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ET Up THe TRIPLE INTEGRAL IN CYLINDRICAL COORDINATES To INTEGRATE THE FUncTION F(x, Y, Z)=1/3x +3Y + s A
FUNDAMENTAL PROCESS IN MULTIVARIABLE CALCULUS, ALLOWING US TO EVALUATE VOLUMES AND OTHER INTEGRAL
QUANTITIES OVER THREE-DIMENSIONAL REGIONS WITH SYMMETRY PROPERTIES BETTER SUITED TO CYLINDRICAL COORDINATES.
\UNDERSTANDING HOW TO CONVERT A TRIPLE INTEGRAL FROM CARTESIAN (X, ¥, Z) COORDINATES TO CYLINDRICAL
COORDINATES SIMPLIFIES COMPLEX INTEGRATIONS, ESPECIALLY WHEN THE REGION OF INTEGRATION OR THE INTEGRAND EXHIBITS
CIRCULAR SYMMETRY.

THIS COMPREHENSIVE GUIDE WILL WALK YOU THROUGH THE PROCESS OF SETTING UP AND EVALUATING A TRIPLE INTEGRAL OF
THE FUNCTION \( F(x, v, 2) = \FRAC{ 1}{3}x + 3Y + \), FOCUSING ON THE CONVERSION TO CYLINDRICAL COORDINATES, THE
FORMULATION OF THE BOUNDS, AND THE CALCULATION STEPS INVOLVED.

UNDERSTANDING CYLINDRICAL COORDINATES

WHAT ARe CYLINDRICAL COORDINATES?

CYLINDRICAL COORDINATES ARE A THREE-DIMENSIONAL COORDINATE SYSTEM THAT EXTENDS POLAR COORDINATES INTO THE
THIRD DIMENSION BY INCORPORATING HEIGHT \(Z\) A POINT IN SPACE IS DESCRIBED BY THREE VARIABLES:

e \(R\) — THE DISTANCE FROM THE POINT TO THE Z-AXIS (RADIUS)

o \(\THETA \) — THE ANGLE BETWEEN THE POSITIVE X-AXIS AND THE PROJECTION OF THE POINT ONTO THE XY-PLANE
(AZIMUTHAL ANGLE)

e \(z\) — THE HEIGHT ABOVE THE XY-PLANE

THE RELATIONSHIPS BETWEEN CARTESIAN AND CYLINDRICAL COORDINATES ARE:

\[

\BEGIN{CASES}

x =R \cos \THeTA \\
vy =r \sin \THETA \\
7=1

\eno{cases}

\]

THE JACOBIAN DETERMINANT FOR THE TRANSFORMATION FROM CARTESIAN TO CYLINDRICAL COORDINATES INTRODUCES A
FACTOR \( R \) INTO THE INTEGRAND WHEN CONVERTING VOLUME ELEMENTS:

\l

oV =r\,0r \, D\THETA \, Dz

\]



ConverTING THE FuncTIoN \(F(X, v, 2)\) To CyLINDRICAL COORDINATES

ExpressING \(x\) anp \(¥\) INn CyLinoricaL COORDINATES

GIVEN THE FUNCTION:

\[

F(x, v, 2) = \rRAc{ 1}{3}x + 3v + \TexT{(ADDITIONAL TERMS, IF ANY)]}
\]

- Repace \(x\) wiTH \(r \cos \THeTA\):
\[

x =R \cos \THETA

\]

- RepLAce \(¥\) wiTH \(r \sin \THETA\):
\[

vy =R \sIN \THETA

\]

THUS, THE FUNCTION BECOMES:!

\l

F(r, \THETA, z) = \FRAC{ 1}{3} & \cos \THETA + 3 R \sIN \THETA + \TEXT{(ADDITIONAL TERMS)}

\]

IF THE FUNCTION HAS MORE TERMS, SUBSTITUTE ACCORDINGLY.

SETTING UP THE TRIPLE INTEGRAL IN CYLINDRICAL COORDINATES

DETERMINING THE REGION OF INTEGRATION

THe LTS For \(R, \THETA,\) AND \(z\) DEPEND ON THE SPECIFIC REGION OVER WHICH YOU ARE INTEGRATING. COMMON
REGIONS INCLUDE CYLINDERS, SPHERES, CONES, OR MORE COMPLEX SHAPES WITH SYMMETRY SUITABLE FOR CYLINDRICAL
COORDINATES.

