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When analyzing and designing control systems involving DC motors, understanding the relationship
between the input voltage and the resulting angular velocity is crucial. This transfer function forms the
foundation for controller design, stability analysis, and performance optimization. In this comprehensive
guide, we will explore how to derive the transfer function of a DC motor system with the angular
velocity as the output, providing detailed insights, relevant formulas, and practical examples to facilitate

your understanding.

Introduction to DC Motor Modeling

Before delving into the derivation of the transfer function, it's essential to understand the fundamental

components and physics governing a DC motor.

Basics of a DC Motor

A DC motor converts electrical energy into mechanical rotational energy. Its core components include:

- Armature (or rotor): The rotating part that carries the winding.
- Field winding or magnets: Provide the magnetic flux.
- Commutator and brushes: Ensure current flow direction in the armature to produce torque.

- Armature circuit: Contains the armature resistance and inductance.



Key Parameters of a DC Motor:

| Parameter | Description | Typical Units |

I I I I
| \( R_a\) | Armature resistance | Ohms (\(\Omega\)) |

| \(L_a\) | Armature inductance | Henrys (H) |
| \( K_b\) | Back emf constant | V-s/rad |

| \( K_t\) | Torque constant | N-m/A |

| \( J \) | Moment of inertia of rotor | kg-m? |

| \( B\) | Viscous friction coefficient | N-m-s |

Note: For many practical analyses, the armature inductance \( L_a\) is often neglected when

considering steady-state or slow dynamics, simplifying the model.

Mathematical Modeling of the DC Motor

To derive the transfer function, we start by establishing the governing equations of the system.

Electrical Equation

The armature circuit can be described by:

\[
V_a(t) = R ai_a(t) + L_a \frac{d i_a(t)}{dt} + e_b(t)
\]

where:
-\( V_a(t) ) is the applied armature voltage,

-\(i_a(t)\) is the armature current,



- \( e_b(t)\) is the back emf, which opposes the applied voltage.
The back emf \( e_b(t) \) is proportional to angular velocity:

\[

e_b(t) = K_b \omega(t)

\]

assuming a linear relationship.

Simplified Electrical Equation (Neglecting \( L_a \)):

\[

V_a(t) = R_ai_a(t) + K_b \omega(t)
\]

Mechanical Equation

The torque developed by the motor is:

\[
T(t) = K_ti_a(t)
\]

This torque opposes the load and causes angular acceleration:

\[
J \frac{d \omega(t)}{dt} + B \omega(t) = T(t)



\

State-Space or Transfer Function Approach

Our goal is to relate the input voltage \( V_a(t) \) to the output angular velocity \( \omega(t) \).

Step 1: Express \(i_a(t) \) in terms of \( V_a(t) \) and \( \omega(t) \):

\[
i_a(t) = \frac{V_a(t) - K_b \omega(t){R_a}
\]

Step 2: Plug into the mechanical equation:

\[
J \frac{d \omega(t)}{dt} + B \omega(t) = K_ti_a(t) = K_t \frac{V_a(t) - K_b \omega(t){R_a}
\

Step 3: Rearrange to express in terms of \( \omega(t) \):

\[
J \frac{d \omega(t)}{dt} + B \omega(t) = \frac{K_t{R_a} V_a(t) - \frac{K_t K_bH{R_a} \omega(t)
\]

\[
J \frac{d \omega(t){dt} + \left( B + \frac{K_t K_bH{R_a} \right) \omega(t) = \frac{K_t{R_a} V_a(t)
\]



Deriving the Transfer Function

To analyze the system's behavior in the frequency domain, we apply Laplace transforms to the

differential equation, assuming zero initial conditions.

Laplace Transform of the System Equation

Transforming the differential equation:

\[
J s \Omega(s) + \left( B + \frac{K_t K_b}{R_a} \right) \Omega(s) = \frac{K_t{R_a} V_a(s)
\]

where:
- \( \Omega(s) \) is the Laplace transform of \( \omega(t) \),

-\( V_a(s) ) is the Laplace transform of \( V_a(t) \),

-\( s \) is the complex frequency.

