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Construct A Two-tape Turing Machine With Input Alphabet {a, B, C} That Accepts The
Language {a”i B"i and continue naturally. Designing a Turing machine (TM) to recognize
particular languages is a fundamental task in automata theory and formal language processing. In
this article, we will explore the step-by-step construction of a two-tape Turing machine capable of
accepting the language L. = {a”i B™i| i = 1} over the input alphabet {a, B, C}. This language
consists of strings where a sequence of 'a's is immediately followed by an equal number of 'B's, and
our goal is to develop a machine that halts and accepts precisely those strings belonging to this set.
The use of two tapes enhances the efficiency of the recognition process, allowing simultaneous
scanning and marking, which simplifies the implementation of the matching process required by the
language.

Understanding the Language and Its Requirements

Language Description

The language L = {a”iB”"i|i= 1} consists of strings with the following characteristics:

e All strings start with one or more 'a's.
e Followed immediately by an equal number of 'B's.

¢ No other characters or sequences are present.

Examples of strings in L include: "aB", "aaBB", "aaaBBB", etc.

Strings not in L include: "a", "aab", "aBa", "aBB", etc., which either lack the correct number of 'a's
and 'B's or have misplaced characters.

Designing the Two-tape Turing Machine

Why Two Tapes?

Using two tapes allows the machine to process and compare parts of the input simultaneously,
facilitating the matching of 'a's with 'B's without excessive back-and-forth movement. One tape can
serve as the primary input tape, while the other acts as a working tape to mark processed symbols.



High-Level Strategy

The overall approach involves iteratively matching each 'a' with a corresponding 'B' by marking
them as processed. The process continues until all 'a's and 'B's are matched, and no extra symbols
remain. If the input conforms to the pattern, the machine accepts; otherwise, it rejects.

Step-by-Step Construction

States and Transitions Overview

The machine's operation can be broken down into the following stages:
1. Locate the first unmarked 'a'.
2. Mark it (e.g., change 'a' to 'X' to indicate it has been processed).
3. Move the second tape to find the first unmarked 'B'.
4. Mark this 'B' (change 'B' to 'Y").
5. Return to the beginning of the input to find the next unmarked 'a'.
6. Repeat until all 'a's and 'B's are marked correspondingly.
7. Check for any remaining unmarked symbols that do not fit the pattern.

8. Acceptif all 'a's and 'B's are correctly matched; reject otherwise.

Detailed State Descriptions and Transitions

Initial State (q0)

e Position both tapes at the start of the input.

e Search for the first unmarked 'a'.

Marking 'a' (q1)

e If an 'a' is found, replace it with 'X' to mark it.



 Transition to state g2 to find the matching 'B'.

Finding and Marking 'B' (q2)

e Move the second tape to the right until an unmarked 'B' is located.
e If an unmarked 'B' is found, mark it as 'Y' and transition back to g0.

e If no unmarked 'B' is found, but 'a's are still unmarked, reject.

Returning to the Start (q3)

e Move both tapes back to the beginning of the input to process the next 'a'.

e If all 'a's and 'B's are marked, proceed to acceptance check.

Acceptance Check (q_accept)

e If the entire input consists of only 'X' and 'Y' (i.e., all symbols have been successfully matched
and marked), accept.

Rejection Conditions

e If at any point, an 'a' or 'B' is missing or mismatched, transition to a reject state.

e If extra symbols appear after all matches are processed, reject.

Formal Transition Function (Simplified)

The transition function 6 can be summarized as follows:
* (q0,a, )—-(ql,X R)
°(ql,B, )—-(q2,Y, L)

*(q2, , )~-(q3,_ L)



* (q3,_, )~ (q0, _ R)
e If no unmarked 'a' or 'B' remains, move to q_accept.

e If a mismatch occurs, move to q reject.

Implementation Details and Considerations

Marking Symbols

¢ Use distinct symbols like 'X' for marked 'a's and 'Y' for marked 'B's.

e This helps in identifying processed symbols and avoiding re-processing.

Movement of Tapes

o Utilize the second tape to scan for unmarked 'B's while the first tape holds the current 'a'
being processed.

e Return movements ensure that the machine resets to the starting position for the next
iteration.

Handling Edge Cases

e Strings where the number of 'a's and 'B's are unequal should be rejected.
e Strings with missing 'a's or 'B's are also rejected.

 Strings with extra characters are rejected.

Conclusion

Constructing a two-tape Turing machine for recognizing the language {a”~i B”i |i = 1} involves
carefully planning the states and transitions to match each 'a' with a corresponding 'B'. By marking
processed symbols and systematically moving between tapes, the machine can efficiently perform



the necessary comparisons, ensuring that only strings conforming to the pattern are accepted. This
approach exemplifies how multiple tapes can simplify the design and operation of Turing machines
for specific language recognition tasks, illustrating the power and flexibility of the model in
computational theory.

