Evaluate The Integral By First
Performing Long Division On The
Integrand And Then Writing The Proper

Evaluate The Integral By First Performing Long Division On The Integrand And
Then Writing The Proper is a fundamental technique in calculus that simplifies complex
rational functions before applying integration methods. When faced with an integral
involving a rational function where the degree of the numerator exceeds or equals that of
the denominator, direct integration can be cumbersome or impossible in its original form.
Instead, performing polynomial long division to rewrite the integrand as a sum of a
polynomial and a proper fraction streamlines the process, making the integral more
approachable.

This approach is particularly useful because it transforms a potentially complex rational
expression into simpler components, allowing us to handle polynomial and fractional parts
separately. The overall process involves two main steps: first, dividing the numerator by the
denominator to obtain a polynomial plus a proper fraction, and second, integrating each
part individually. This method is not only efficient but also enhances understanding of how
polynomial and rational functions behave during integration.

In this article, we will explore the detailed steps involved in evaluating integrals using long
division, illustrate the process with concrete examples, discuss common pitfalls, and
highlight best practices to master this technique.

Understanding the Rationale Behind Long
Division in Integration

Why Perform Long Division Before Integration?

When integrating a rational function \( \frac{P(x)}{Q(x)} \), where \( P(x) \) and \( Q(x) \) are
polynomials, the degree of \( P(x) \) relative to \( Q(x) \) determines the integration

strategy. If the degree of \( P(x) \) is less than that of \( Q(x) \), the fraction is proper, and
techniques like partial fractions are typically used. However, if the degree of \( P(x) \) is
greater than or equal to that of \( Q(x) \), the fraction is improper, requiring polynomial long
division first.

Performing long division helps in:

- Simplifying the integrand: Expressing the improper fraction as a polynomial plus a proper
fraction simplifies subsequent integration.

- Reducing complexity: Polynomial parts are straightforward to integrate, and proper
fractions can be handled with partial fractions or other methods.



- Clarifying the structure: It reveals the polynomial component of the integrand, which can
be integrated directly.

When is Long Division Necessary?
Long division is necessary when:
- The degree of numerator \( P(x) \) = degree of denominator \( Q(x) \).

- The integrand involves complex rational functions that pose integration challenges.
- You're aiming to break down the integral into manageable parts.

Step-by-Step Process for Evaluating Integrals
Using Long Division

Step 1: Identify the Degrees and Set Up the Division

Start by comparing the degrees of numerator and denominator:

- If numerator degree < denominator degree: proceed with partial fractions.
- If numerator degree = denominator degree: set up polynomial long division.

For example, consider the integral:

\[
\int\frac{3x™3 + 5x72 + 2}{x"™2 + 1} \, dx
\]

Here, numerator degree (3) = denominator degree (2), so long division is warranted.

Step 2: Perform Polynomial Long Division

Divide the numerator polynomial by the denominator polynomial:

- Use polynomial division algorithms or synthetic division methods.
- Obtain a quotient (a polynomial) and a remainder polynomial.

For our example:
Divide \( 3x™3 + 5x™2 + 2\) by \( x™2 + 1\):
-\(3x™3 + x72 = 3x\)

- Multiply \( (x~2 + 1) \) by \( 3x \): \( 3x™3 + 3x)
- Subtract: \( (3x™3 +5x7™2 4+ 2)-(3x™3 + 3x) =5x"2-3x+2\)



Next:

-\(5x™2 + x™2=5))
- Multiply \( (x~2 + 1) \) by 5: \( 5x~2 + 5)
- Subtract: \( (5x7™2 -3x + 2) - (5x™2 + 5) = -3x - 3\)

Now, the degree of the remainder \( -3x - 3'\) is less than the denominator degree 2, so
division ends.

