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Understanding the behavior of dynamic systems modeled by differential equations is fundamental in various
fields such as mathematics, physics, engineering, and biology. Analyzing these systems involves identifying their
critical points or equilibrium points, which provide insights into the system's long-term behavior and stability.
In this comprehensive guide, we explore the process of determining all critical points of the specific system of
differential equations:

\[
\begin{cases}
\frac{dX}{dt} = X - Y \\
\frac{dY}{dt} = Y - X
\end{cases}
\]

This article is designed to help students, researchers, and enthusiasts understand the methodology behind
analyzing such systems, with a focus on clarity, SEO optimization, and structured learning.

---

Understanding the System of Differential Equations

Before diving into the process of finding critical points, it is essential to understand what these equations
represent and how they interact.

Definition of the System

The system consists of two coupled first-order differential equations:

\[
\begin{cases}
\frac{dX}{dt} = X - Y \\
\frac{dY}{dt} = Y - X
\end{cases}
\]

where:

- \(X(t)\) and \(Y(t)\) are functions of time \(t\),
- \(\frac{dX}{dt}\) and \(\frac{dY}{dt}\) describe the rates of change of \(X\) and \(Y\).

This system can model various phenomena, such as predator-prey interactions, competing species, or coupled
oscillators, depending on the context.

Significance of Critical Points

Critical points, also known as equilibrium points, are points in the phase space where the system's state does



not change over time:

\[
\begin{cases}
\frac{dX}{dt} = 0 \\
\frac{dY}{dt} = 0
\end{cases}
\]

Finding these points helps in understanding the possible steady states of the system and analyzing their
stability.

---

Part (a): How to Determine All Critical Points of the Given System

This section provides a step-by-step methodology to identify all equilibrium points for the provided differential
system.

Step 1: Set the Derivatives to Zero

The first step in finding critical points is to set the derivatives equal to zero:

\[
\begin{cases}
X - Y = 0 \\
Y - X = 0
\end{cases}
\]

This gives the conditions under which the system remains unchanged over time.

Step 2: Solve Simultaneously for \(X\) and \(Y\)

From the equations:

\[
X - Y = 0 \Rightarrow X = Y
\]

and

\[
Y - X = 0 \Rightarrow Y = X
\]

we observe that both equations are consistent and imply:

\[
X = Y
\]

This indicates that the critical points lie along the line \(X = Y\) in the phase space.



Step 3: Find the Critical Points

Since the condition for critical points is \(X = Y\), and there are no other constraints, the entire line \(X = Y\)
constitutes a set of critical points. Therefore, the critical points are given by:

\[
\boxed{
\text{All points } (X, Y) \text{ such that } X = Y
}
\]

Summary of Part (a):

- The critical points of the system are all points where \(X = Y\).
- These points form a continuum along the line \(X = Y\) in the phase space.

---

Part (b): Analyzing the Stability of the Critical Points

While the initial part focused on finding the critical points, understanding their stability is equally important.
Stability analysis helps determine whether solutions near these points tend to move toward or away from
them over time.

Linearization of the System

To analyze stability, we employ linearization techniques by constructing the Jacobian matrix of the system at
any critical point.

The system:

\[
\begin{cases}
\frac{dX}{dt} = X - Y \\
\frac{dY}{dt} = Y - X
\end{cases}
\]

has the vector form:

\[
\frac{d}{dt}
\begin{bmatrix}
X \\
Y
\end{bmatrix}
=
\begin{bmatrix}
X - Y \\
Y - X
\end{bmatrix}
\]

The Jacobian matrix \(J\) of the system is:



\[
J =
\begin{bmatrix}
\frac{\partial}{\partial X}(X - Y) & \frac{\partial}{\partial Y}(X - Y) \\
\frac{\partial}{\partial X}(Y - X) & \frac{\partial}{\partial Y}(Y - X)
\end{bmatrix}
=
\begin{bmatrix}
1 & -1 \\
-1 & 1
\end{bmatrix}
\]

Since the Jacobian is constant (independent of \(X, Y\)), the stability analysis simplifies.

