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Understanding whether a sequence is graphic is a fundamental concept in graph
theory and combinatorics. Recognizing if a sequence can be realized as the
degree sequence of some simple graph is crucial for both theoretical
investigations and practical applications such as network modeling, data
analysis, and computer science algorithms. This article provides a
comprehensive guide on how to determine if a given sequence is graphic, and
if it is, how to construct and exhibit an appropriate graph. Through detailed
explanations, criteria, and examples, readers will learn the methodologies to
analyze sequences effectively.

What Is a Graphic Sequence?
A sequence of non-negative integers \((d_1, d_2, \ldots, d_n)\) is called a
graphic sequence if there exists a simple undirected graph with \(n\)
vertices such that the degrees of the vertices correspond exactly to the
sequence. In other words, each number in the sequence represents the number
of edges incident to a vertex, and the entire sequence describes a possible
degree configuration for some graph.

Key Concepts and Definitions

Degree Sequence
The degree sequence of a graph is a list of its vertex degrees, usually
arranged in non-increasing order:
\[
d_1 \geq d_2 \geq \ldots \geq d_n
\]
This ordered form makes it easier to analyze and apply various criteria for
graph realizability.

Simple Graph
A simple graph contains no loops (edges connecting a vertex to itself) and no
multiple edges between the same pair of vertices.



Graphical Sequence
A sequence that can be realized as the degree sequence of some simple graph.

Criteria and Tests for Determining If a
Sequence Is Graphic
Various algorithms and theorems help determine whether a sequence is graphic.
The most widely used are the Havel-Hakimi Algorithm and the Erdős–Gallai
Theorem.

Havel-Hakimi Algorithm
The Havel-Hakimi process is an iterative procedure that simplifies a sequence
step-by-step to verify its graphical nature.

Steps:
1. Arrange the sequence in non-increasing order.
2. Remove the first element \(d_1\).
3. Subtract 1 from the next \(d_1\) elements in the sequence.
4. If at any point, any degree becomes negative or the sum of degrees is odd,
the sequence cannot be graphic.
5. Repeat the process with the new sequence until all degrees are zero (which
indicates a graphic sequence) or a contradiction occurs.

Example:
Given the sequence \((4, 3, 3, 3, 2)\):

- Sorted: (4, 3, 3, 3, 2)
- Remove 4: remaining sequence (3, 3, 3, 2)
- Subtract 1 from the next 4 elements:
- (3-1, 3-1, 3-1, 2-1) = (2, 2, 2, 1)
- Sorted: (2, 2, 2, 1)
- Repeat:
- Remove 2: remaining (2, 2, 1)
- Subtract from next 2 elements:
- (2-1, 2-1) = (1, 1)
- Now sequence: (1, 1)
- Remove 1:
- Remaining (1)
- Subtract 1 from next 1 element:
- (1-1) = 0
- Sequence reduces to all zeros, so the original sequence is graphic.

Erdős–Gallai Theorem
This theorem provides a set of inequalities that a sequence must satisfy to
be graphical.



The theorem states:
A non-increasing sequence \(d_1 \geq d_2 \geq \ldots \geq d_n \geq 0\) is
graphic if and only if:

1. The sum of degrees is even:
\[
\sum_{i=1}^n d_i \text{ is even}
\]
2. For each \(k\) with \(1 \leq k \leq n\):
\[
\sum_{i=1}^k d_i \leq k(k-1) + \sum_{i=k+1}^n \min(d_i, k)
\]

This set of inequalities can be checked systematically to confirm the
graphical nature of the sequence.

How to Construct a Graph from a Graphic
Sequence
Once it's established that a sequence is graphic, the next step is to
construct an actual graph realizing this degree sequence. The Havel-Hakimi
algorithm is not only useful for verification but also for graph
construction.

Steps for construction:
1. Use the Havel-Hakimi process to determine the sequence's realizability.
2. At each step, connect the vertex with the highest degree to the vertices
with the next highest degrees, reducing their degrees accordingly.
3. Continue until all degrees are satisfied, resulting in an explicit graph.

Example:
For the sequence \((3, 3, 2, 2, 2)\):

- Arrange: (3, 3, 2, 2, 2)
- Connect the vertex with degree 3 to the next three vertices, reducing their
degrees:
- Vertex 1 connected to vertices 2, 3, 4
- Updated degrees: (2, 2, 1, 1, 2)
- Repeat with the highest degree:
- Connect vertex 2 (degree 2) to vertices 3 and 5
- Updated degrees: (2, 1, 0, 1, 1)
- Continue until all degrees reach zero. The resulting edges form a valid
graph with the specified degrees.

Visualizing Graphs from Sequences
Once a graph has been constructed, visual representation helps to understand
the structure and properties of the network.



Creating an Appropriate Graph
- Use graph drawing software such as Gephi, Graphviz, or online tools to
visualize the graph.
- Manually draw the vertices and edges, ensuring that the degrees match the
sequence.
- Use different layouts (force-directed, circular, or hierarchical) to reveal
structural features.

