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Understanding the structure of trees in graph theory is fundamental for
various applications in computer science, chemistry, network analysis, and
more. When focusing on trees with exactly six vertices (or nodes), a common
question arises: how many non-isomorphic trees exist where the maximum degree
of any vertex is 3? This article provides a comprehensive overview of this
problem, explaining the underlying principles, methods to generate such
trees, and the reasons behind the constraints. Whether you're a student,
researcher, or enthusiast, this guide will help you grasp the intricacies of
these specific tree structures.

Introduction to Tree Structures in Graph Theory

What Is a Tree?
In graph theory, a tree is a connected, acyclic graph. It consists of
vertices (nodes) connected by edges, with no cycles present. Trees are
fundamental structures that model hierarchical relationships, such as family
trees, organizational charts, or data structures like binary trees.

Significance of Non-isomorphic Trees
Two trees are considered isomorphic if there's a one-to-one correspondence
between their vertices that preserves adjacency. Non-isomorphic trees are
structurally distinct, meaning they do not share the same shape or structure
when vertices are relabeled. Enumerating all non-isomorphic trees with a
given number of vertices helps in understanding the diversity of possible
structures and their properties.

Constraints and Definitions for Our Problem

Number of Vertices: 6
Our focus is on trees with exactly six vertices. This is a manageable size



for enumeration while still offering complexity and variety in structure.

Maximum Degree of a Vertex: 3
The degree of a vertex is the number of edges incident to it. We impose the
constraint that no vertex can have a degree higher than 3. This restriction
limits the possible structures, excluding trees with vertices of degree 4 or
more.

Why These Constraints Matter
Limiting the maximum degree to 3 simplifies the enumeration process and
aligns with many practical scenarios where high-degree nodes are undesirable
or impossible, such as in certain network designs or chemical molecules.

Understanding the Types of Trees with 6
Vertices and Max Degree 3

General Characteristics of Such Trees
- All trees are connected and acyclic.
- No vertex exceeds degree 3.
- The total number of vertices is fixed at 6.
- The structure varies, but all adhere to the maximum degree constraint.

Possible Degree Sequences
A degree sequence is a list of vertex degrees. For these trees, possible
degree sequences include:
- (3, 2, 1, 1, 1, 1)
- (2, 2, 2, 2, 1, 1)
- (3, 3, 1, 1, 1, 1)
- and other combinations that satisfy the sum of degrees being twice the
number of edges (which is 5 for a tree with 6 vertices).

Key Constraints on Degree Sequences
- Sum of degrees = 2 (number of edges) = 2 5 = 10.
- Each degree ≤ 3.
- The sequence must be graphical, meaning it can correspond to a simple
graph.



Enumerating All Non-isomorphic Trees with 6
Vertices and Max Degree 3

Methodology Overview
To systematically generate all such trees, the process involves:
1. Listing all possible degree sequences that satisfy the constraints.
2. Constructing trees corresponding to each degree sequence.
3. Eliminating isomorphic duplicates to find unique structures.

Step 1: List Valid Degree Sequences
Possible sequences include:
- (3, 2, 1, 1, 1, 1)
- (2, 2, 2, 2, 1, 1)
- (3, 3, 1, 1, 1, 1)
- (2, 2, 2, 1, 1, 2)
and others, provided they are graphical.

Step 2: Construct Trees from Degree Sequences
Using Havel-Hakimi or similar algorithms, one can construct possible trees:
- Start with the highest degrees.
- Connect vertices respecting degrees.
- Ensure the resulting graph is connected, acyclic, and matches the degree
sequence.

Step 3: Identify Non-isomorphic Structures
It involves analyzing the constructed trees to identify duplicates under
relabeling:
- Use canonical labeling techniques.
- Compare adjacency matrices or degree sequences.
- Confirm the uniqueness of each structure.

Examples of Non-isomorphic Trees with 6
Vertices and Max Degree 3

Tree 1: The Star with Degree 5 (Excluded)
- Not valid here because the maximum degree exceeds 3.
- So, no star with 6 vertices is considered for our restriction.



