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Introduction to Variational Problems and the
Isoperimetric Inequality

In the realm of calculus of variations, a fundamental question often arises: among all shapes with a
fixed boundary length or surface area, which one encloses the maximum volume? This question is
central to the classical isoperimetric problem, which states that the sphere uniquely maximizes the
enclosed volume given a fixed surface area. The proof of this fact involves the application of the
Euler-Lagrange equation under integral constraints, illustrating the powerful interplay between
calculus, geometry, and optimization.

Understanding how the Euler-Lagrange equation extends to problems with integral constraints is
key to appreciating its role in geometric optimization problems such as the isoperimetric inequality.
This article explores the derivation of the Euler-Lagrange equation with integral constraints and
elucidates how it demonstrates that the sphere maximizes the enclosed volume among all surfaces
with a fixed surface area.

Background: The Classical Isoperimetric Problem

The classical isoperimetric problem can be formulated as follows: Given a closed surface of fixed
surface area, find the shape that encloses the maximum volume. The intuitive answer is a sphere,
but establishing this rigorously requires advanced mathematical tools.

Mathematically, this translates into an optimization problem:

- Maximize the volume \( V \) enclosed by a surface \( S \).
- Subject to the constraint that the surface area \( A \) is fixed.

Expressed in variational form, this becomes:

\[
\text{Maximize } V[\Omega] \quad \text{subject to} \quad A[\partial \Omega] = A_0,
\]

where \( \Omega \) is the region enclosed by the surface \( \partial \Omega \), and \( A_0 \) is the
prescribed surface area.



Formulating the Variational Problem with Integral
Constraints

To analyze the problem, we typically parametrize the surface \( \partial \Omega \) using functions \(
u \), which may describe the surface in appropriate coordinates (for example, spherical coordinates).
The volume and surface area can then be expressed as functionals of \( u \):

\[
V[u] = \int_{\Omega} dV,
\]
\[
A[u] = \int_{\partial \Omega} dA,
\]

with the understanding that these depend on the surface parametrization.

The key challenge is to maximize \( V[u] \) subject to the constraint \( A[u] = A_0 \). This is a
constrained optimization problem, which can be approached via the method of Lagrange multipliers
by considering an augmented functional:

\[
\mathcal{L}[u] = V[u] - \lambda \left( A[u] - A_0 \right),
\]

where \( \lambda \) is a Lagrange multiplier enforcing the surface area constraint.

Applying the Euler-Lagrange Equation with Integral
Constraints

The next step involves deriving the necessary conditions for an extremum of \( \mathcal{L}[u] \).
This leads to the Euler-Lagrange equation with an integral constraint, which can be summarized as
follows:

- Find \( u \) such that the first variation \( \delta \mathcal{L}[u] \) vanishes for all admissible
variations \( \delta u \).

This process involves computing the variations of the volume and surface area functionals and
setting their linear combination to zero:

\[
\delta V[u] - \lambda \delta A[u] = 0,
\]

for all variations \( \delta u \).

The variational derivatives involve integrating by parts and invoking the calculus of variations to



obtain the Euler-Lagrange equation:

\[
\frac{\delta V}{\delta u} = \lambda \frac{\delta A}{\delta u}.
\]

This equation characterizes the critical points of the volume functional under the surface area
constraint.

Deriving the Euler-Lagrange Equation for the Problem

For a more concrete example, consider a surface parametrized by a function \( u \) in spherical
coordinates. The volume \( V \) enclosed by the surface can be expressed as:

\[
V[u] = \frac{1}{3} \int_{S^2} r^3(\theta, \phi) \sin \theta \, d\theta \, d\phi,
\]

where \( r(\theta, \phi) \) defines the radius at direction \( (\theta, \phi) \).

Similarly, the surface area \( A \) is:

\[
A[u] = \int_{S^2} r^2(\theta, \phi) \sqrt{r_\theta^2 + r_\phi^2 + r^2} \, \sin \theta \, d\theta \,
d\phi,
\]

where subscripts denote partial derivatives.