Example Graphs for Sequences
- For a sequence \((3, 3, 2, 2, 2)\), the graph could be drawn as a pentagon
with diagonals connecting specific vertices to satisfy the degrees.
- For a sequence \((4, 3, 3, 3, 2)\), a star-like structure with additional
edges could be visualized.

Practical Applications of Graphic Sequences
Understanding whether a sequence is graphic is essential in various fields:

Network Design: Ensuring feasible degree distributions in communication
or social networks.

Data Analysis: Validating degree sequences derived from real-world data.

Algorithm Development: Creating algorithms for graph realization,
network synthesis, and simulation.

Graph Theory Research: Studying properties of degree sequences and their
associated graphs.

Summary
Determining if a sequence is graphic involves checking specific criteria and
applying systematic algorithms like the Havel-Hakimi process or the
Erdős–Gallai inequalities. If confirmed as graphic, constructing a
realization provides valuable insights into the structure and properties of
the corresponding graph. Visualizing these graphs aids in understanding
complex relationships and supports practical applications across disciplines.

By mastering these techniques, students, researchers, and professionals can
analyze degree sequences confidently, ensuring their applications are
grounded in feasible and well-understood graph models. Whether for academic
research or real-world problem solving, the ability to determine and exhibit
graphic sequences is an essential skill in the toolkit of modern graph



theory.

Frequently Asked Questions

What is a graphic sequence in graph theory?
A graphic sequence is a sequence of non-negative integers that can be
realized as the degree sequence of some simple graph.

How can I determine if a sequence is graphic?
You can determine if a sequence is graphic using methods like the Havel-
Hakimi algorithm or the Erdős–Gallai theorem, which check if the sequence can
correspond to a simple graph's degrees.

What is the Havel-Hakimi algorithm?
The Havel-Hakimi algorithm is a step-by-step procedure that repeatedly
reduces the sequence by connecting the highest degree vertex to other
vertices, verifying if the sequence can be realized as a simple graph.

Can I visualize a graphic sequence with a graph?
Yes, once a sequence is verified as graphic, you can construct and draw a
graph that exhibits the given degree sequence to visualize it.

What are common mistakes to avoid when determining
if a sequence is graphic?
Common mistakes include incorrectly ordering the sequence, not reducing
degrees properly in algorithms like Havel-Hakimi, or overlooking degree sum
parity conditions required for realizability.

Are there online tools to check if a sequence is
graphic?
Yes, several online graph theory calculators and software can verify if a
sequence is graphic and help generate example graphs, such as GraphOnline or
NetworkX in Python.

How do I exhibit an appropriate graph once I confirm
a sequence is graphic?
You can construct the graph manually by connecting vertices according to the
degree sequence or use software tools to generate a visual representation of
the graph.



What are the real-world applications of determining
graphic sequences?
Determining graphic sequences is useful in network design, social network
analysis, biology, and communication systems where modeling relationships
with degree constraints is essential.

Additional Resources
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Understanding whether a sequence is graphic (also known as graphical) is a
fundamental concept in graph theory and combinatorics. When we say a sequence
is graphic, we mean that there exists a simple undirected graph whose degrees
correspond exactly to the sequence in question. This determination, while
seemingly straightforward for small sequences, can become quite complex for
longer or more intricate sequences. In this guide, we will explore the
criteria and methods to determine if a sequence is graphic, along with how to
construct a graph that exhibits the sequence if it is indeed graphic.

---

What Is a Graphic Sequence?

A graphic sequence is a finite sequence of non-negative integers that can
serve as the degree sequence of some simple undirected graph. For example,
the sequence (3, 3, 2, 2, 2) is graphic because there exists a graph with
degrees matching these numbers.

Key points:
- The sequence is finite.
- All elements are non-negative integers.
- The sequence must satisfy the basic properties that degrees in any graph
do.

---

Basic Necessary Conditions for a Sequence to Be Graphic

Before diving into detailed methods, it's essential to understand the
necessary conditions that any graphic sequence must satisfy:

1. Sum of Degrees Is Even

- Property: The sum of all degrees in any graph must be even.
- Reason: Each edge contributes 2 to the total degree sum (since each edge
connects two vertices).



Implication: If the sum of the sequence's degrees is odd, it cannot be
graphic.

---

2. Degrees Are Between 0 and n-1

- Property: For a sequence of length n, each degree must be between 0 and
n-1.
- Reason: No vertex can connect to more vertices than the total number of
other vertices.

Implication: Any degree outside this range invalidates the sequence
immediately.

---

The Havel-Hakimi Algorithm: A Practical Method to Test Graphicality

The Havel-Hakimi algorithm is a widely-used, straightforward procedure to
determine whether a sequence is graphic. It operates on the principle of
successively reducing the sequence by "connecting" the highest-degree
vertices to others, simulating the process of constructing a graph.