Rearranged to isolate \( \frac{\Omega(s){V_a(s)} \):

\[

\frac{\Omega(s)K{V_a(s)} = \frac{\frac{K_t{R_a}}{J s + \left( B + \frac{K_t K_b}{R_a} \right)}
\]

This is the transfer function of the DC motor when the output is the angular velocity:

\[



\boxed{

G(s) = \frac{\Omega(s)KV_a(s)} = \frac{\frac{K_t{R_a}}{J s + \left( B + \frac{K_t K_bKR_a} \right)}
}

\]

Interpretation and Significance of the Transfer Function

The transfer function \( G(s) \) describes how the angular velocity \( \omega(t) \) responds to an input
voltage \( V_a(t) \). It encapsulates the dynamic characteristics of the motor, including inertia, damping,

and electrical parameters.

Key features:

- Type of system: First-order system.

- Time constant: \( \tau = \frac{UKB + \frac{K_t K_b}{R_a}} \).

- Steady-state gain: \( \lim_{s \to 0} G(s) = \frac{\frac{K_t{R_a}}{\left( B + \frac{K_t K_b}{R_a} \right)} \).

This transfer function is fundamental in control system design, enabling engineers to predict the

system's response, tune controllers, and ensure stability.

Practical Considerations in Transfer Function Derivation

While the above derivation provides a theoretical model, real-world applications require considering

additional factors:



Neglecting Armature Inductance \( L_a \)

- Often justified in low-frequency or steady-state analyses.

- For rapid dynamics, including \( L_a \) yields a second-order system with a more complex transfer
function.

Including \( L_a \):

\[

V_a(t) =R_ai_a(t) + L_a \frac{d i_a(t){dt} + K_b \omega(t)

\

which leads to a second-order transfer function after Laplace transformation.

Parameter Variations and Non-ldealities

- Variations in resistances, inductance, or constants due to temperature changes.

- Friction and load variations affecting \( B \) and \( J \).

Applications of the Transfer Function in Control System Design

Knowing the transfer function enables various control strategies:

Designing Speed Controllers

- Proportional-Integral-Derivative (PID) controllers.

- State feedback controllers.



Objective:
- Achieve desired speed response.

- Minimize overshoot and settling time.

- Ensure system stability.

Stability Analysis

- Use root locus, Bode plots, or Nyquist criteria.

- Assess how parameter changes influence stability margins.

Simulation and Testing

- Use transfer functions in simulation tools like MATLAB/Simulink.

- Validate system response before physical implementation.

Conclusion

Determining the transfer function of a DC motor when the output is the angular velocity is vital for

effective control system design and analysis. The derived transfer function:

\[
G(s) = \frac{\Mfrac{K_t{R_a}}{J s + \left( B + \frac{K_t K_b}¥R_a} \right)}
\]

captures the essential dynamic behavior, linking the input voltage to the motor's angular velocity. By

understanding and utilizing this transfer function, engineers can develop precise controllers, perform



stability analysis, and optimize performance for various applications—from robotics to industrial

automation.

In summary, mastering the derivation and interpretation of the DC motor transfer function is
foundational for anyone involved in control engineering, mechatronics, or electrical machinery. Whether
dealing with simple speed control or complex multi-loop systems, this knowledge provides the basis for

robust and efficient motor control solutions.

Frequently Asked Questions

What is the transfer function of a DC motor when the output is the
angular velocity?

The transfer function relates the input voltage to the angular velocity and is typically expressed as G(s)
= K/ (Js + b), where K is the torque constant, J is the moment of inertia, and b is the damping

coefficient.

How do you derive the transfer function of a DC motor with angular
velocity as output?

By applying Laplace transforms to the motor's electrical and mechanical equations, and solving for the

output (angular velocity) in terms of input voltage, resulting in a transfer function G(s) = D(s)/V(s).

What assumptions are made when determining the transfer function of
a DC motor for angular velocity?

Assumptions include neglecting armature inductance, assuming linear behavior, constant parameters,

and ignoring nonlinearities like saturation or back-EMF effects at certain operating points.