SUPPOSE, FOR EXAMPLE, YOU WANT TO INTEGRATE OVER A CYLINDRICAL REGION DEFINED BY:

-RaDIUs \(R \) FROM O To \(R \)
- ANGLE \( \THETA \) FROM O To \( 2\P1 \)
- Heiht \( 2 \) rrom \(z_{MiN}\) To \(z_{max]}\)

THE BOUNDS ARE:

\[

O \LteQr \teQ R \\

0 \LeQ \THETA \LEQ 2\Pi \\
z {MN} \LEQ 7 \LeQ z_{MAX]



\]

FORMULATING THE INTEGRAL

THE GENERAL FORM OF THE TRIPLE INTEGRAL IN CYLINDRICAL COORDINATES IS:

\[
\int_{V3F(x, v, 2) \, oV = \inT_{z_{mMn}}"{z_{Max}} \inT_{O}*{2\pi} \inT_{O}*{R} F(&, \THETA, 2) \, R\, DR\,
D\THETA \, Dz

\]

NoTe THAT THE INTEGRAND \( F(R, \THETA, z) \) IS EXPRESSED IN CYLINDRICAL COORDINATES, AND THE VOLUME ELEMENT \(
oV \) secomes \(r \, or \, D\THETA \, Dz \).

ExAMPLE: SETTING UP AND EVALUATING THE INTEGRAL

SUPPOSE THE REGION IS A CYLINDER OF RADIUS 2 AND HEIGHT S , CENTERED AT THE
ORIGIN

-\(r\)FROM O TO 2
-\C\THETA \) FROM O TO \( 2\P1 \)
-\(z\)FrRomM 0 10 5

THE INTEGRAL BECOMES:

\[
| = \INT_{z=03"{53 \inT_{\THETA=0}"{2\P1} \inT_{r=03"{2} \LerT( \rrAc{ 1} 3} r \cos \THETA + 3 R \SIN \THETA
\RIGHT) R \, DR \, D\THETA \, DZ

\]

SIMPLIFY THE INTEGRAND:

\[
\LErT( \FrAC{13}{3} r \cos \THETA + 3 r \sIN \THETA \rIGHT) R = \FRAC{ 13}{3} "2 \cos \THETA + 3 R"2 \sIN \THETA

\]

EVALUATING THE INTEGRAL STEP-BY-STEP

STep 1: INTEGRATE wiITH REsPECT To \( R \):

\[
\INT_{03™{23 \LerT( \rrRAC{13}{3} "2 \cos \THeTA + 3 R"2 \sIN \THETA \RIGHT) DR
\]



Since \( \cos \THETA \) anD \( \siN \THETA \) ARE TREATED AS CONSTANTS DURING THE \( R \)-INTEGRATION:

\[
= \cos \THeTA \INT_{0}"{2} \rrAc{TH3} r"2 Dr + \sin \THETA \iINT_{03"{2} 3 "2 DR
\]

CALCULATE EACH:

\[
\INT_{0}*{23 r"2 pr = \FrRAC{R"3}{3} \BIGa| 0”2 = \rrac{8}{3}
\]

So,

\[

= \cos \THeTA \TiMEs \FrRAC{ 13{3} \TiMes \FrAC{83{33} + \sin \THETA \TiMeS 3 \TiMES \FRAC{8}{ 3}

\]

SIMPLIFY:

\l

= \cos \THeTA \TiMEs \FRAC{83}{9} + \sINn \THETA \TIMES 8

\]

STeP 2: INTEGRATE WITH RESPECT To \( \THETA \):

\[
\INT_{03"{2\P1} \LerT( \rrAC{8}{9} \cos \THETA + 8 \sIN \THETA \RIGHT) D\THETA

\]

BREAK INTO TWO INTEGRALS:

\[
\rrAC{83{93 \inT_{03*{2\P1} \cos \THeTA D\THETA + 8 \iNT_{03"{2\P1} \SIN \THETA D\THETA
\]

EVALUATE:

\[

\INT_{03*{2\P1} \cos \THETA D\THETA =0
\]

\[

\INT_{03*{2\P1} \sIN \THETA D\THETA =0
\]

THUS, THE ENTIRE INTEGRAL OVER \( \THETA \) IS zERO.