Frequently Asked Questions

What is the main purpose of constructing a two-tape Turing
machine for the language {a”i B"i}?

The main purpose is to design an efficient computational model that can recognize and accept
strings where the number of 'a's equals the number of 'B's, ensuring the language is context-free
and manageable by a Turing machine.

How does the two-tape Turing machine differentiate between
the 'a's and 'B's in the input?

The machine uses the first tape to read and process the input string character by character, while
the second tape marks processed symbols or keeps track of matching pairs to ensure correct
counting and pairing between 'a's and 'B's.

What is the high-level strategy for constructing a Turing
machine that accepts {a”i B"i}?

The strategy involves sequentially matching each 'a' with a corresponding 'B'—by crossing off or
marking them—using the second tape to track progress, and accepting if all 'a's are matched with
'‘B's in the correct order.

How does the machine confirm that the number of 'a's equals
the number of 'B's?

The machine repeatedly scans the input, crossing off one 'a' and one 'B' each time, using the second
tape to mark matched symbols. If, after processing, no unmatched symbols remain, the input is
accepted.

What role does the blank symbol B play in the input alphabet
and the machine's operation?

In this context, 'B' is part of the input alphabet and not a blank symbol. The blank symbol (often
denoted as ' ') is used on the tapes to denote the end of input or empty cells; it helps the machine
recognize the boundaries of the input.



Can the constructed two-tape Turing machine handle strings
where the number of 'a's does not match the number of 'B's'?

No, the machine is designed to reject such strings by failing to match all 'a's with 'B's’; it only
accepts input strings where the counts of 'a's and 'B's are equal.

What are the key components of the Turing machine's states
and transitions for this language?

Key components include states for scanning and marking 'a's and 'B's, states for moving between
tapes, and accepting or rejecting states based on whether all symbols are properly matched or if
unmatched symbols remain.

How does the use of two tapes improve the construction
compared to a single-tape Turing machine for this language?

Using two tapes allows parallel processing—reading and marking symbols simultaneously—making
the matching process more efficient and simplifying the logic needed to verify equal numbers of 'a's
and 'B's.

Is the language {a”i B"i} context-free or context-sensitive,
and how does the Turing machine reflect that?

The language {a”i B~} is context-free, and the Turing machine reflects this by utilizing its ability to
recognize such patterns through systematic matching. However, since a Turing machine can
recognize all context-sensitive languages as well, it can easily accept this language, demonstrating
its computational power.

Additional Resources
Constructing a Two-Tape Turing Machine for the Language \(\{a”i B”i\}\)

In the realm of formal language theory and automata, the design of Turing machines (TMs) to
recognize specific languages is both a foundational exercise and a window into computational
capabilities. Today, we delve into the construction of a two-tape Turing machine that accepts the
language \(\{a"i B”i \mid i \geq 0\}\) over the input alphabet \(\Sigma = \{a, B, C\}\), with the
understanding that the accepted strings are of the form consisting of \(i\) 'a's followed by \(i\) 'B's,
and no extraneous symbols.

This exploration is akin to a detailed product review, where we analyze each component of the
machine's design, its operational logic, and how it efficiently recognizes the language. This
comprehensive overview aims to serve as both an educational guide and a reference for automata
enthusiasts.



Understanding the Language \(\{a"i B"i\}\)

Before constructing the Turing machine, it is crucial to grasp the structure and constraints of the
language:

- Language Definition: \(\{a”i B”i\mid i \geq 0\}\)

- Characteristics:

- The string starts with zero or more 'a's.

- Followed immediately by an equal number of 'B's.

- No other symbols are present, and the order is strictly maintained.

- The language is context-free but not regular, which necessitates more than finite automata for
recognition.

Input Alphabet: \(\Sigma = \{a, B, C\}\)
-'a' and 'B' are part of the core language.

- 'C' serves as a blank or separator symbol, which the Turing machine can utilize for marking or as a
blank symbol on the tape.

Design Principles for the Two-Tape Turing Machine

The primary goal is to design a Turing machine that:

- Accepts strings of the form \(a™i B"i\),

- Rejects any strings that deviate from this pattern,

- Uses two tapes to facilitate efficient matching and marking.
Advantages of a Two-Tape Machine:

- Simplifies implementation of matching and marking processes.

- Allows simultaneous traversal and modification of input and auxiliary data.
- Enhances efficiency over single-tape machines, particularly for pattern matching.

Overview of the Construction Strategy

Our approach involves the following key steps:

1. Initialization:
- Position the heads at the start of each tape.
- Prepare the input for processing; tapes contain the input string and a blank separator.



2. Matching 'a's and 'B's:
- Mark the first 'a' with a special symbol (e.g., 'X') and move to find the corresponding 'B'.
- Mark the corresponding 'B' with a different symbol (e.g., 'Y").