Why is it important to determine the transfer function of a DC motor
with angular velocity output?

It helps in designing control systems, analyzing system stability, performance, and designing

controllers like PID to achieve desired speed regulation.

What parameters influence the transfer function of a DC motor's
angular velocity?

Parameters include the motor's torque constant (K), moment of inertia (J), damping coefficient (b), and

armature resistance and inductance (if considered).

How does the load torque affect the transfer function of a DC motor
system?

Load torque appears as a disturbance; in the transfer function, it can be modeled as an input or

disturbance variable, affecting the system's response and stability analysis.

Can the transfer function be used for controller design in DC motor
speed control?

Yes, the transfer function is fundamental in designing controllers like PID, lead-lag compensators, and

for stability analysis in speed control applications.

What is the significance of the gain K in the transfer function of a DC
motor?

The gain K, often called the motor torque constant, relates the input voltage to the generated torque or

angular velocity, affecting system sensitivity and response.



How do damping and inertia affect the shape of the DC motor's
transfer function?

Damping influences the system's stability and transient response, while inertia affects the system's

speed of response and overshoot, both shaping the poles and zeros of the transfer function.

Additional Resources
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Introduction

Determine the transfer function of a DC motor system when the output is the angular velocity—a
fundamental task for control engineers and system designers aiming to analyze, design, and optimize
motor-driven systems. Understanding this transfer function is crucial for developing controllers,
predicting system behavior, and ensuring stability in various applications ranging from robotics to
aerospace. This article explores the process of deriving the transfer function, elucidating the underlying
principles, mathematical models, and practical considerations involved in characterizing the dynamic

response of a DC motor with respect to its angular velocity output.

Understanding the DC Motor: An Overview

Before diving into the transfer function derivation, it’s essential to grasp the basic structure and

operation of a direct current (DC) motor.
Basic Components and Operation

A typical DC motor consists of:



- Armature (or rotor): The rotating part, which carries the windings.
- Field winding or permanent magnets: Providing a magnetic flux.
- Commutator and brushes: Ensuring current reversals in the armature to produce continuous torque.

- Power supply: Providing the input voltage.

The motor converts electrical energy into mechanical energy through the interaction of magnetic fields,

resulting in torque and angular motion.

Key Variables and Parameters

- Input voltage (V): The control input to the motor.

- Armature current (la): The current flowing through the armature windings.

- Angular velocity (D): The output variable, representing how fast the motor shaft rotates.
- Torque (T): The electromagnetic torque produced.

- Moment of inertia (J): The inertia of the rotor and attached load.

- Viscous friction coefficient (b): Represents damping effects due to friction.

Mathematical Modeling of the DC Motor

To analyze the transfer function, we start by establishing the mathematical equations governing the

motor's dynamics.

Electrical Equation

The electrical behavior of the armature circuit is modeled as:
\[ V(t) = L \frac{dI_a(t)}{dt} + R I_a(t) + K_e \omega(t) \]

Where:



-\( V(1) \): Input voltage.

-\( L \): Inductance of the armature circuit.
- \( R\): Resistance of the armature circuit.
-\( I_a(t) \): Armature current.

-\( K_e \): Back emf constant.

- \( \omega(t) \): Angular velocity.

For many practical applications, the inductance \(L\) is small and can be neglected to simplify the

analysis, especially at steady-state or for slow dynamics. When \(L\) is neglected:

\[ V(1) = R |_a(t) + K_e \omega(t) \]

Mechanical Equation

The rotational dynamics are described by Newton's second law for rotation:

\[ J \frac{d\omega(t)}{dt} + b \omega(t) = T(t) \]

Where:

- \( T(t) \): Electromagnetic torque, proportional to armature current:

\[T(t) = K_tL_a(t) \]

- \( K_t\): Torque constant.