Step 3: INTEGRATE over \(z \):

\[
\inT_{0}*{530\,02=0
\]

THE RESULT OF THE INTEGRAL OVER THE ENTIRE REGION IS ZERO, DUE TO SYMMETRY PROPERTIES OF SINE AND COSINE FUNCTIONS
OVER A FULL PERIOD.



Key TAKEAWAYS FOR SETTING UP CYLINDRICAL INTEGRALS

o ALwAys converRT \( x \) anp \( ¥ \) To \(r \cos \tHeTA \) AND \( R \sSIN \THETA \), RESPECTIVELY.
e Express THE INTEGRAND IN TERMS oF \(R \), \( \THETA \), AND \(Z \).

o DeTERMINE THE BOUNDS FOR \( R \), \( \THETA \), AND \( Z \) BASED ON THE GEOMETRIC REGION.

INcLUDE THE JacoBiaN \( R \) IN THE voLUME ELEMENT \( DV \).

® \W/HEN INTEGRATING TRIGONOMETRIC FUNCTIONS OVER FULL PERIODS, BE AWARE THAT THE INTEGRALS MAY CANCEL OUT,
RESULTING IN ZERO FOR SYMMETRIC REGIONS.

ADDITIONAL T1Ps AND CoMMON MISTAKES

Tips

- CAREFULLY IDENTIFY THE SYMMETRY OF THE REGION TO CHOOSE THE MOST CONVENIENT COORDINATE SYSTEM.
- ALWAYS DOUBLE-CHECK THE BOUNDS AFTER CONVERTING FROM CARTESIAN TO CYLINDRICAL COORDINATES.

- SIMPLIFY THE INTEGRAND BEFORE INTEGRATING TO MAKE CALCULATIONS MORE MANAGEABLE.

- USE SYMMETRY TO EVALUATE INTEGRALS INVOLVING SINE AND COSINE FUNCTIONS EFFICIENTLY.

CoMMoN MISTAKES To AvolD

- FORGETTING To INCLUDE THE JACOBIAN \( R \) IN THE VOLUME ELEMENT.

- INCORRECTLY DETERMINING BOUNDS, ESPECIALLY FOR IRREGULAR REGIONS.

- OVERLOOKING THE PERIODIC NATURE OF TRIGONOMETRIC FUNCTIONS, LEADING TO MISCALCULATIONS.
- CONFUSING THE ORDER OF INTEGRATION, WHICH CAN AFFECT THE BOUNDS AND THE INTEGRAND.

FREQUENTLY AskeD QUESTIONS

How Do | SET UP A TRIPLE INTEGRAL IN CYLINDRICAL COORDINATES FOR THE FUNCTION
F(x,v,2)=1/3x+3v+.7°

TO SET UP THE TRIPLE INTEGRAL IN CYLINDRICAL COORDINATES, EXPRESS X AND Y IN TERMS OF R AND ©: X =R COS ©, Y =R SIN
©. THE FUNCTION THEN BECOMES F(R, ©,2) = (1/3) R cos © + 3R SIN© + .... THE VOLUME ELEMENT DV = R DR DO DZ.
DEFINE THE LIMITS FOR R, ©, AND Z BASED ON THE REGION OF INTEGRATION, THEN INTEGRATE ACCORDINGLY.

\WHAT ARE THE STEPS TO CONVERT THE FUNCTION F(X, ¥,2) = 1/3x + 3 v + ...



INTO CYLINDRICAL COORDINATES?

REPLACE X WITHR COS © AND ¥ WITHR SIN©@: F(R, ©,2) = (1/3)rRcos © + 3R SIN© + ... THIS SIMPLIFIES THE FUNCTION
IN CYLINDRICAL COORDINATES, MAKING IT EASIER TO PERFORM THE INTEGRATION OVER THE DESIRED REGION.

How DO | DETERMINE THE LIMITS OF INTEGRATION IN CYLINDRICAL COORDINATES FOR A
GIVEN REGION?

