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Particles, Which Turns Out to be a fundamental concept in kinetic theory and
statistical mechanics. These equations illustrate the relationship between
the root-mean-square (RMS) velocity and the average velocity of gas
particles, revealing that the RMS velocity is always greater than the average
velocity in a gas. Understanding this inequality provides deep insights into
the microscopic behavior of particles, the distribution of their speeds, and
the thermodynamic properties of gases. In this comprehensive article, we will
explore the derivation, significance, and implications of these equations,
shedding light on why Vrms exceeds Vavg and how this influences the
macroscopic properties of gases.

Introduction to Gas Particle Velocities

Gas particles are in constant, random motion, moving in various directions
with a wide range of speeds. The statistical nature of their velocities is
described by probability distributions, primarily the Maxwell-Boltzmann
distribution. Two key quantities derived from this distribution are:

- Average velocity (Vavg): The mean of the absolute velocities of particles.
- Root-mean-square velocity (Vrms): The square root of the average of the
squared velocities.

These two measures characterize different aspects of the velocity
distribution and have distinct physical interpretations.

Understanding the Velocity Distributions

The Maxwell-Boltzmann Distribution

The Maxwell-Boltzmann distribution provides the probability density function
for the speed of particles in an ideal gas:

\[
f(v) = \left( \frac{m}{2 \pi k_B T} \right)^{3/2} 4 \pi v^2 \exp \left( -
\frac{m v^2}{2 k_B T} \right)
\]

where:



- \(m\) is the mass of a gas particle,
- \(k_B\) is Boltzmann's constant,
- \(T\) is the temperature,
- \(v\) is the speed of particles.

This distribution indicates that particle speeds are not uniform but spread
over a range, with a most probable speed, an average speed, and an RMS speed.

Definitions of Velocities

- Average velocity (Vavg):

\[
V_{avg} = \int_0^\infty v f(v) dv
\]

- Root-mean-square velocity (Vrms):

\[
V_{rms} = \sqrt{ \int_0^\infty v^2 f(v) dv }
\]

The relationship between these two velocities is crucial for understanding
the microscopic kinetic behavior of gases.

Derivation of Equations 21.25 and 21.26

Equation 21.25: The Expression for Vrms

The derivation begins with calculating the mean of the squared velocities:

\[
\langle v^2 \rangle = \int_0^\infty v^2 f(v) dv
\]

Using the properties of the Maxwell-Boltzmann distribution and standard
integrals, it can be shown that:

\[
\langle v^2 \rangle = \frac{3 k_B T}{m}
\]

Therefore, the root-mean-square velocity is:

\[
V_{rms} = \sqrt{ \langle v^2 \rangle } = \sqrt{ \frac{3 k_B T}{m} }
\]

This is Equation 21.25, expressing the RMS velocity in terms of temperature



and particle mass.

Equation 21.26: The Expression for Vavg

Similarly, the average of the absolute velocity is given by:

\[
V_{avg} = \int_0^\infty v f(v) dv
\]

Evaluating this integral results in:

\[
V_{avg} = \sqrt{ \frac{8 k_B T}{\pi m} }
\]

This is Equation 21.26, expressing the average velocity.

The Key Relationship: Vrms > Vavg

By comparing Equations 21.25 and 21.26:

\[
V_{rms} = \sqrt{ \frac{3 k_B T}{m} } \quad \text{and} \quad V_{avg} = \sqrt{
\frac{8 k_B T}{\pi m} }
\]

we see that:

\[
V_{rms} > V_{avg}
\]

since

\[
\sqrt{3} \approx 1.732, \quad \text{and} \quad \sqrt{\frac{8}{\pi}} \approx
1.596
\]

and thus:

\[
V_{rms} \approx 1.732 \times \sqrt{\frac{k_B T}{m}} > 1.596 \times
\sqrt{\frac{k_B T}{m}} \approx V_{avg}
\]

This inequality confirms the statement that the RMS velocity exceeds the
average velocity for a collection of gas particles.



Physical Significance of Vrms Greater Than Vavg

Why Is Vrms Greater Than Vavg?