Deriving the Transfer Function

The goal is to relate the input voltage \(V(s)\) to the output angular velocity \(\omega(s)\) in the Laplace



domain, thereby obtaining the transfer function:

\[ G(s) = \frac{\Omega(s)H{V(s)} \]

Step 1: Transforming Equations to Laplace Domain

Applying Laplace transforms (assuming zero initial conditions):

- Electrical equation:

\[ V(s) = R |_a(s) + K_e \omega(s) \]

- Mechanical equation:

\[ J s \omega(s) + b \omega(s) = K_t 1_a(s) \]

Step 2: Expressing \(I_a(s)\) in terms of \(\omega(s)\)

From the electrical equation:

\[ L_a(s) = \frac{V(s) - K_e \omega(s)KR} \]

Step 3: Substituting into the mechanical equation

\[ J s \omega(s) + b \omega(s) = K_t \times \frac{V(s) - K_e \omega(s)K{R} \]

Rearranged:

\[ (J s + b) \omega(s) = \frac{K_t{R} V(s) - \frac{K_t K_e}{R} \omega(s) \]

Bring all \(\omega(s)\) terms to one side:



\[ \left( J s + b + \frac{K_t K_e}R} \right) \omega(s) = \frac{K_tK{R} V(s) \]

Step 4: Deriving the transfer function

Finally, solving for \(\omega(s)/V(s)\):

\[ \ffrac{\omega(s)K{V(s)} = \frac{\Mfrac{K_t{R}NJ s + b + \frac{K_t K_eXR}} \]

This is the transfer function of the DC motor when the output is the angular velocity, revealing how the

system responds to input voltage.

Interpreting the Transfer Function

The derived transfer function:

\[ G(s) = \frac{\omega(s){V(s)} = \frac{K}{\tau s + 1} \]

where:

- \(K = \frac{K_t{b + \frac{K_t K_e}{R}}\), the static gain,
- \(tau = \frac{U}{b + \frac{K_t K_e}XR}}\), the time constant.

Significance of Parameters

- Static gain \(K\): Indicates the steady-state velocity per unit voltage.
- Time constant \(\tau\): Reflects how quickly the system reaches its new steady state after a change
in voltage.

- Pole location: The pole at \(-1/\tau\) determines system stability and transient response.



Practical Considerations in Transfer Function Determination

While the theoretical derivation provides a solid foundation, real-world systems often present

complexities.

Parameter Identification

To accurately model a specific motor:

- Conduct experiments to measure parameters like \(K_t\), \(K_e\), \(J\), \(b\), \(R\).

- Use system identification techniques if parameters are uncertain.

Effects of Non-Idealities

- Armature inductance \(L\): When significant, adds a zero in the transfer function, complicating

dynamics.

- Friction and load variations: Affect damping \(b\) and inertia \(J\).

- Back emf and torque constants: May differ slightly due to manufacturing tolerances.

Simplifications and Assumptions

- Neglecting \(L\) for low-frequency or steady-state analysis.

- Assuming linearity and constant parameters over the operating range.

Applications and Control Design Implications

Knowing the transfer function enables control engineers to:



- Design controllers like PID or state-feedback to regulate velocity.
- Predict transient response and system stability.
- Implement feedforward or feedback strategies for precise control.

- Perform robustness analysis under parameter uncertainties.
Typical Control Strategies

- Proportional-Integral-Derivative (PID): To achieve desired velocity profiles.
- Model Predictive Control (MPC): For advanced, optimal control in complex systems.

- Observer-based Control: When direct measurement of angular velocity is not feasible.

Conclusion

Determining the transfer function of a DC motor when the output is angular velocity is a crucial step in
the systematic analysis and control of motor-driven systems. By starting from fundamental electrical
and mechanical equations, transforming to the Laplace domain, and simplifying under typical
assumptions, engineers can derive a clear mathematical model that captures the dynamic behavior.
This transfer function not only provides insights into the system's response characteristics but also
forms the backbone of advanced control strategies, ensuring precise, stable, and efficient operation
across a wide range of applications. Through careful parameter identification and consideration of real-
world effects, the theoretical model can be refined to serve as a reliable tool for designing robust motor

control systems that meet the demanding standards of modern engineering.
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