbol representing a one in W

- X: marker for matched symbols during verification

Stage 1: Reading the First Half W

- Initial step: The automaton starts at q start, with an empty stack, and
pushes Z0 onto the stack.

- Transition:

- For each symbol in {0,1}:

- Push the same symbol onto the stack.

- Transition to q read first half.

This process records W on the stack, with the top of the stack reflecting the
last symbol of W.



Stage 2: Reading the Second Half and Verifying the
Match

- Transition:

- When the input is at the midpoint (detected by an epsilon transition or by
the automaton reading the second half), the automaton moves to

g read second half.

- For each symbol in the second half:

- Pop the top symbol from the stack.

- Compare it with the current input symbol.

- If they match, move forward.

- If they do not, reject.

- Goal:
- Verify that the second half is the reverse of the first half (since the
first half was pushed onto the stack).

Stage 3: Counting Zeros and Ones in W

While reading the first half, the automaton needs to:

- Keep track of the counts of zeros and ones.
- Since PDAs have only a stack, explicit counting is non-trivial.
- Solution: Use stack symbols to encode counts.

Implementation:

- When reading a 0:

- Push a special symbol (e.g., 0) onto the stack.

- Increment zero count.

- When reading a 1:

- Push a different symbol (e.g., 1) onto the stack.
- Increment one count.

Alternatively, since the stack is used for matching, we can encode counts
indirectly.

Note: Recognizing imbalance involves comparing the number of zeros and ones
in W. Since the PDA cannot compare counts directly, it must encode the
difference on the stack or structure the automaton to accept only when the
counts differ.



Stage 4: Ensuring the Counts Are Not Equal

- After reading W, the automaton enters q check imbalance.
- It examines the stack to determine if the number of zeros and ones differ.
- A practical approach:

- During reading W, push a symbol for each zero (e.g., Z) and for each one
(e.g., 0).

- At the end of W, compare the number of Z and 0 symbols on the stack.

- If they are unequal, accept; otherwise, reject.

Implementation detail:

- Use careful state transitions to process the stack symbols:
- Count the number of Z and 0 symbols.

- Accept if counts differ.

- Reject if counts are equal.

Formal Description of the PDA

States:

- g _start

- g read first half
- g _read second half
- g_check imbalance
- g_accept

- g _reject

Input Alphabet:

- {Oll}

Stack Alphabet:

- {z0, 0, 1, Z, 0}

Transitions:

- Initialization:

- (g start, €, €) » (q read first half, Z0)

- Reading W:

- For each 0:

- (g_read first half, 0, X) - (g _read first half, 0X)

- For each 1:
- (g _read first half, 1, X) - (q read first half, 1X)



- Counting zeros and ones:

- When reading 0:

- Push Z

- When reading 1:

- Push O

- Transition to second half:

- When the first half is fully read (detected via a marker or input length),
move to g read second half.

- Matching second half:

- For each symbol:

- Pop top of stack

- If match, continue

- Else reject

- Checking counts:

- After matching, analyze the stack:
- Count number of Z and 0 symbols

- If unequal, move to q accept

- Else, g reject

Analysis and Implications

Constructing such a PDA underscores the nuanced interplay between counting,
symmetry, and language recognition. Recognizing strings of the form ww is a
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