Applying the calculus of variations, the stationarity condition becomes:

\[
\frac{\delta V}{\delta r} = \lambda \frac{\delta A}{\delta r}.
\]

This leads to an Euler-Lagrange differential equation, which, after simplification, indicates that the
optimal \( r(\theta, \phi) \) corresponds to a constant radius, i.e., a sphere.

Why the Sphere Maximizes Volume: The Geometric
Interpretation

The rigorous derivation of the Euler-Lagrange equation with integral constraints confirms that the
only shape satisfying the conditions for a maximum volume under a fixed surface area is a sphere.
The fundamental reason is symmetry: the sphere's uniform curvature and constant radius satisfy the
variational conditions identically, making it an extremum.



The classical proof, often attributed to the calculus of variations and geometric measure theory,
involves showing that any deviation from the sphere would decrease the enclosed volume while
maintaining the surface area, violating optimality unless the shape remains spherical.

Mathematical Summary of the Result

The key takeaway from the application of the Euler-Lagrange equation with integral constraints is:

- The critical points of the volume functional under a fixed surface area are characterized by
solutions to the Euler-Lagrange equation with a Lagrange multiplier.
- These solutions are necessarily spheres, owing to their symmetry and constant mean curvature.
- This mathematical result confirms the isoperimetric inequality: among all closed surfaces with a
given surface area, the sphere uniquely maximizes the enclosed volume.

Implications and Broader Applications

The principle illustrated by this problem extends beyond geometric shapes to various fields,
including:

- Physics: Determining the shape of droplets and bubbles, where surface tension leads to spherical
shapes.
- Material Science: Optimizing the design of containers or capsules for maximum volume efficiency.
- Biology: Understanding cell shape optimization under volume and surface constraints.
- Engineering: Design of aerodynamic and hydrodynamic bodies for maximum enclosed volume or
minimal surface area.

The methodology using the Euler-Lagrange equation with integral constraints provides a robust
framework for tackling various optimization problems constrained by integral conditions.

Conclusion

The application of the Euler-Lagrange equation with integral constraints elegantly demonstrates
that the sphere maximizes the enclosed volume among all shapes with a fixed surface area. This
classical result in geometry and calculus of variations underscores the profound connection between
symmetry, optimality, and mathematical rigor. By formulating the problem as a constrained
variational problem, deriving the associated Euler-Lagrange equation, and analyzing the solutions,
mathematicians have established the sphere’s optimality, a fact that continues to influence diverse
scientific and engineering disciplines today.

Frequently Asked Questions



What is the significance of the Euler-Lagrange equation in
optimizing functions with integral constraints?
The Euler-Lagrange equation provides necessary conditions for an extremum (minimum or
maximum) of a functional, especially when the problem involves integral constraints. It helps derive
the optimal shape or function by incorporating the constraints directly into the variational
formulation.

How does the method of Lagrange multipliers extend to
variational problems with integral constraints?
In variational problems, Lagrange multipliers introduce an auxiliary parameter to incorporate the
integral constraint into the functional. This transforms the constrained problem into an
unconstrained one, allowing the derivation of the Euler-Lagrange equation for the combined
functional, which leads to optimal solutions such as the sphere for maximum volume.

Why does the sphere maximize the enclosed volume given a
fixed surface area or other constraints?
The sphere is known to be the shape that maximizes volume for a given surface area due to its
symmetrical properties and the solution of the variational problem using the Euler-Lagrange
equation with integral constraints. This result is formalized through the calculus of variations,
showing that deviations from a sphere reduce the volume under the constraints.

Can you outline the variational approach to show that the
sphere maximizes the volume under a fixed surface area
constraint?
Yes. The approach involves setting up a functional representing the volume enclosed by a surface,
with an integral constraint representing fixed surface area. Applying the calculus of variations with a
Lagrange multiplier, the Euler-Lagrange equation derived shows that the extremum occurs when the
surface is spherical, confirming that the sphere maximizes the volume under the given constraint.