Eigenvalues and Stability

To determine the stability, calculate the eigenvalues \(\lambda\) of the Jacobian matrix:

\[
\det(J - \lambda I) = 0
\]

where \(I\) is the identity matrix.

Compute:

\[
\det
\begin{bmatrix}
1 - \lambda & -1 \\
-1 & 1 - \lambda
\end{bmatrix}
= (1 - \lambda)^2 - (-1)(-1) = (1 - \lambda)^2 - 1
\]

Set equal to zero:

\[
(1 - \lambda)^2 - 1 = 0 \Rightarrow (1 - \lambda)^2 = 1
\]

\[
1 - \lambda = \pm 1
\]

Thus,

\[
\lambda = 1 \pm 1
\]

which gives the eigenvalues:

\[
\boxed{
\lambda_1 = 2, \quad \lambda_2 = 0



}
\]

Interpretation:

- The eigenvalue \(\lambda_1 = 2 > 0\) indicates an unstable direction.
- The eigenvalue \(\lambda_2 = 0\) suggests a marginal or neutral stability along that direction.

Conclusion on Stability

Given the eigenvalues, the critical points along the line \(X = Y\) are not asymptotically stable. Specifically,
the presence of a positive eigenvalue indicates that solutions near these points tend to diverge away, pointing
to instability in the system.

---

Summary and Implications of the System Analysis

Understanding the critical points and their stability offers valuable insights into the system's long-term
behavior:

- Critical points are all points where \(X = Y\). These points form an entire line in the phase space.
- Stability analysis reveals that these points are unstable, with solutions tending to diverge away from
equilibrium along certain directions.
- Eigenvalues of the Jacobian matrix are crucial in determining the nature of these critical points.

---

Practical Applications and Relevance

This analysis applies to various real-world systems:

- Ecology: Modeling interactions between predator and prey populations.
- Economics: Analyzing competing markets or investment strategies.
- Engineering: Studying coupled oscillators or control systems.

Understanding how to determine and analyze critical points helps in designing systems that are stable,
predicting long-term behaviors, and avoiding undesirable system states.

---

Conclusion: Mastering the Analysis of Differential Systems

In this comprehensive guide, we've detailed the process of finding all critical points for the system:

\[
\begin{cases}
\frac{dX}{dt} = X - Y \\
\frac{dY}{dt} = Y - X
\end{cases}



\]

by setting derivatives to zero, solving for \(X\) and \(Y\), and analyzing the stability via the Jacobian matrix
and eigenvalues. Recognizing that the entire line \(X = Y\) forms critical points allows for a deeper
understanding of the system's dynamics, stability, and long-term behavior.

By mastering these techniques—setting derivatives to zero, solving algebraic equations, constructing the
Jacobian, and computing eigenvalues—you can analyze a wide array of differential systems efficiently.

Remember:

- Critical points are where the system remains unchanged.
- The stability depends on the eigenvalues of the Jacobian.
- Systems can have entire lines or regions of equilibrium points, not just isolated points.

Whether you are studying biological systems, physical phenomena, or engineering models, these analytical
tools are essential for understanding complex dynamic behaviors.

---
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Frequently Asked Questions

What does the system of differential equations Dx/Dt = X - Y and Dy/Dt =
Y - X represent in terms of its critical points?

The system represents a set of coupled differential equations describing the dynamics between variables X and
Y. Critical points occur where both derivatives are zero, indicating equilibrium states where the system remains
constant over time.

How do you find all critical points for the system Dx/Dt = X - Y and Dy/Dt
= Y - X?

To find critical points, set Dx/Dt = 0 and Dy/Dt = 0, leading to the equations X - Y = 0 and Y - X = 0. Solving
these simultaneously yields the critical point at (X, Y) = (k, k), where k is any real number, indicating a line of
equilibrium points.

Are there multiple critical points or a continuous set for the system Dx/Dt
= X - Y, Dy/Dt = Y - X?

The system has infinitely many critical points along the line X = Y, meaning any point where X equals Y is an
equilibrium, forming a continuum of critical points rather than isolated ones.

What is the significance of the critical points in the phase plane for this
system?