Tree 2: The Tree with a Vertex of Degree 3 Connected
to Three Leaves
- Structure: A central vertex of degree 3 connected to three leaves of degree
1 each, plus two other vertices forming a chain or branch.
- Degree sequence: (3, 2, 1, 1, 1, 1).

Tree 3: The Path of Length 5
- Degrees: (2, 2, 2, 1, 1, 1).
- Structure: A linear chain with endpoints of degree 1 and internal vertices
of degree 2.

Tree 4: The Tree with Two Vertices of Degree 3
- Structure: Two vertices of degree 3 connected to each other, each with two
leaves.
- Degree sequence: (3, 3, 1, 1, 1, 1).

Tree 5: The Tree with a Vertex of Degree 2
Connecting Two Vertices of Degree 3 and Leaves
- Structure: A vertex of degree 2 connects a degree 3 vertex and a leaf,
forming a branching pattern.

Why Is the Enumeration of Such Trees Important?

Applications in Chemistry
- Modeling molecular structures, especially organic compounds like alkanes,
where molecules resemble trees.
- Understanding possible isomers based on structural variations.

Network Design and Optimization
- Designing efficient communication networks with constraints on node
connectivity.
- Ensuring robustness while limiting node degrees to prevent overload.

Algorithm Development and Graph Enumeration
- Creating algorithms for generating all non-isomorphic trees under specific
constraints.



- Testing graph isomorphism algorithms and their efficiency.

Tools and Algorithms for Enumerating Trees

Havel-Hakimi Algorithm
- A method for checking whether a degree sequence is graphical.
- Used to generate possible degree sequences for trees.

Graph Isomorphism Algorithms
- Tools like NAUTY or Bliss help identify non-isomorphic graphs efficiently.
- Essential for filtering duplicate structures in enumeration.

Software and Libraries
- NetworkX (Python): For constructing, analyzing, and visualizing graphs.
- SageMath: For advanced graph theory computations.

Conclusion: The Significance of Drawing All
Non-isomorphic Trees With 6 Vertices and Max
Degree 3

Enumerating all non-isomorphic trees with six vertices where no vertex
exceeds degree 3 offers deep insights into the diversity of tree structures
under specific constraints. This task combines combinatorial reasoning,
algorithmic graph construction, and isomorphism testing. Understanding these
structures has practical implications across chemistry, computer science, and
network design, providing a foundation for modeling complex systems with
controlled connectivity.

By systematically exploring possible degree sequences, constructing
representative trees, and applying isomorphism tests, researchers can
comprehensively catalog these structures. This enumeration not only enriches
theoretical graph theory but also supports numerous applied disciplines,
demonstrating the importance of detailed structural analysis in understanding
complex systems.

Whether for educational purposes, research, or practical applications,
mastering the process of drawing and analyzing all non-isomorphic trees with
these constraints equips you with essential tools for combinatorial and
structural graph analysis.
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Frequently Asked Questions

What is the significance of drawing all non-
isomorphic trees with 6 vertices where the maximum
degree is 3?
It helps in understanding the structural diversity of small trees under
specific degree constraints, which is valuable in graph theory and
applications like chemistry, network design, and combinatorics.

How many non-isomorphic trees with 6 vertices have a
maximum vertex degree of 3?
There are exactly 8 such trees, as determined by systematic enumeration
considering symmetries and degree restrictions.

Why is the maximum degree restricted to 3 in these
trees?
Restricting the maximum degree to 3 limits the complexity of the trees,
making enumeration feasible and relevant for specific applications where
high-degree nodes are undesirable.

What are the common structural patterns among these
trees?
They typically feature a combination of paths and branching points, with no
vertex exceeding degree 3, often forming chains with one or two branches.

Can you explain the process of enumerating all such
non-isomorphic trees?
The process involves generating all trees with 6 vertices, filtering those
with maximum degree 3, and then identifying unique structures up to
isomorphism to avoid duplicates.



How does understanding these trees help in real-
world applications?
They model hierarchical structures with limited branching, useful in
designing efficient networks, understanding molecular structures, and
analyzing data hierarchies.

