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Understanding how recursive algorithms work is fundamental in computer science,
especially when analyzing their time complexities. One effective way to analyze recursive
functions like T(n) = 4T(n/2) + cn is through the construction of recursion trees. This
method visually breaks down the recurrence, allowing us to estimate the total work done
across all recursive calls. In this article, we will explore how to draw the recursion tree for
the given recurrence relation, analyze its structure, and derive a tight asymptotic bound
for T(n).

Introduction to Recursion Trees

Before diving into the specific recurrence T(n) = 4T(n/2) + cn, it is essential to understand
the concept of a recursion tree.

What Is a Recursion Tree?

A recursion tree is a visual representation that depicts how a recursive algorithm divides a
problem into subproblems and how the total work accumulates across different levels of
recursion.

Key features include:

- The root node represents the original problem of size n.

- Each internal node splits into multiple child nodes, representing subproblems.

- The tree expands until reaching the base case where subproblem size reduces to 1 or a
constant.

- The total cost at each level is the sum of the costs of all nodes at that level.

Why Use a Recursion Tree?

- To visualize how the total work is distributed across recursive calls.
- To compute the sum of work done at each level.
- To derive tight asymptotic bounds for the recurrence relation.



Analyzing the Recurrence T(n) = 4T(n/2) + cn

Let's analyze the recurrence step-by-step to understand its structure.

Recurrence Breakdown

Given:

- T(n): total time for problem size n.

- Each recursive call splits the problem into 4 subproblems of size n/2.

- The cost outside the recursive calls (work done at each node) is proportional to n,
specifically cn.

This recurrence indicates that:

- At the top level (level 0), the total work is cn.

- The problem divides into 4 subproblems, each of size n/2.

- Each of these subproblems will further split similarly, following the recurrence pattern.

Recursion Tree Construction

To draw the recursion tree:

1. Root (Level 0):
- Represents the initial problem of size n.
- Cost: cn.

2. Level 1:
- There are 4 subproblems, each of size n/2.
- Total work at this level: 4 c(n/2) = 4 c (n/2) = 2cn.

3. Level 2:

- Each subproblem of size n/2 splits into 4 subproblems of size n/4.
- Number of subproblems: 4™2 = 16.

- Total work: 16 c(n/4) = 16 ¢ (n/4) = 4cn.

4. Level k:

- Number of subproblems: 4™k.

- Size of each subproblem: n / 27k.

- Total work atlevel k: 4~kc(n/27k) =cn 4"k / 27Kk).

Let's simplify the total work at each level.

Work per Level Simplification

Total work at level k:



\[
W k = c \times n \times \frac{4"k} {27k}
\]

Since \(4"k = (272)"k = 2~ {2k}\), we have:

\[

W _k = c \times n \times \frac{2” {2k} } {2k} = c \times n \times 27 {2k - k} = c \times n
\times 2" {k}

\]

Therefore:

\[

W k = c \times n \times 2" {k}
\]

This means that the work at each level k is proportional to \(n \times 27k\).

Depth of the Recursion Tree

The recursion continues until the size of the subproblem reaches 1. Since at each level the
subproblem size halves, the depth \(d\) of the tree is:

\[
n/27{d} = 1 \Rightarrow 2~ {d} = n \Rightarrow d =\log 2 n
\]

The total number of levels in the recursion tree is \(\log 2 n + 1\).

Calculating the Total Cost T(n)

Total work is the sum of the work at all levels:

\[
T(n) = \sum {k=0}"{d} W k =\sum {k=0}"{\log 2 n} c \times n \times 2™ {k}
\]

Factor out the constants:

\[
T(n) = c \times n \times \sum {k=0}"{\log 2 n} 2~{k}
\]

The sum of a geometric series:

\[
\sum {k=0}"{m} 2~{k} =2"{m+1}-1



\]
Applying this:

\[
\sum {k=0}"{\log 2n} 27~{k} =2"{\log 2n+ 1} -1 =2 \times 2™ {\log 2n} -1 =2
\times n - 1

\]
Since \(2™{\log 2 n} = n\).
Plugging back into the total cost:

\[
T(n) = c \times n \times (2n - 1) = ¢ \times (2n"2 - n)
\]

This simplifies to:

\[
T(n) = \Theta(n"2)
\]

because the dominant term is \(n"2\).

Final Asymptotic Analysis and Tight Bound

Based on the above derivation, the total time complexity T(n) for the recurrence relation:

\L
T(n) = 4T(n/2) + cn
\]

is:

\L

\boxed{

T(n) = \Theta(n"2)
}

\]

This indicates that the algorithm's time complexity grows quadratically with the size of the
input problem.

Summary of Key Points

- The recursion tree expands exponentially, with work at each level increasing
geometrically.



- The total work sums up to a quadratic function in n.
- The dominant term in the total sum is proportional to \(n"2\).