IDENTIFY THE BOUNDS OF THE REGION IN X, Y, AND Z. CONVERT THESE BOUNDS INTO R, ©, AND Z USING THE RELATIONSHIPS X = R
COS © AND Y =R SIN ©. FOR EXAMPLE, IF THE REGION IS A CYLINDER OF RADIUS R, THEN R VARIES FROM O TO R, e rroM O TO
2I'I/ AND Z DEPENDS ON THE HEIGHT LIMITS.

\WHAT IS THE VOLUME ELEMENT IN CYLINDRICAL COORDINATES , AND HOW DOES IT
AFFECT THE INTEGRAL SETUP?

THE VOLUME ELEMENT IN CYLINDRICAL COORDINATES IS DV = R DR DO DZ. THE FACTOR R ACCOUNTS FOR THEJACOBIAN OF THE
TRANSFORMATION FROM CARTESIAN TO CYLINDRICAL COORDINATES, ENSURING THE INTEGRAL CORRECTLY MEASURES VOLUME IN
THE CYLINDRICAL SYSTEM.

CaN | INTEGRATE THE FUNCTION F(X, ¥, 2) = 1/3 x + 3 Y + ... DIRECTLY IN
CYLINDRICAL COORDINATES?

YES. AFTER CONVERTING X AND Y TO R AND ©, EXPRESS THE ENTIRE INTEGRAND IN TERMS OF R, ©, AND Z, THEN SET UP THE
BOUNDS AND INTEGRATE WITH RESPECT TO R, ©, AND Z ACCORDINGLY.

How DOES SYMMETRY HELP IN INTEGRATING FUNCTIONS LIKE F(x, ¥, 2) = 1/3 x + 3 ¥
+ ... IN CYLINDRICAL COORDINATES?

SYMMETRY CAN SIMPLIFY THE INTEGRAL. FOR EXAMPLE, IF THE REGION OR THE INTEGRAND IS SYMMETRIC ABOUT CERTAIN AXES,
SOME INTEGRALS MAY EVALUATE TO ZERO, REDUCING THE COMPUTATIONAL EFFORT.

\WHAT SHOULD | PAY ATTENTION TO WHEN INTEGRATING THE TERM INVOLVING X AND Y
IN CYLINDRICAL COORDINATES?

REMEMBER THAT X =R COS © AND Y = R SIN ©. W/HEN INTEGRATING, THE ANGULAR PART © OFTEN CAUSES CERTAIN TERMS TO
VANISH OVER SYMMETRIC LIMITS, ESPECIALLY WHEN INTEGRATING SINE OR COSINE OVER A FULL PERIOD. CAREFULLY HANDLE
THESE TO SIMPLIFY THE INTEGRAL.

IS THERE A GENERAL FORMULA FOR CONVERTING TRIPLE INTEGRALS FROM CARTESIAN TO
CYLINDRICAL COORDINATES?

Yes. FOR A TRIPLE INTEGRAL OVER A REGION R, THE CONVERSION INVOLVES REPLACING X, Y, Z WITHR COS ©, R SIN ©, AND Z,
RESPECTIVELY, AND MULTIPLYING THE INTEGRAND BY R, WITH LIMITS TRANSFORMED ACCORDINGLY. THE INTEGRAL BECOMES [}] _R
F(R, ©, 2) R DR DO DZ.

\WHAT ARE COMMON MISTAKES TO AVOID WHEN SETTING UP CYLINDRICAL COORDINATE
INTEGRALS FOR THIS TYPE OF FUNCTION?

COMMON MISTAKES INCLUDE FORGETTING THEJACOBIAN FACTOR R IN THE VOLUME ELEMENT, MIXING UP THE LIMITS OF R AND ©,
AND NOT PROPERLY TRANSFORMING THE REGION'S BOUNDS. ALWAYS DOUBLE-CHECK THE LIMITS AND THE INTEGRAND'S
EXPRESSION IN CYLINDRICAL COORDINATES.



ADDITIONAL RESOURCES

ET Up THe TRIPLE INTEGRAL IN CYLINDRICAL COORDINATES TO INTEGRATE THE FUNCTION F(X, Y, Z) = 1/3x + 3v + ...