The fundamental reason stems from the statistical properties of the velocity
distribution:

- Distribution skewness: The Maxwell-Boltzmann distribution is skewed toward
higher velocities, meaning that while most particles have velocities near the
most probable speed, some have significantly higher speeds.
- Quadratic averaging: The RMS velocity involves squaring the velocities
before averaging. Since higher velocities contribute disproportionately when
squared, Vrms naturally becomes larger than Vavg, which is a simple linear
average.

Implications for Gas Behavior

This inequality has several important implications:

- Kinetic energy considerations: The RMS velocity relates directly to the
average kinetic energy per particle:

\[
\langle KE \rangle = \frac{1}{2} m V_{rms}^2
\]

- Diffusion and transport phenomena: The higher RMS velocity indicates that
some particles move faster than the average, influencing diffusion rates,
viscosity, and thermal conductivity.
- Temperature dependence: Both velocities increase with temperature, but
their ratio remains constant, emphasizing the fundamental statistical nature
of particle speeds.

Practical Applications and Examples

Real-World Scenario: Gas Law Calculations

Understanding the relationship between Vrms and Vavg is essential in:

- Designing chemical reactors: Estimating how quickly gases diffuse or react.
- Aerospace engineering: Calculating particle impacts and heat transfer in
high-altitude atmospheres.
- Climate modeling: Predicting the behavior of atmospheric gases.

Example Calculation

Suppose you have nitrogen molecules (\(N_2\)) at room temperature (T ≈ 300
K). The mass of an \(N_2\) molecule is approximately \(4.65 \times 10^{-26}\)



kg.

- Calculate \(V_{rms}\):

\[
V_{rms} = \sqrt{\frac{3 k_B T}{m}} = \sqrt{\frac{3 \times 1.38 \times
10^{-23} \times 300}{4.65 \times 10^{-26}}} \approx 517 \text{ m/s}
\]

- Calculate \(V_{avg}\):

\[
V_{avg} = \sqrt{\frac{8 k_B T}{\pi m}} = \sqrt{\frac{8 \times 1.38 \times
10^{-23} \times 300}{\pi \times 4.65 \times 10^{-26}}} \approx 481 \text{
m/s}
\]

This example illustrates that \(V_{rms} \approx 517 \, \text{m/s} > V_{avg}
\approx 481 \, \text{m/s}\), confirming the theoretical inequality.

Conclusion

The equations 21.25 and 21.26 encapsulate a fundamental aspect of the
microscopic behavior of gases: the root-mean-square velocity is always
greater than the average velocity. This distinction arises from the
statistical nature of particle velocities and the quadratic dependence
involved in the RMS calculation. Recognizing that \(V_{rms} > V_{avg}\) is
crucial for understanding various thermodynamic and kinetic phenomena,
including diffusion, thermal conduction, and reaction rates. These concepts
serve as foundational principles in physics, chemistry, and engineering,
underpinning our comprehension of gas behavior at the microscopic level.

Summary of Key Points

- The Maxwell-Boltzmann distribution describes the statistical spread of
particle speeds in a gas.
- Equations 21.25 and 21.26 provide formulas for RMS velocity and average
velocity, respectively.
- The RMS velocity exceeds the average velocity due to the quadratic nature
of the RMS calculation.
- This inequality influences the kinetic energy, transport properties, and
dynamic behavior of gases.
- Practical calculations confirm the theoretical relationship, reinforcing
its significance in real-world applications.

Understanding these fundamental relationships enhances our grasp of the



microscopic world and informs the design and analysis of systems involving
gases across scientific and engineering disciplines.

Frequently Asked Questions

What are Equations 21.25 and 21.26 in the context of
gas particles?
Equations 21.25 and 21.26 relate to the statistical properties of gas
particle velocities, specifically defining the root mean square velocity
(Vrms) and the average velocity (Vavg) of particles in a gas.

How do Equations 21.25 and 21.26 demonstrate that
Vrms is greater than Vavg?
By deriving expressions for Vrms and Vavg, it can be shown mathematically
that Vrms, which accounts for the squared velocities, always exceeds Vavg,
which is based on the mean of velocities, because of the influence of higher
velocity fluctuations.