Conclusion

Constructing a recursion tree for the recurrence \(T(n) = 4T(n/2) + cn\) provides a clear
visual and analytical method to understand the growth of recursive algorithms. By
analyzing the number of subproblems, the work at each level, and the depth of recursion,
we derived that the total time complexity is \(\Theta(n"2)\). This quadratic asymptotic
bound helps in understanding the efficiency of algorithms following this recurrence
pattern and guides developers and computer scientists in optimizing recursive procedures
or choosing alternative methods for better performance.

Additional Tips for Recursion Tree Analysis

- Always identify the number of subproblems at each level.

- Calculate the work done at each level considering both the number of subproblems and
their individual costs.

- Sum the work across all levels to find the total complexity.

- Confirm the depth of the recursion to determine the number of levels in the tree.

- Use geometric series formulas to simplify sums involving powers.

Understanding these principles will allow you to analyze various recursive algorithms
effectively and determine their asymptotic complexities with confidence.

Meta Note: This comprehensive analysis demonstrates how recursion trees serve as
powerful tools in algorithm analysis, especially for divide-and-conquer strategies. Keep
practicing with different recurrence relations to strengthen your understanding of their
growth patterns and asymptotic bounds.

Frequently Asked Questions

What is the recursion relation given in the problem?

The recursion relation is T(n) = 4T(n/2) + cn, where c is a constant.

How do you start drawing the recursion tree for T(n) =
4T(n/2) + cn?

Begin with the root node representing T(n), then divide the problem into 4 subproblems of
size n/2, and continue expanding each node similarly.



What does each level in the recursion tree represent for
this recurrence?

Each level represents the recursive breakdown of the problem into smaller subproblems,
with the number of nodes increasing by a factor of 4 at each level.

How many nodes are there at level k of the recursion
tree?

There are 4"k nodes at level k of the recursion tree.

What is the size of the subproblem at level k?

The size of each subproblem at level kis n/27k.

How do you compute the total work done at each level in
the recursion tree?

At level k, each node does work proportional to ¢ (n / 27°k), and with 47k nodes, total work
per levelis 4~k c (n/27k) = ¢cn (27k).

What is the height of the recursion tree in this case?

The height of the tree is approximately log base 2 of n, since the subproblem size reduces
by a factor of 2 each level.

How do you derive the total time complexity from the
recursion tree?

Sum the work over all levels: total work = sum {k=0}"{log n} ¢ n 27k, which forms a
geometric series leading to a total of ®©(n 2~ {log n}) = ©(n n) = O(n"2).

What is the tight asymptotic bound for T(n) based on
the recursion tree analysis?

The tight asymptotic bound for T(n) is ©(n"2).

Additional Resources
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Introduction: Understanding the Significance of
Recursion Trees in Algorithm Analysis

In the realm of computer science, particularly within algorithm analysis, recursion trees
serve as a pivotal visual and analytical tool to decode the intricate behavior of recursive
functions. They offer an intuitive means to estimate the time complexity of divide-and-
conquer algorithms, which are prevalent across numerous applications—ranging from
sorting algorithms like mergesort to advanced divide-and-conquer strategies in
computational geometry and parallel processing.

The specific recurrence relation under scrutiny here is:
\[ T(n) = 4T(n/2) + cn \]

where \( ¢ ) is a constant. This form signifies a recursive algorithm that breaks the
problem into four subproblems, each of size \( n/2 \), with an additional linear work \( cn \)
performed at each level of the recursion. Visualizing this recurrence through a recursion
tree provides valuable insights into the total work done across all recursive calls, enabling
us to derive its asymptotic behavior accurately.

This article delves into a detailed construction of the recursion tree for this recurrence,
analyzes the total work at each level, and ultimately determines a tight asymptotic bound
for \( T(n) \).

Section 1: Breakdown of the Recurrence Relation

Before constructing the recursion tree, it’s essential to understand the components of the
recurrence:

\[ T(n) = 4T(n/2) + cn \]

- Recursive Subproblems: The problem of size \( n\) splits into 4 subproblems, each of size
\( n/2\). This indicates a branching factor of 4 at each recursive step.

- Work per Level: The \( cn \) term represents the non-recursive work done at each level,
such as merging or partitioning operations.

- Recursion Depth: The recurrence reduces the problem size by half at each recursive call,
implying a depth of \(\log 2 n).

Understanding these elements sets the stage for constructing an accurate recursion tree,
which visually maps out the total computational effort across all levels.



Section 2: Constructing the Recursion Tree

2.1 The Conceptual Framework of a Recursion Tree

A recursion tree visualizes the recursive calls as nodes, with each node representing a
subproblem and edges indicating the recursive breakdown. The root node corresponds to
the original problem \( T(n) \), with subsequent levels representing the recursive calls on
smaller subproblems. By analyzing the work done at each level, we can sum across all
levels to determine the total time complexity.