What role do symmetry and boundary conditions play in the
derivation of the Euler-Lagrange equation for the sphere's
volume maximization?
Symmetry simplifies the variational problem, leading to solutions with uniform curvature, such as
the sphere. Boundary conditions ensure the shape remains closed and smooth. Together, symmetry
and boundary conditions influence the form of the Euler-Lagrange equation, ultimately
demonstrating that the spherical shape satisfies these conditions and maximizes the enclosed
volume.



Additional Resources
Euler-Lagrange Equation With Integral Constraints: Show That The Sphere Maximizes The Enclosed
Volume

---

When delving into the fascinating realm of variational calculus, one encounters a core principle: the
quest to determine the shape or function that optimizes a given quantity, often under specified
constraints. Among the most celebrated results in this domain is the demonstration that the sphere
uniquely maximizes the enclosed volume among all shapes of a given surface area. This profound
insight isn’t just a mathematical curiosity; it has profound implications across physics, engineering,
and geometry.

In this article, we explore the sophisticated approach of employing the Euler-Lagrange equation with
integral constraints to rigorously establish that the sphere is the optimal shape for volume
maximization under surface area constraints. We will guide you through the theoretical foundations,
the mathematical machinery involved, and the elegant reasoning behind this classical result.

---

Understanding the Variational Problem: The Core
Concepts

Before diving into the mathematical details, it’s essential to grasp the fundamental components
involved in the problem:

- Functional Optimization: The process of finding a function or shape that minimizes or maximizes a
particular functional (a mapping from functions to real numbers).

- Constraints: Conditions that the solution must satisfy, often expressed as integral equations or
inequalities.

- Euler-Lagrange Equation: The central differential equation in variational calculus that provides
necessary conditions for optimality.

- Integral Constraints: Conditions involving integrals over the domain, such as fixed surface area or
fixed volume, which influence the form of the optimal solution.

---

The Classical Isoperimetric Problem: A Prelude

The problem of determining which shape encloses the maximum volume for a given surface area is
famously known as the isoperimetric problem. The classical solution states that the sphere uniquely
maximizes volume among all closed surfaces with a fixed surface area. This foundational result dates



back to ancient Greece but was rigorously proven using modern calculus of variations in the 19th
and 20th centuries.

The core idea is:

> Given a fixed surface area, the shape with the largest enclosed volume is a sphere.

Mathematically, this can be formulated as an optimization problem:

- Maximize V, the volume enclosed by a surface \( S \).

- Subject to the constraint that the surface area \( A \) remains fixed.

---

Formulating the Variational Problem with Integral
Constraints

To analyze this problem rigorously, we need to set up a variational formulation. Consider a surface \(
S \) in three-dimensional space, which is parametrized in a way that allows us to define the volume
enclosed and the surface area as functionals.

The Functional to Maximize: Enclosed Volume

The volume \( V \) enclosed by a surface \( S \) can be expressed as:

\[
V = \frac{1}{3} \int_{S} \mathbf{r} \cdot \mathbf{n} \, dS
\]

where:

- \( \mathbf{r} \) is the position vector on \( S \),
- \( \mathbf{n} \) is the outward normal vector to the surface,
- \( dS \) is the surface element.

Alternatively, when working with a parametrization \( \mathbf{r}(u,v) \), the volume can be
computed via integral formulas involving the divergence theorem.

The Constraint: Fixed Surface Area

The surface area \( A \) is given by:

\[
A = \int_{S} dS
\]

which we want to keep fixed during the optimization.



The Variational Problem

In the calculus of variations framework, the problem becomes:

> Find the surface \( S \) that maximizes

\[
J[S] = V
\]

subject to

\[
K[S] = A_0
\]

where \( A_0 \) is a prescribed constant.

To incorporate the constraint into the optimization, we employ a Lagrange multiplier \( \lambda \),
leading to the augmented functional:

\[
\mathcal{L}[S] = V[S] - \lambda (A[S] - A_0)
\]

Our goal is to find the surface \( S \) for which the first variation (or the first derivative in the space
of admissible functions) of \( \mathcal{L} \) vanishes.