INTRODUCTION

IN THE REALM OF MULTIVARIABLE CALCULUS, THE ABILITY TO EVALUATE TRIPLE INTEGRALS EFFICIENTLY AND ACCURATELY IS
FUNDAMENTAL TO SOLVING COMPLEX PROBLEMS IN PHYSICS, ENGINEERING, AND APPLIED MATHEMATICS. AMONG THE VARIOUS
COORDINATE SYSTEMS USED FOR THIS PURPOSE, CYLINDRICAL COORDINATES STAND OUT FOR THEIR SUITABILITY IN PROBLEMS
EXHIBITING CYLINDRICAL SYMMETRY. THIS ARTICLE AIMS TO THOROUGHLY INVESTIGATE THE PROCESS OF SETTING UP A TRIPLE
INTEGRAL IN CYLINDRICAL COORDINATES, SPECIFICALLY FOR THE GIVEN FUNCTION \( F(x, v, z) = \rrRac{13}{3}x + 3y +
\LDoTs \), AND TO ELUCIDATE THE STEPS INVOLVED IN TRANSFORMING AND EVALUATING SUCH INTEGRALS.

THE SIGNIFICANCE OF COORDINATE TRANSFORMATION IN MULTIVARIABLE INTEGRATION

TRIPLE INTEGRALS OFTEN INVOLVE COMPLEX REGIONS THAT ARE DIFFICULT TO PARAMETERIZE IN CARTESIAN COORDINATES.
TRANSITIONING TO CYLINDRICAL COORDINATES SIMPLIFIES THE PROCESS, ESPECIALLY WHEN THE REGION OF INTEGRATION HAS
CIRCULAR OR CYLINDRICAL SYMMETRY.

WHY CHoosE CyLINDRICAL COORDINATES?

- SYMMETRY EXPLOITATION: MANY PHYSICAL PROBLEMS, SUCH AS HEAT DISTRIBUTION IN A CYLINDER OR FLUID FLOW WITHIN
PIPES, NATURALLY ALIGN WITH CYLINDRICAL SYMMETRY.

- SIMPLIFICATION OF BOUNDARIES: CIRCULAR AND CYLINDRICAL BOUNDARIES BECOME EASIER TO DESCRIBE USING RADIUS \( R \)
AND ANGLE \( \THETA \).

- RepucTionN of CoMPLEXITY: COORDINATE TRANSFORMATION OFTEN REDUCES MULTIDIMENSIONAL INTEGRALS INTO MORE
MANAGEABLE FORMS.

FuNDAMENTAL CoNCEPTS oF CYLINDRICAL COORDINATES
DEFINITION AND TRANSFORMATION

CyuLinorICAL coorDINATES \( (R, \THETA, ) \) RELATE TO CARTESIAN coorDINATES \( (X, ¥, 2) \) VIA:

\[
x =R \cos \THETA, \QUAD ¥ =& \sIN \THETA, \QuAD 2 =z

DIFFERENTIAL VOLUME ELEMENT

THE VOLUME ELEMENT IN CYLINDRICAL COORDINATES IS:

\[
bV =r\, bR \, D\THETA \, Dz

\]

THIS FACTOR OF \( R \) ACCOUNTS FOR THEJACOBIAN DETERMINANT OF THE TRANSFORMATION, ENSURING PROPER VOLUME
SCALING.

ANALYZING THE GIVEN FUNcTIoN \(F(X, v, z) = \rRAc{ 1}{3}x + 3¥ + \LpoTs \)



CompLETE Expression ofF \(F\)

THE PROVIDED FUNCTION APPEARS INCOMPLETE. FOR THE PURPOSE OF THIS ARTICLE, WE WILL ASSUME THE FULL FUNCTION IS:

\[
F(x, v, z) = \rRAc{TH3}x + 3y +«kz
\]

wHERE \(k\) IS A CONSTANT OR COEFFICIENT ASSOCIATED WITH THE \(Z\)-COMPONENT. IF THE ORIGINAL EXPRESSION WAS
TRUNCATED, THIS ASSUMPTION ALLOWS US TO PROCEED WITH A TYPICAL LINEAR FUNCTION IN \(X, v, Z\).