The critical points indicate the system's equilibrium states. Analyzing their stability helps understand whether
trajectories in the phase plane tend to settle at these points or diverge away, revealing the system's long-term
behavior.



How would you classify the stability of the critical points where X = Y in
this system?

Stability can be assessed by linearizing the system around the critical points and examining the eigenvalues of
the Jacobian matrix. For this system, the eigenvalues are zero, indicating a need for further analysis, but
typically, such a line of equilibria may be neutrally stable or saddle points, depending on the context.

Additional Resources
Comprehensive Analysis of the System Dx/Dt = X - Y, Dy/Dt = Y - X: Critical Points and Their Significance

---

Introduction

In the realm of differential equations and dynamical systems, understanding the behavior of coupled systems
such as the one defined by:

\[
\frac{dX}{dt} = X - Y
\]
\[
\frac{dY}{dt} = Y - X
\]

is fundamental. Such systems often model real-world phenomena ranging from biological populations to
mechanical oscillations. A key step in analyzing these systems is identifying the critical points (also known as
equilibrium points or fixed points), which serve as the foundation for understanding long-term behavior,
stability, and possible oscillations or convergence.

This review aims to thoroughly examine the process of determining all critical points for the given system,
interpret their significance, and discuss the broader implications.

---

Understanding the System

The given system can be expressed as:

\[
\boxed{
\begin{cases}
\frac{dX}{dt} = X - Y \\
\frac{dY}{dt} = Y - X
\end{cases}
}
\]

This is a linear, first-order, coupled differential system. The symmetry between the equations hints at potential
behaviors such as convergence to equilibrium, oscillations, or divergence, depending on the stability of the
critical points.

---

The Concept of Critical Points in Differential Systems

Critical points are points in the phase space where the derivatives vanish simultaneously:



\[
\frac{dX}{dt} = 0, \quad \frac{dY}{dt} = 0
\]

Physically, these points represent states where the system experiences no change — equilibrium states. They are
crucial because:

- They serve as attractors, repellers, or saddle points.
- The stability of these points influences the long-term behavior of trajectories.
- Analyzing the nature of critical points helps predict how the system responds to small perturbations.

---

Part (a): Determining All Critical Points

Step 1: Set Derivatives to Zero

To find the critical points, set the right-hand sides of the system to zero:

\[
X - Y = 0
\]
\[
Y - X = 0
\]

Step 2: Solve the System of Equations

From the first equation:

\[
X = Y
\]

Substitute into the second:

\[
Y - X = 0 \Rightarrow Y - Y = 0
\]

which simplifies to:

\[
0 = 0
\]

This indicates that the second equation does not impose additional constraints beyond \(X = Y\). Therefore,
the critical points are all points where:

\[
X = Y
\]

and \(X, Y\) are arbitrary real numbers satisfying this condition.

Result:

\[
\boxed{



\text{Critical points } (X^, Y^) \text{ satisfy } X^ = Y^, \quad \text{for all } X^ \in \mathbb{R}
}
\]

In other words:

\[
\textbf{The set of critical points is the line } \quad \{ (X, Y) \mid Y = X \}
\]

---

Part (b): Analyzing the Nature of Critical Points

Having identified that every point on the line \(Y = X\) constitutes a critical point, the next step involves
understanding the stability of these points. This involves linearization and eigenvalue analysis.

---

Stability Analysis of Critical Points

Step 1: Write the System in Matrix Form

Express the system as:

\[
\frac{d}{dt} \begin{bmatrix} X \\ Y \end{bmatrix} = \mathbf{A} \begin{bmatrix} X \\ Y \end{bmatrix}
\]

where

\[
\mathbf{A} = \begin{bmatrix}
\frac{\partial}{\partial X} (X - Y) & \frac{\partial}{\partial Y} (X - Y) \\
\frac{\partial}{\partial X} (Y - X) & \frac{\partial}{\partial Y} (Y - X)
\end{bmatrix}
= \begin{bmatrix}
1 & -1 \\
-1 & 1
\end{bmatrix}
\]

Notably, this matrix is constant, indicating a linear system with a fixed coefficient matrix.