Why is Vrms greater than Vavg in a collection of gas
particles?
Vrms is greater than Vavg because Vrms incorporates the square of velocities,
emphasizing the contribution of particles moving at higher speeds, whereas
Vavg is a simple average, so the variance causes Vrms to be larger.

What physical significance does the inequality Vrms
> Vavg hold for gas particles?
This inequality indicates that the average of the squares of particle
velocities is larger than the square of the average velocity, reflecting the
presence of fluctuations in particle speeds and the distribution of
velocities in the gas.

Can you derive the relation between Vrms and Vavg
using Equations 21.25 and 21.26?
Yes. Starting from the definitions in Equations 21.25 and 21.26, the
derivation shows that Vrms = √(Vavg² + variance), which is always greater
than Vavg because variance is positive, thus Vrms > Vavg.

What implications does the fact that Vrms > Vavg



have in understanding kinetic theory of gases?
It highlights that individual particle velocities vary around the average,
and the kinetic energy distribution is such that some particles move
significantly faster, which is essential for understanding properties like
pressure and temperature in gases.

Additional Resources
Equations 21.25 and 21.26 Show That Vrms > Vavg For A Collection Of Gas
Particles, Which Turns Out

In the realm of kinetic theory and thermodynamics, understanding the motion
of gas particles is fundamental to grasping how gases behave under various
conditions. A pivotal insight emerges from examining the relationship between
the average velocity of particles and their root-mean-square
velocity—specifically, the fact that the root-mean-square velocity (\(
V_{rms} \)) exceeds the average velocity (\( V_{avg} \)). Equations 21.25 and
21.26, derived from the statistical analysis of particle velocities,
demonstrate this inequality explicitly. This revelation not only deepens our
understanding of molecular motion but also forms the backbone of many
practical applications, from gas dynamics to thermodynamic calculations. This
article explores these equations in detail, elucidates their derivation, and
discusses their significance in the broader context of physical science.

---

Understanding Particle Velocities in Gases

The Kinetic Theory of Gases

The kinetic theory models a gas as a large collection of tiny particles—atoms
or molecules—in constant, random motion. These particles collide elastically
with each other and with the container walls, leading to observable
macroscopic properties like pressure and temperature. To predict and analyze
these properties, scientists analyze the distribution of particle velocities.

Velocity Distributions and Statistical Averages

Since individual particles move unpredictably, the focus shifts from
individual velocities to statistical measures. Two key averages are
considered:

- Average velocity (\( V_{avg} \)): The mean of the particle velocities,



considering their absolute values.
- Root-mean-square velocity (\( V_{rms} \)): The square root of the average
of the squares of the velocities, giving more weight to higher velocities.

Mathematically, these are expressed as:

\[
V_{avg} = \langle v \rangle = \frac{1}{N} \sum_{i=1}^N v_i
\]

\[
V_{rms} = \sqrt{\langle v^2 \rangle} = \sqrt{\frac{1}{N} \sum_{i=1}^N v_i^2}
\]

where \( N \) is the total number of particles, and \( v_i \) is the velocity
of the \( i^{th} \) particle.

---

Derivation and Significance of Equations 21.25
and 21.26

Equation 21.25: The Relationship Between \( V_{rms}
\) and Velocity Distribution

Equation 21.25 arises from the statistical framework of molecular velocities,
specifically from the Maxwell-Boltzmann distribution. It establishes that the
root-mean-square velocity of particles in a gas exceeds their average
velocity:

\[
V_{rms} > V_{avg}
\]

This inequality is rooted in the mathematical properties of averages and the
fact that squaring emphasizes higher velocities more than lower velocities.
The derivation hinges on the convexity of the square function, which implies
through Jensen's inequality that:

\[
\langle v^2 \rangle \geq \langle v \rangle^2
\]

Taking square roots on both sides yields:

\[



V_{rms} = \sqrt{\langle v^2 \rangle} \geq \langle v \rangle = V_{avg}
\]

Moreover, the inequality is strict unless all particles move at the same
velocity—a physical impossibility in thermally agitated gases.