REWRITING IN CYLINDRICAL COORDINATES

SuesTITUTING \(x = r \cos \THETA\), \( ¥ =r \sIN \THETA \):

\[
F(r, \THETA, z) = \FRAC{ 1}{3} R \cOS \THETA + 3 R \SIN \THETA + K Z

\]

THIS FORM SIMPLIFIES THE PROCESS OF INTEGRATION OVER A CYLINDRICAL REGION.

DEFINING THE REGION OF INTEGRATION
SPECIFYING THE REGION

THE INTEGRAL'S SETUP DEPENDS HEAVILY ON THE REGION OVER WHICH THE INTEGRATION OCCURS. FOR ILLUSTRATIVE PURPOSES,
CONSIDER A TYPICAL CYLINDRICAL REGION:

- RabiaL BounpArY: \( O \LEQ R \LEQR \)

- ANGULAR BOUNDARY: \( O \LEQ \THETA \LEQ 2\PI \)

- VerTIcAL BoUNDARY: \( A \LEQ z \LE@ B \)

THIS CORRESPONDS TO A RIGHT CIRCULAR CYLINDER OF RADIUS \( R \) AND HEIGHT \(B - A \).

ExAMPLE REGION

Supposke THE ReGIloN \(V\) IS THE CYLINDER:

\[
V=\{(x,v,2) \Mpx"2 + ¥"2 \LeqR"2, \QuaD A \LEQ z \LEQ & \}
\]

THIS REGION'S DESCRIPTION IN CYLINDRICAL COORDINATES BECOMES:

\[
0 \LeQ R \LeQ R, \QuaD O \LeQ \THETA \LEQ 2\PI, \QUAD A \LEQ Z \LEQ B

\]

SETTING UP THE TRIPLE INTEGRAL IN CYLINDRICAL COORDINATES
GENERAL FORM

THe TRIPLE INTEGRAL OF A FUNCTION \(F\) over recion \(V)) Is:

\[



\inT_V F(x, v, 2) \, bV
\]

IN CYLINDRICAL COORDINATES, THIS TRANSFORMS TO:

\[
\INT_{z=A}"{B} \INT_{\THETA=0}"{2\P1} \INT_{r=03"{R} F(r, \THETA, 2) \,R \, DR \, D\THETA \, DZ
\]

APPLYING THE FUNCTION

SUBSTITUTING THE EXPRESSION FOR \(F(R, \THETA, 2)\):

\[

\soxen{

\inT_V \LerT( \rRAC{ 1}{3} r \cos \THETA + 3 R \sIN \THETA + k z \RIGHT) R \, DR \, D\THETA \, Dz
}

\]

WHICH EXPANDS TO:!:

\[
\INT_{z=A}" {8} \INT_{O}*{2\P1} \iInT_{O}"{R} \LerT( \rrAC{ 13}{3} r \cos \THETA + 3 R \SIN \THETA + Kk Z \RIGHT) R \,
bR \, D\THETA \, Dz

\]

OR, EQUIVALENTLY:

\[
\INT_{a3 {8} \inT_{03"{2\P1} \iINT_{O3"{R} \LerT( \rRAC{13}{33} "2 \cos \THETA + 3 R"2 \sIN \THETA + K ZR
\RIGHT) DR \, D\THETA \, Dz

\]

DISSECTING THE INTEGRAL: STRATEGIES AND SYMMETRIES
EXPLOITING SYMMETRY
THE ANGULAR INTEGRALS INVOLVE TRIGONOMETRIC FUNCTIONS:

-\(\nt_0"{2\P1} \cos \THeTA \, D\THETA = O\)
-\Q\iNnT_0"{2\P1} \sin \THETA \, D\THETA = O\)

THus, THE TERMS INVOLVING \(\cos \THETA\) AnD \(\sIN \THETA\) SIMPLIFY WHEN INTEGRATED OVER A FULL PERIOD:

\l

\BoxeD{

\INT_O™{2\P1} \LerT( \rRAC{ 1} 3} r"2 \cos \THETA + 3 "2 \sIN \THETA \RIGHT) D\THETA = O
}

\]