2.2 Step-by-Step Construction of the Tree

Level 0 (Root):
- Node: \( T(n) \)
- Work done at this level: \( cn \)

Level 1:

- Children: 4 subproblems, each of size \( n/2 )

- Nodes: 4 nodes, each representing \( T(n/2) \)

- Work at each node (excluding recursive calls): \( c(n/2) \)
- Total work at this level: \( 4 \times c(n/2) = 2cn \)

Level 2:

- Children: Each node from level 1 branches into 4 subproblems of size \( n/4 )
- Nodes: \(472 = 16 \) nodes

- Work per node: \( c(n/4) \)

- Total work at this level: \( 16 \times c(n/4) = 4cn )

Pattern Observation:

Atlevel \(i\):

- Number of nodes: \(47i )

- Size of each subproblem: \( n/27i\)

- Work per node: \( c(n/27i) \)

- Total work at level \(i\): \( 471 \times c(n/27i) \)

Simplifying the total work at level \(1i\):

\[

\text{Work} i = 4"i\times c \times \frac{n}{27i} = c \times n \times \frac{4"~i}{2"i}
\]

Since \(47i = (27°2)"1 = 27 {2i} \), the expression becomes:

\[

\text{Work} i = c \times n \times \frac{2"{2i}}{27i} = c \times n \times 27 {2i-i} =c
\times n \times 2~ {i}

\]



Thus, the total work at level \(i\):

\[

\boxed{

\text{Work} i = c \times n \times 2™ {i}
}

\]

2.3 Depth of the Tree

The recursion terminates when the subproblem size reduces to 1:

\[
\frac{n}{27{d}} = 1 \Rightarrow 2~ {d} = n \Rightarrow d = \log 2 n
\]

where \( d ) is the depth of the tree.

2.4 Summary of the Tree Structure

- Total levels: \(\log 2 n + 1) (including level 0)
- Work at each level \(i\): \( ¢ \times n \times 27 {i} \)
- Total number of nodes at level \(i\): \( 47i\)

This structured visualization provides a comprehensive picture of how computational
effort propagates through the recursive process.

Section 3: Calculating the Total Work Using the
Recursion Tree

Having established the work at each level, the next step is to sum across all levels to
obtain the total \( T(n) \).

3.1 Summation of Work Across Levels

Total work \( T(n) \) is the sum of work at all levels:

\[

T(n) = \sum {i=0}"{\log 2 n} \text{Work} i =\sum {i=0}"{\log 2 n} c \times n \times
27~ {i}

\]

Factor out constants:



\[
T(n) = c \times n \times \sum {i=0}"{\log 2 n} 27~ {i}

\]

Recognize the summation as a geometric series:
\[

\sum {i=0}"{k} 2~{i} =2~{k+1} -1

\]

Substituting \( k = \log 2 n\):

\[

\sum {i=0}"{\log 2n} 27{i} =2"{\log 2n+ 1} -1 =2 \times 2™ {\log 2n} -1 =2
\times n - 1

\]

Thus:

\[

T(n) = c \times n \times (2n - 1) \approx 2c n”~ {2} -cn
\]

When considering big-O notation, the dominating term is \( n~ {2} \). Therefore:
\[

\boxed{

T(n) = \Theta(n™{2})
}

\]

3.2 Asymptotic Tight Bound

The derivation confirms that the total work grows quadratically with \( n \). The constant
factors are less relevant in Big Theta notation, so the final asymptotic complexity is:
\[

\boxed{

T(n) = \Theta(n™{2})
}

\]

This tight bound indicates that the recurrence relation describes an algorithm with
quadratic time complexity in the worst case.

Section 4: Analytical Insights and Implications



4.1 Intuitive Interpretation of the Result

The recursion tree analysis reveals that, despite the recursive division of the problem into
smaller subproblems, the increasing number of subproblems at each level (with a
branching factor of 4) causes the total work per level to escalate exponentially, specifically
doubling at each subsequent level. Consequently, the total work across all levels is
dominated by the leaves at the deepest level, which cumulatively contribute to a quadratic
total.

4.2 Comparison With Standard Recursion Cases

- Master Theorem Application: The recurrence falls under the Master Theorem category
where \( a=4\), \( b=2), and \( f(n)=cn \). Comparing \( f(n) \) with \(n~{\log b a} =
n”~{\log 24} =n"~{2}\), the theorem indicates the case where \( f(n) = \Theta(n™ {\log b
a}) \). The theorem then confirms \( T(n) = \Theta(n”~ {2} \log n) \).

However, the detailed recursion tree calculation suggests a total of \( \Theta(n™{2})\)
work, indicating that the dominant work is at the bottom levels, and the total work is
asymptotically bound by \( n~{2} \). This discrepancy signals the importance of
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