Are there any algorithms or tools that assist in
drawing all non-isomorphic trees with these
constraints?
Yes, graph enumeration software like nauty, TreeGen, or custom algorithms
based on canonical forms can systematically generate and verify non-
isomorphic trees under specified conditions.

Why is it important to consider only non-isomorphic
trees when drawing all such trees?
Considering only non-isomorphic trees ensures that each unique structural
configuration is counted once, avoiding redundancy and providing a
comprehensive understanding of distinct tree types.

How can the knowledge of these trees be extended to
trees with more vertices or different degree
constraints?
The enumeration methods and structural insights can be scaled or adapted to
larger trees or different degree limits, often using recursive algorithms and
symmetry considerations to manage complexity.

Additional Resources
Comprehensive Analysis of Non-Isomorphic Trees with 6 Vertices and Maximum
Degree 3

Understanding the enumeration and classification of trees in graph theory is
a fundamental topic that combines combinatorial reasoning, structural
properties, and symmetry considerations. In this article, we focus on the
specific problem of drawing all non-isomorphic trees with 6 vertices where
the maximum degree of any vertex is 3. We will explore why this particular
constraint is significant, how to systematically generate these trees, and
the reasoning behind their structural diversity.

---



Introduction to Trees and Their Isomorphism

Trees are connected, acyclic graphs. They serve as foundational structures in
computer science, biology, and mathematics due to their simplicity and
versatility. Two trees are said to be isomorphic if there exists a bijection
between their vertex sets that preserves adjacency. When classifying trees,
the primary goal is to identify non-isomorphic trees—distinct trees that are
not structurally identical under any relabeling of vertices.

The enumeration of trees with a given number of vertices (n) is a classical
problem. For small n, the total number of non-isomorphic trees is well-known.
For example:

- For n=1: only 1 tree (a single vertex).
- For n=2: only 1 tree (an edge).
- For n=3: 1 tree (a path of length 2).
- For n=4: 2 trees.

As n increases, the number of non-isomorphic trees grows rapidly. For n=6,
there are 6 non-isomorphic trees in total. However, if we impose the
restriction that the maximum degree of any vertex is 3, the number of valid
trees reduces significantly, and the classification becomes more manageable.

---

Understanding the Degree Constraint and Its
Implications

Maximum Degree (Δ): The highest number of edges incident to any vertex in the
tree. Here, Δ ≤ 3.

Why is the maximum degree important?

- It limits the possible branching structures.
- It prevents overly "star-like" trees with a high-degree central vertex.
- It influences the shape and symmetry of the trees.

Implications of Δ ≤ 3 for trees with 6 vertices:

- No vertex has more than three neighbors.
- The possible degrees for vertices are 1 (leaf), 2, or 3.
- The trees are "moderately branching," avoiding very high-degree nodes.
- The overall structure tends to be more elongated or balanced than star
trees with a central node of degree 5.

Constraints derived from degree considerations:



- The sum of all degrees in a tree with n vertices is 2(n-1). For n=6, total
degree sum = 10.
- The degree sequence must satisfy the sum of degrees = 10, with each degree
≤ 3.

---

Systematic Classification of Trees with 6
Vertices and Max Degree 3

To enumerate all non-isomorphic trees under these constraints, we adopt a
systematic approach:

1. Identify potential degree sequences.
2. Construct trees respecting these sequences and the maximum degree
constraint.
3. Eliminate isomorphic duplicates.

---

Step 1: Degree Sequence Enumeration

Possible degree sequences (multisets of vertex degrees) for trees with 6
vertices and Δ ≤ 3 must satisfy:

- Sum of degrees = 10.
- Each degree ≤ 3.
- Number of vertices with degree 1, 2, or 3.

Possible degree sequences:

- (3, 2, 2, 1, 1, 1): sum = 3+2+2+1+1+1=10
- (3, 3, 1, 1, 1, 1): sum = 3+3+1+1+1+1=10
- (2, 2, 2, 2, 1, 1): sum = 2+2+2+2+1+1=10
- (3, 2, 1, 1, 1, 2): same as above in multiset form

But not all such sequences are realizable as trees with the maximum degree ≤
3.