SINCE THESE ARE INTEGRALS OF SINUSOIDAL FUNCTIONS OVER THEIR FULL PERIOD.
SIMPLIFIED INTEGRAL

THE REMAINING INTEGRAL REDUCES TO:

\[



\INT_{a3™ e} \LermC \inT_{03"*{2\P1} \LerT[ O \riGHT] D\THETA + \INT_{03"{2\Pi} k & \, D\THETA \RIGHT) DR \, DZ
\]

WHICH IS:

\[
\INT_{A}*{8} \inT_{O}*{R} \LerT( O + k z \TiMes 2\PI R \RIGHT) DR \, DZ
\]

OR:

\[
2 \prk \iNT_{a}"{8} z \LerT( \inT_{O}*{R} r \, DR \RIGHT) Dz
\]

COoMPUTING THE FINAL INTEGRAL

INNER INTEGRAL over \(R\):

\[
\INT_O™R} R\, br = \rRAC{ 1}{2} R"2
\]

OuTEer INTEGRAL ovEr \(Z\):

\[
\INT_{a}e} 2\, 0z = \rrAC{1}{2} ("2 - A"2)
\]

ASSEMBLING THE RESULTS:

\[
2 \pi k \TiMes \Frac{ 1}{23 R"2 \TiMes \rrac{13}{2} (8"2 - a"2) = \rrac{\PI k R"2}{2} ("2 - A"2)
\]

THIS EXPRESSION REPRESENTS THE VALUE OF THE INTEGRAL OVER THE SPECIFIED CYLINDRICAL REGION.

GENERALIZATION AND PRACTICAL CONSIDERATIONS

V ARIATIONS IN REGION BOUNDARIES

- FOR NON-CYLINDRICAL REGIONS, THE BOUNDS FOR \(R, \THETA, z\) WOULD BE ADAPTED ACCORDINGLY.

- FOR REGIONS WITH COMPLEX BOUNDARIES, THE LIMITS OF INTEGRATION MAY BECOME FUNCTIONS OF OTHER VARIABLES,
REQUIRING MORE ADVANCED PARAMETERIZATIONS.

HANDLING NONLINEAR FUNCTIONS

- FOR MORE COMPLICATED FUNCTIONS, ESPECIALLY THOSE INVOLVING NONLINEAR TERMS IN \(X, Y, Z\), THE SAME PRINCIPLES
APPLY, BUT THE INTEGRALS MAY INVOLVE SPECIAL FUNCTIONS OR NUMERICAL METHODS.

NUMERICAL INTEGRATION

- WHEN ANALYTICAL SOLUTIONS ARE INFEASIBLE, NUMERICAL METHODS SUCH AS MoNTE CARLO INTEGRATION OR GAUSSIAN
QUADRATURE IN MULTIPLE DIMENSIONS ARE EMPLOYED.



CONCLUDING REMARKS

TRANSFORMING AND SETTING UP TRIPLE INTEGRALS IN CYLINDRICAL COORDINATES IS A POWERFUL TECHNIQUE FOR TACKLING
PROBLEMS WITH CIRCULAR OR CYLINDRICAL SYMMETRY. THE KEY STEPS INVOLVE:

- RECOGNIZING THE SYMMETRY AND CHOOSING THE APPROPRIATE COORDINATE SYSTEM.

- EXPRESSING THE INTEGRAND IN CYLINDRICAL COORDINATES.

- DETERMINING THE BOUNDS BASED ON THE REGION OF INTEREST.

- ACCOUNTING FOR THE JacoBiaN \( R \) IN THE VOLUME ELEMENT.

- EXPLOITING SYMMETRIES TO SIMPLIFY INTEGRALS INVOLVING TRIGONOMETRIC FUNCTIONS.

IN THE sPECIFIC CASE OF THE FUNCTION \(F(X, v, z) = \FrRAC{ 1}{3}x + 3Y + \LDOTS \), THE PROCESS ILLUSTRATES HOW
THE SYMMETRY

Et Up The Triple Integral In Cylindrical Coordinates To
Integrate The Function FXYZ 1 3x 3y

Et Up The Triple Integral In Cylindrical Coordinates To Integrate The Function FXY Z 1 3x 3y
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