Equation 21.26: Quantitative Expression of the
Inequality

Equation 21.26 quantifies the difference between these two measures, often
presenting the relation in terms of temperature or molecular properties. For
instance, relating \( V_{rms} \) to the temperature \( T \):

\[
V_{rms} = \sqrt{\frac{3k_B T}{m}}
\]

where \( k_B \) is Boltzmann’s constant and \( m \) is the mass of a
molecule.

Similarly, the average speed \( V_{avg} \) can be expressed as:

\[
V_{avg} = \sqrt{\frac{8k_B T}{\pi m}}
\]

These expressions explicitly show that:

\[
V_{rms} = \sqrt{\frac{3k_B T}{m}} \quad \text{and} \quad V_{avg} =
\sqrt{\frac{8k_B T}{\pi m}}
\]

which confirms that:

\[
V_{rms} > V_{avg}
\]

because:

\[
\sqrt{\frac{3}{1}} \approx 1.732 \quad \text{and} \quad \sqrt{\frac{8}{\pi}}
\approx 1.596
\]

Thus, the numerical factors reinforce the inequality.

---



Physical Implications of \( V_{rms} > V_{avg}
\)

Understanding Molecular Speed Distributions

The fact that \( V_{rms} \) exceeds \( V_{avg} \) indicates that the
molecular speed distribution is skewed, with a tail extending toward higher
velocities. Most molecules move at speeds near the most probable speed, but a
significant fraction move much faster, raising the average of the squares of
velocities more than the simple average.

Impact on Thermodynamic Properties

- Temperature and Kinetic Energy: The \( V_{rms} \) relates directly to the
average kinetic energy of molecules, which in turn defines the temperature of
the gas. The higher the \( V_{rms} \), the greater the average kinetic
energy.
- Pressure and Collision Dynamics: Molecules with higher velocities collide
more energetically, influencing pressure and transport phenomena such as
diffusion and viscosity.

Practical Significance

Knowing that \( V_{rms} \) exceeds \( V_{avg} \) helps in:

- Designing gas flow systems where maximum particle velocities influence
erosion or wear.
- Interpreting spectroscopic data that depends on molecular motions.
- Developing accurate models for gas behavior at different temperatures and
pressures.

---

Broader Context and Applications

Statistical Mechanics and Thermodynamics

The inequalities derived from equations 21.25 and 21.26 underscore the
importance of statistical approaches in physics, illustrating how macroscopic
properties emerge from microscopic behavior. These equations serve as



foundational tools in statistical mechanics, enabling scientists to connect
measurable quantities like temperature and pressure with the underlying
molecular motions.

Designing Experiments and Interpreting Data

In experimental physics and chemistry, understanding the relationship between
different velocity averages assists in interpreting data from techniques such
as:

- Molecular beam experiments: Which measure velocity distributions directly.
- Spectroscopy: Where Doppler broadening relates to molecular velocities.
- Kinetic modeling: For predicting reaction rates and gas flow behavior.

Technological and Industrial Relevance

From aerospace engineering to environmental science, knowing that \( V_{rms}
> V_{avg} \) guides the development of:

- High-speed aerodynamics models.
- Pollution dispersion calculations.
- Design of efficient combustion engines.

---

Conclusion

The inequalities expressed by Equations 21.25 and 21.26 are more than mere
mathematical curiosities; they are fundamental truths about the random,
energetic nature of molecules in a gas. The fact that the root-mean-square
velocity surpasses the average velocity reflects the distribution's skewness
and the presence of high-energy particles that disproportionately influence
the kinetic energy and thermodynamic state of the gas. Recognizing and
understanding this relationship enriches our comprehension of molecular
dynamics and enhances our ability to predict and manipulate gaseous systems
across scientific and engineering disciplines. As such, these equations
exemplify the elegant interplay between statistical mathematics and physical
reality, illuminating the microscopic world that underpins much of our
macroscopic experience.
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