Feasible degree sequences:

- Sequence 1: (3, 2, 2, 1, 1, 1)
- Sequence 2: (3, 3, 1, 1, 1, 1)
- Sequence 3: (2, 2, 2, 2, 1, 1)

We will analyze these sequences to generate possible trees.



---

Step 2: Constructing Trees from Degree Sequences

For each sequence, construct all possible non-isomorphic trees that match the
degrees.

Sequence 1: (3, 2, 2, 1, 1, 1)

- The vertex with degree 3 must connect to three vertices.
- The vertices with degree 2 are likely internal nodes or "branches."
- The leaves are degree 1 vertices.

Possible structure:

- A "central" vertex with degree 3 connected to:

- One degree 2 vertex
- Two leaves (degree 1)

- The degree 2 vertices are connected to leaves or form chains.

Constructed trees:

- One configuration:

- Vertex A (degree 3) connected to B (deg 2), C (deg 1), D (deg 1)
- B (deg 2) connected to E (deg 1) and D (deg 1)

- Alternatively, B connected to other leaves, resulting in different shapes,
but isomorphic trees are considered the same.

Summary:

- The main structure resembles a "root" node with branches extending outward,
with leaves attached directly or via degree 2 vertices.

---

Sequence 2: (3, 3, 1, 1, 1, 1)

- Two vertices of degree 3 each connect to three leaves or subtrees.

Possible structure:

- Two "central" vertices (say, A and B), each with degree 3.
- They might be connected directly or through a chain.

Constructed trees:



- A possible configuration:

- A connected to B, with A connected to two leaves, B connected to two
leaves, plus the connection between A and B.

- Since degrees sum to 10, and each of these nodes has degree 3, their
connections form a "double star" with a shared edge.

Note: The structure is akin to a "pair of stars" sharing an edge, with leaves
attached to each center.

---

Sequence 3: (2, 2, 2, 2, 1, 1)

- Four vertices with degree 2, and two leaves.

Possible structures:

- A chain of four vertices with degree 2 in the middle, and leaves attached
to the ends.

- For example, a path of length 4 with leaves attached to two internal nodes.

Constructed trees:

- A path of six vertices:

- v1—v2—v3—v4—v5—v6

- Attach leaves to v2 and v5 (each with degree 2), making their degrees 3;
but since maximum degree is 3, this is acceptable.

- Alternatively, attach leaves directly to v1 and v6, maintaining degrees ≤
2.

---

Verification of Non-Isomorphism and Structural
Diversity

Once potential trees are constructed from the degree sequences, it’s crucial
to identify which are truly non-isomorphic:

- Symmetry considerations: Many trees can be mapped onto each other through
relabeling.
- Automorphism groups: Trees with different automorphism group sizes are
typically non-isomorphic.



- Structural invariants: Degree sequences, diameter, and the shape of
branching help distinguish trees.

Examples of non-isomorphic trees:

1. A star with a central vertex of degree 5 is excluded due to the maximum
degree constraint.
2. A path of length 5 (vertices connected linearly): degrees are (1, 2, 2, 2,
2, 1), which satisfies the maximum degree constraint. This is a linear chain
with leaves at both ends.

---

Visual Representation and Enumeration of All
Valid Trees

Based on the above reasoning, the complete list of non-isomorphic trees with
6 vertices and maximum degree 3 includes:

1. Path of length 5 (Linear Tree):

```
V1—V2—V3—V4—V5—V6
```

- Degrees: 1, 2, 2, 2, 2, 1
- Max degree: 2 (less than 3)
- Structural type: path

2. Star with 3 leaves attached to a central vertex:

```
V2
|
V1—V3—V4
|
V5
```

- Central vertex with degree 3
- Leaves with degree 1
- Max degree: 3

3. "Chain with branches":

- For example, a central chain of four vertices with leaves attached to
internal nodes, forming a "comb-like" structure.



4. Double star structure:

- Two vertices of degree 3 connected directly,
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