Step 2: Eigenvalue and Eigenvector Analysis

To analyze stability, find the eigenvalues \(\lambda\) of \(\mathbf{A}\) by solving:

\[
\det (\mathbf{A} - \lambda I) = 0
\]

Calculations:

\[
\det \begin{bmatrix}
1 - \lambda & -1 \\
-1 & 1 - \lambda
\end{bmatrix} = (1 - \lambda)^2 - 1 = 0



\]

\[
(1 - \lambda)^2 = 1
\]

\[
1 - \lambda = \pm 1
\]

which yields:

- For \(1 - \lambda = 1\):

\[
\lambda = 0
\]

- For \(1 - \lambda = -1\):

\[
\lambda = 2
\]

Eigenvalues:

\[
\boxed{
\lambda_1 = 0, \quad \lambda_2 = 2
}
\]

Step 3: Interpret Eigenvalues

- Eigenvalue \(\lambda = 2\): positive real part, indicates an unstable direction, exponential growth away
from the critical line along the corresponding eigenvector.
- Eigenvalue \(\lambda = 0\): neutral (neither decaying nor growing), suggests a center or a marginally stable
direction.

Step 4: Eigenvectors

Find the eigenvectors:

- For \(\lambda = 2\):

\[
(\mathbf{A} - 2 I) \mathbf{v} = 0
\]

\[
\begin{bmatrix}
-1 & -1 \\
-1 & -1
\end{bmatrix} \mathbf{v} = 0
\]

This reduces to:

\[



- v_1 - v_2 = 0 \Rightarrow v_2 = - v_1
\]

Eigenvector:

\[
\mathbf{v}_2 = \begin{bmatrix} 1 \\ -1 \end{bmatrix}
\]

- For \(\lambda = 0\):

\[
(\mathbf{A} - 0 I) \mathbf{v} = 0
\]

\[
\begin{bmatrix}
1 & -1 \\
-1 & 1
\end{bmatrix} \mathbf{v} = 0
\]

which simplifies to:

\[
v_1 - v_2 = 0 \Rightarrow v_2 = v_1
\]

Eigenvector:

\[
\mathbf{v}_0 = \begin{bmatrix} 1 \\ 1 \end{bmatrix}
\]

Step 5: Implications for System Behavior

- The eigenvector \(\mathbf{v}_2\) points along the line \(Y = -X\), associated with the eigenvalue 2,
indicating an unstable direction along that line.
- The eigenvector \(\mathbf{v}_0\) points along the line \(Y = X\), associated with eigenvalue 0, implying
neutral stability along that direction.

Overall, the critical points form a line of equilibria \(Y = X\), with the system exhibiting saddle-like behavior
owing to the mixed eigenvalues.

---

Broader Interpretation and Physical Significance

Nature of the Critical Line

The critical points forming the line \(Y = X\) suggest a degenerate set of equilibria, meaning the system's long-
term behavior heavily depends on initial conditions:

- Trajectories starting on the line \(Y = X\): The system remains at rest, as they are equilibrium points.
- Trajectories near the line: Due to the eigenvalues, some directions lead away from the line (unstability), while
others are neutral, possibly resulting in trajectories that move towards or along the line without settling,
depending on initial conditions.

Stability and System Dynamics



The eigenvalues indicate that:

- Along the eigenvector \(\mathbf{v}_2\), the system experiences exponential divergence (instability).
- Along the eigenvector \(\mathbf{v}_0\), the system exhibits neutral behavior, implying the existence of center
manifolds.

This mixed stability points to the presence of saddle points along the line \(Y = X\), which are structurally
unstable under perturbations but crucial in understanding the phase portrait.

---

Visualizing the Phase Portrait

A phase-space diagram would depict:

- A line of critical points along \(Y = X\).
- Trajectories approaching or diverging from this line depending on initial conditions.
- The unstable eigenvector indicating directions along which trajectories are repelled away from equilibrium.

---

Practical Implications

Understanding the critical points and their stability informs various applications:

- Engineering Systems: Recognizing points of equilibrium helps in designing control systems to maintain stability
or induce desired behaviors.
- Biological Models: Equilibria line may correspond to steady states or
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