3. Iterative Process:
- Repeat the process of marking one 'a' and one 'B' until all are matched.
- If at any point mismatches occur (e.g., unmatched symbols or extra symbols), reject.

4. Final Verification:

- Confirm that all 'a's and 'B's are marked appropriately.

- Ensure no extraneous symbols remain.

- Accept if the string matches the pattern; reject otherwise.

5. Handling Edge Cases:
- Empty string (which corresponds to \(i=0\)), should be accepted.
- Strings with improper ordering or extra symbols should be rejected.

State Diagram and Transition Function Outline

While detailed formalism can be complex, the core idea involves a sequence of well-defined states:

- Start State (\(q_0\)): Begin processing and check for empty input.

- Mark 'a' and move right (\(q_1\)): Find the first unmarked 'a'.

- Mark 'a' (\(q_2\)): Replace 'a' with X'.

- Move right to find 'B' (\(g_3\)): Skip over any marked or unmarked symbols until the first unmarked
'B'.

- Mark 'B' (\(q 4\)): Replace 'B' with 'Y".

- Return to start (\(q_0\)): Reset position to the beginning for next iteration.

- Acceptance State (\(q_{accept}\)): When all 'a's and 'B's are processed correctly.

- Rejection State (\(q_{reject}\)): When mismatches or invalid patterns are detected.

Step-by-Step Construction Details

Let's explore the process in detail, including the specific actions and transitions.
1. Initialization and Input Setup

- The input string (e.g., "aaBBB") is written on the first tape, with the second tape initialized blank
(represented by 'C' or blank symbol).

- The machine's head on tape 1 points to the first symbol; similarly, tape 2 starts at the same
position.

- The machine begins in the start state \(q_0\).



2. Marking the First 'a'

- In state \(q_0\), the machine searches for the first unmarked 'a'.

- Transition:

- If the current symbol is 'a’, replace it with X', move right, and transition to \(q 1\).

- If the symbol is 'X' or blank, it indicates either all 'a's are processed or no 'a' remains; proceed
accordingly.

Purpose: Marking 'a' prevents reprocessing and helps match with a corresponding 'B'.

3. Moving to Find the Corresponding 'B'

- From \(q_1\), move right over any marked or unmarked symbols (‘a’, 'X', 'B', 'Y, or 'C') until an
unmarked 'B' is found.

- Transitions:

- Skip over 'a', 'X', 'Y', and 'C".

- Stop at 'B' or blank (end of input).

4. Marking the 'B'

- When an unmarked 'B' is located, replace it with 'Y".
- Transition back to the starting position to process the next 'a' in the next iteration.

Note: If no 'B' is found when expected, reject because the number of 'a's exceeds 'B's.

5. Repeating the Process

- Return to the beginning of the tape:
- Move left until reaching the start symbol or the first unmarked 'a'.
- Repeat the process: find the next unmarked 'a’, mark it, and find a corresponding 'B'.

6. Final Checks and Acceptance

- When no unmarked 'a' remains, check if all 'B's are marked:
- Scan the tape for any unmarked 'B'.

- If none remain, accept.

- If unmarked 'B's remain, reject.



Handling Special Cases and Ensuring Correctness

Constructing a robust Turing machine requires careful handling of edge cases:

- Empty String (\(\varepsilon\)):
Since \(i=0\), the string is empty or consists only of 'C's (blank). The machine should immediately
accept in this case.

- Mismatched Counts:
If the number of 'a's does not match the number of 'B's, the process will reach a point where either
an 'a' or 'B' is missing, leading to rejection.

- Extraneous Symbols:
Any symbol other than 'a’, 'B', or 'C' (or marked versions) should cause rejection.

- Order Violations:
If a 'B' appears before all 'a's are processed or if 'a's appear after 'B's, the machine detects this
during traversal and rejects.

Summary of the Machine's Components and Operation

| Component | Description |

| | |

| States | Start, mark 'a’, find 'B', mark 'B', return, check completion, accept, reject |

| Symbols | ‘a', 'B', 'C', 'X' (marked 'a'), 'Y' (marked 'B') |

| Transitions | Defined to move between states, mark symbols, and verify counts |

| Acceptance Criteria | All 'a's and 'B's are paired and marked; no extra symbols remain |
| Rejection Criteria | Mismatch in counts, incorrect order, unmarked symbols remaining |

Advantages of the Two-Tape Approach in This
Construction

- Efficiency:
The second tape allows the machine to keep track of marked symbols and positions without
backtracking excessively on a single tape.

- Clarity:
Marking symbols helps visually and logically keep track of processed elements, simplifying the

matching process.

- Scalability:



The design easily extends to more complex patterns or languages requiring multiple comparisons.

Conclusion: A Model of Precision and Elegance
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