The division yields:

\[
\frac{3x"3 + 5x™2 + 2}{x"2 + 1} = 3x + 5 + \frac{-3x - 3}{x~2 + 1}

\]

Step 3: Rewrite the Integral

Express the original integral as the sum of the polynomial part and the proper fraction:

\[
\int \left( 3x + 5 + \frac{-3x - 3}{x"™2 + 1} \right) dx

\]

This splits into three integrals:

\[
\int 3x\, dx +\int 5\, dx + \int \frac{-3x - 3}{x™2 + 1}, dx

\]

Each can now be integrated separately.

Step 4: Integrate Each Term

- First term: \(\int 3x\, dx = \frac{3}{2} x~2 + C\)
- Second term: \(\int 5\, dx =5x + C\)
- Third term: handle \(\int \frac{-3x - 3}{x~2 + 1}, dx )

For the third term, separate the fraction:

\[
\int \frac{-3x}{x"2 + 1} \, dx + \int \frac{-3}{x"2 + 1}, dx

\]

Use substitution or known integrals:



-\(\int\frac{x}{x~2 + 1} \, dx = \frac{1}{2} \In |x~2 + 1] )
-\(\int \frac{1}{x"2 + 1} \, dx = \arctan x\)

Therefore,

\[

\int \frac{-3x}{x"~2 + 1} \, dx = -\frac{3}{2} \In [x"~2 + 1]
\]

and

\[
\int \frac{-3}{x"™2 + 1} \, dx = -3 \arctan x
\]

Putting it all together:

\[

\boxed{

\frac{3}{2} x~2 + 5x - \frac{3}{2} \In |[x~2 + 1| - 3 \arctan x + C
}

\]

Examples Demonstrating the Technique

Example 1: Integrate \( \frac{2x"3 + 3x™2 + x + 5} {x +
1} \) dx

Solution:
- Degree of numerator (3) = degree of denominator (1), perform long division.
Dividing \( 2x~3 + 3x™2 + x+5\) by \( x + 1 \):

1.\(2x"3 = x=2x"2\)

N

. Multiply: \( (x + 1)(2x"2) = 2x™3 + 2x"2\)
3. Subtract: \( (2x"3 + 3x™2 + X+ 5)-(2x"3 + 2x™2) =x"2 + x + 5)

4.\(x"2 +x=x\)

Ul

. Multiply: \( (x + 1)(x) = x~2 + x\)
6. Subtract: \( (X2 + x+5)-(x~2+x)=5))

7. Remainder: 5 (since degree < denominator)



The division gives:

\[
2X72 + x + \frac{5}{x + 1}
\]

Integral becomes:

\[
\int 2x7 2\, dx + \int x \, dx + \int \frac{5}{x + 1} \, dx
\]

which simplifies to:

\[
\frac{2}{3} x™3 + \frac{1}{2} x™2 +5\In|x+ 1| + C
\]

Final answer:

\[

\boxed{

\frac{2}{3} x*3 + \frac{1}{2} x*2 +5\In|[x + 1| + C
}

\]

Common Pitfalls and How to Avoid Them

- Incorrect division steps: Ensure polynomial long division is performed carefully, checking
each step.

- Misidentifying proper vs improper fractions: Always compare degrees before deciding to
divide.

- Overlooking the remainder: Remember to include the remainder as a fractional term.

- Forgetting constants: When splitting the integral, include the constant

Frequently Asked Questions

What is the initial step when evaluating an integral by
long division of the integrand?

The first step is to perform long division of the numerator by the denominator to rewrite the
integrand as a polynomial plus a proper fraction, simplifying the integration process.



How does rewriting the integrand as a proper fraction
aid in integration?
Expressing the integrand as a proper fraction separates the polynomial part from the

fractional part, allowing for straightforward integration of each component using basic rules
or substitution.

Can you explain what a proper fraction is in the context
of integration?

A proper fraction is a rational expression where the degree of the numerator is less than
the degree of the denominator, making it easier to integrate directly or after partial fraction
decomposition.

What are the common techniques used after rewriting
the integrand as a proper fraction?

After rewriting, common techniques include polynomial division, partial fraction
decomposition, and direct integration of polynomial and fractional parts.