Step-by-Step Process:

1. Arrange the sequence in non-increasing order.
For example, (4, 3, 3, 2, 2).

2. Check the largest degree:
- If the largest degree is 0, all remaining degrees are zero; the sequence is
graphic.
- If the largest degree d is greater than the remaining number of vertices,
the sequence cannot be graphic.

3. Reduce the sequence:
- Remove the largest degree d from the sequence.
- Subtract 1 from the next d degrees (since the highest-degree vertex must
connect to d other vertices).

4. Repeat:
- Rearrange the sequence in non-increasing order.
- Continue until all degrees are zero (sequence is graphic) or until a
contradiction occurs (sequence is not graphic).

Example:

Check if (4, 3, 3, 2, 2) is graphic.

- Step 1: Already in non-increasing order: (4, 3, 3, 2, 2).



- Step 2: Largest degree = 4.
- Remove 4: remaining sequence (3, 3, 2, 2).
- Subtract 1 from the next 4 degrees:
- 3 → 2
- 3 → 2
- 2 → 1
- 2 → 1

- New sequence: (2, 2, 1, 1).
- Rearrange: (2, 2, 1, 1).

- Repeat:

- Largest degree = 2.
- Remove 2: remaining (2, 1, 1).
- Subtract 1 from next 2 degrees:
- 2 → 1
- 1 → 0

- New sequence: (1, 0).
- Largest degree = 1.
- Remove 1: remaining (0).
- Subtract 1 from the next degree (which is 0):
- 0 → -1 (which is invalid).

Since negative degrees are impossible, the sequence is not graphic.

---

The Erdős–Gallai Theorem: A More Formal Criterion

While the Havel-Hakimi algorithm is efficient and practical, the Erdős–Gallai
theorem provides a comprehensive necessary and sufficient condition for a
sequence to be graphic.

The theorem states:

A non-increasing sequence of non-negative integers \( d_1 \geq d_2 \geq \dots
\geq d_n \) is graphic if and only if:

- The sum of degrees is even, i.e.,

\[
\sum_{i=1}^n d_i \text{ is even}
\]

- For every \( k \) with \( 1 \leq k \leq n \),

\[
\sum_{i=1}^k d_i \leq k(k - 1) + \sum_{i=k+1}^n \min(d_i, k)
\]



This inequality ensures that the degrees can be "realized" in a simple graph.

Applying the Erdős–Gallai Theorem:

While it is more algebraically involved, it is often used for theoretical
validation and for sequences where Havel-Hakimi is less efficient.

---

Constructing a Graph From a Graphic Sequence

Once you determine that a sequence is graphic, the natural next step is to
construct a graph that exhibits this sequence.

Methods of Construction:

1. Havel-Hakimi Construction

- Use the Havel-Hakimi process as a guide to connect vertices step-by-step.
- After each reduction, assign edges accordingly.
- Continue until all degrees are satisfied.

2. Graphical Realization Algorithms

- Use algorithms like the graphical realization algorithm that systematically
assign edges based on the degree sequence.

Example:

Construct a graph for the sequence (3, 3, 2, 2, 2):

- Start with vertices labeled V1, V2, V3, V4, V5 with degrees as given.

- Connect V1 to V2, V3, V4 (degrees now: 0, 2, 2, 2, 2).

- Connect V2 to V3, V4, V5 (degrees: 0, 0, 1, 1, 1).

- Connect V3 to V4, V5 (degrees: 0, 0, 0, 0, 0).

- Remaining degrees are zero, so the construction is complete.

---

Visualizing the Graph

Once the sequence is verified as graphic and constructed, drawing the graph
helps in understanding its structure and properties.

Tips for Effective Visualization:

- Use consistent vertex labels.



- Arrange vertices to minimize edge crossings.
- Highlight degrees or specific edges if analyzing particular features.
- Use graph drawing tools or software for clarity and precision.

---

Summary: Step-by-Step Guide to Determine if a Sequence Is Graphic

Step 1: Verify the basic conditions:
- All degrees are between 0 and n-1.
- Sum of degrees is even.

Step 2: Apply the Havel-Hakimi algorithm:
- Arrange in non-increasing order.
- Iteratively reduce degrees following the algorithm.
- If process completes successfully, the sequence is graphic.

Step 3: Alternatively, use Erdős–Gallai inequalities for a formal check.

Step 4: Construct the graph based on the sequence:
- Use the Havel-Hakimi process as a construction guide.
- Visualize the resulting graph to confirm.

---

Final Thoughts

Determining whether a sequence is graphic is a fundamental task in graph
theory with applications in network design, data analysis, and combinatorics.
The combination of necessary conditions, the Havel-Hakimi algorithm, and the
Erdős–Gallai theorem provides a robust toolkit for analysts and researchers.
When a sequence is found to be graphic, constructing an explicit graph and
visualizing it enhances understanding and offers practical insights into the
underlying structure.

---

Remember: Not every sequence of non-negative integers corresponds to a real
graph. Verifying the conditions carefully ensures accurate conclusions, and
constructing the graph offers a tangible representation of the theoretical
sequence. Happy graphing!
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