---

Applying the Euler-Lagrange Equation with Integral
Constraints

The Variational Approach

The classical method involves:

1. Expressing the volume and area as functionals of the shape.
2. Formulating the augmented functional with the Lagrange multiplier.
3. Deriving the Euler-Lagrange equation that the extremal surface must satisfy.

Derivation Outline

- Step 1: Parametrization
Represent the surface \( S \) as a function \( r(\theta, \phi) \) in spherical coordinates, or more
generally, as a vector function.

- Step 2: Variations



Consider a perturbation \( \delta r \) of the surface, and compute the first variation of the functional:

\[
\delta \mathcal{L} = \delta V - \lambda \delta A
\]

- Step 3: Calculus of Variations
Applying integration by parts and the divergence theorem, derive the Euler-Lagrange equation that
must be satisfied by the extremal surface.

The Resulting Euler-Lagrange Equation

The key outcome of this procedure is that the extremal surface must satisfy a differential equation
that balances the mean curvature \( H \) and the Lagrange multiplier:

\[
2H = \lambda
\]

which implies the surface has constant mean curvature. For the volume maximization problem with
a fixed surface area, the extremal surfaces are precisely those with constant mean curvature, i.e.,
spheres.

---

Showing That the Sphere Maximizes Enclosed Volume

The Role of Symmetry and Geometric Inequalities

The conclusion that the extremal shape is a sphere relies heavily on geometric inequalities and
symmetry arguments:

- Symmetry of the Sphere: Among all surfaces with a given surface area, the sphere is the most
symmetric shape, which simplifies the analysis of constant mean curvature surfaces.

- Comparison Principles: Using isoperimetric inequalities, one can argue that any deviation from the
sphere reduces the enclosed volume when the surface area is held constant.

Rigorous Proof Outline

1. Formulate the problem as an isoperimetric inequality: for any closed surface \( S \),

\[
V(S) \leq V_{\text{sphere}}
\]

with equality only for the sphere.

2. Use the calculus of variations with the Euler-Lagrange equation derived for the shape functional,



confirming that spheres are critical points.

3. Apply geometric inequalities (e.g., the classical isoperimetric inequality) to show that the sphere
is not only a critical point but the global maximum.

4. Uniqueness argument: The sphere’s symmetry ensures that no other shape with the same surface
area can enclose a larger volume.

The Final Theorem

> Among all closed surfaces with fixed surface area, the sphere encloses the maximum volume, and
this maximum is achieved uniquely by the sphere.

This elegant conclusion underscores the profound connection between symmetry, geometric
inequalities, and variational calculus techniques.

---

Extensions and Generalizations

The application of the Euler-Lagrange equation with integral constraints extends beyond the
classical isoperimetric problem:

- Higher-dimensional analogs
The principles hold when considering hypersurfaces in higher-dimensional spaces, with spheres
again playing the extremal role.

- Other functionals
Problems involving minimizing surface energy, optimizing elastic shapes, or designing structures
can be approached similarly, with the Euler-Lagrange equation guiding the analysis under integral
constraints.

- Non-spherical constraints
When constraints are more complex (e.g., fixed volume and fixed barycenter), the method adapts,
leading to solutions with different symmetries.

---

Conclusion: The Power and Elegance of Variational
Methods

The exploration of the Euler-Lagrange equation with integral constraints illuminates a fundamental
truth in geometry and physics: symmetry and optimality are deeply intertwined. The classical proof
that the sphere maximizes the enclosed volume under a fixed surface area exemplifies the power of
variational calculus, geometric inequalities, and the elegance of mathematical reasoning.



This approach is not merely academic; it influences modern design, physics, and engineering, where
understanding optimal shapes under constraints is vital. Whether designing bubbles, biological
membranes, or architectural forms, the principles elucidated through the Euler-Lagrange framework
continue to inspire and guide innovation.

In essence, the interplay of calculus, geometry, and constraints reveals that the sphere, with its
perfect symmetry, reigns supreme as the optimal shape—a timeless testament to the harmony of
mathematics and nature.
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