Why is performing long division before integrating
particularly useful for rational functions?

Performing long division simplifies complex rational functions into a sum of a polynomial
and a proper fraction, which are easier to integrate, especially when the degree of
numerator exceeds that of the denominator.

Are there specific types of integrals where rewriting the
integrand via long division is especially beneficial?

Yes, especially for integrals involving rational functions where the degree of the numerator
is greater than or equal to the degree of the denominator, making long division a crucial
step for simplification before integration.

Additional Resources

Evaluate The Integral By First Performing Long Division On The Integrand And Then Writing
The Proper

When faced with the task of evaluating integrals involving rational functions, one of the
most effective techniques involves first simplifying the integrand through long division

before proceeding with further integration methods like partial fractions or substitution.
This approach not only simplifies the integrand but also often reveals the nature of the

integral more clearly, leading to a more straightforward integration process.



In this comprehensive guide, we'll delve into the rationale behind performing long division
initially, outline the step-by-step process, discuss when and why this method is
advantageous, and detail how to write the resulting expression in its proper form to
facilitate integration.

Understanding the Context: Rational Functions
and Integration

Before exploring the method, it’'s crucial to understand the types of functions involved and
why simplifying them matters.

What Is a Rational Function?

A rational function is any function expressible as the ratio of two polynomials:

\[

f(x) = \frac{P(x)}{Q(x)}

\]

where \( P(x) \) and \( Q(x) \) are polynomials, and \( Q(x) \neq 0 ).

The Challenge in Integrating Rational Functions

Integrating rational functions directly can be complex, especially when:

- The degree of \( P(x) \) is greater than or equal to the degree of \( Q(x) \).

- The integrand contains complicated polynomial ratios that do not immediately suggest
standard substitution or partial fraction decomposition.

The Rationale for Long Division

Performing long division transforms the integrand into a sum of a polynomial and a proper
rational function (where the degree of numerator is less than the degree of denominator).
This simplifies the integration process because:

- The polynomial part integrates straightforwardly.

- The proper rational part can then be decomposed further, typically via partial fractions, if
necessary.

Step-by-Step Process of Long Division Before



Integration

1. Identify the Degree of Polynomials

- Determine the degree of numerator \( P(x) \) and denominator \( Q(x) \).
- If \( \deg P(x) \geq \deg Q(x) \), proceed with long division.

2. Perform Polynomial Long Division

- Divide \( P(x) \) by \( Q(x) \) using polynomial long division.
- The division yields:

\[
\frac{P(x)}{Q(x)} = S(x) + \frac{R(x)}{Q(x)}
\]

where:

-\( S(x) \) is the quotient polynomial (possibly a constant or polynomial of degree less than
that of \( Q(x) \)),

-\( R(x) \) is the remainder polynomial, with degree less than \( \deg Q(x) \).

3. Write the Integrand in the Form of a Polynomial Plus Proper Rational

- Rewrite the original integrand as:

\[
\frac{P(x)}{Q(x)} = S(x) + \frac{R(x)}{Q(x)}
\]

- This separates the integral into two parts:

ti[nt \frac{P(x)}{Q(x)} \, dx =\int S(x) \, dx + \int \frac{R(x)}{Q(x)} \, dx
\]

4. Integrate the Polynomial Part

- The integral of \( S(x) \) is straightforward, using basic polynomial rules.
5. Focus on the Proper Rational Part

- The remaining integral involves a proper rational function.

- This is where methods like partial fractions, substitution, or other techniques are
employed.



Writing the Proper Rational Function in Its Proper
Form

After performing the long division, the key is to express the remaining fraction \( R(x)/Q(x)
\) in a form suitable for integration.

Proper vs. Improper Rational Functions

- Proper Rational Function: The degree of numerator \( R(x) \) is less than the degree of
denominator \( Q(x) \).

- Improper Rational Function: The numerator degree is greater than or equal to the

denominator degree.

The long division ensures the proper form, but sometimes, further algebraic manipulation is
needed before integration.

Partial Fraction Decomposition

Once in proper form, the typical next step is to decompose \( R(x)/Q(x) \) into simpler
fractions:

- Factor \( Q(x) \) into irreducible polynomials.

- Express \( R(x)/Q(x) \) as a sum of fractions with linear or quadratic denominators.
- Solve for coefficients by clearing denominators and equating coefficients.

Writing the Final Expression

The integral becomes a sum of integrals of simpler fractions:

\[

\int \frac{R(x)}{Q(x)} \, dx = \sum_{i} \int \frac{A_i}{x-a_i} \, dx + \sum_{j} \int \frac{B_j
X+ CjH{(xX™2 +Db jx+cj)}\ dx

\]

which can be integrated using standard techniques like:

- Logarithmic integration for linear denominators.
- Arctangent or inverse hyperbolic functions for quadratic denominators.

Advantages of Using Long Division Before
Integration

Simplification of the Integral



- Breaking down the integrand into simpler parts simplifies the process.
- Polynomial parts integrate directly, reducing complexity.

Revealing the Nature of the Integral

- The polynomial part often accounts for the "divisible" portion, clarifying the behavior of
the integrand.

- The remaining proper rational part is easier to handle with partial fractions.

Facilitating Partial Fraction Decomposition

- Proper rational functions are essential for applying partial fractions efficiently.
- Long division ensures the function is in the correct form for this technique.

Handling Non-Integrable or Complex Rational Functions
- For high-degree polynomials, long division reduces the problem to manageable

components.
- This approach prevents the difficulty of integrating complicated fractions directly.

Practical Examples

Let's illustrate with concrete examples to demonstrate the method.
Example 1: Basic Polynomial Division
Evaluate:

\[

\int \frac{x™3 + 2x™2 + x + 1}{x™2 + 1} \, dx
\]

Solution:

- Polynomial degrees: numerator degree 3, denominator degree 2.
- Perform long division:

Dividing\( x™3 + 2x"2 + x+ 1\) by \( x™2 + 1\):
- First step:

\[

X"3\divx™2 =x

\]

Multiply \( x \times (x~2 + 1) = x~3 + x\).



Subtract:

\[
(X3 +2x™2+x+1)-(x"3+x)=2x"2+1
\]

- Next division:

\[

2x"2 \divx™2 =2

\]

Multiply:

\[

2 \times (x™2 +1)=2x"2+ 2
\]

Subtract:

\[
2x™2+1)-(2x"2+2)=-1
\]

- Final result:

\[

\frac{x"3 + 2Xx™2 + x + 1}{x™2 + 1} = x + 2 + \frac{-1}{x"2 + 1}
\]

Rewrite the integral:

\[
\int (x + 2) \, dx -\int \frac{1}{x"2 + 1}, dx
\]

Now, integrate:

\[

\frac{x"2}{2} + 2x -\arctan x + C

\]

This demonstrates how long division simplifies the original problem.
Example 2: Complex Proper Rational Function

Suppose you need to evaluate:

\[
\int \frac{3x"3 + 5x™2 + 2x + 7}{x™2 + 4} \, dx

\]



Solution:

- Degrees: numerator degree 3, denominator degree 2.
- Perform division:

Dividing \( 3x™3 + 5x™2 + 2x + 7\) by ( X2 + 4\):
- First:

\[
3x™3 \div x™2 = 3x
\]

Multiply:

\[

3x \times (x~2 + 4) = 3x™3 + 12x
\]

Subtract:

\[
(3Xx™"3 +5x™2+2x+7)-(3x"3 +12x) =5x"2-10x + 7

\]

- Next:

\[
5x7~2 \divx™~2 =5
\]

Multiply:

\[

5\times (x~2 + 4) = 5x72 + 20
\]

Subtract:

\[
(5x72-10x + 7) - (bx™2 + 20) = -10x - 13
\]

- Final division:

\[
\frac{3x"3 + 5x™2 + 2x + 7}{x"2 + 4} = 3x + 5 + \frac{-10x -
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