
Evaluate The Surface Integral SF DSSF DS
Where F=5x,4z,4yF=5x,4z,4y And SS Is The
Part Of The Sphere
Evaluate The Surface Integral SF DSSF DS Where F=5x,4z,4yF=5x,4z,4y And SS Is The Part
Of The Sphere

---

Introduction

Surface integrals are a fundamental concept in vector calculus, playing a vital role in fields such as
physics, engineering, and mathematics. They enable us to compute fluxes of vector fields across
surfaces, which is crucial in understanding phenomena like electromagnetic flux, fluid flow, and heat
transfer. In this article, we will explore how to evaluate the surface integral of a vector field over a
specific surface, particularly focusing on a part of a sphere.

Our task is to evaluate the surface integral:

\[ \iint_{S} \mathbf{F} \cdot d\mathbf{S} \]

where the vector field is given by:

\[ \mathbf{F} = 5x\, \mathbf{i} + 4z\, \mathbf{j} + 4y\, \mathbf{k} \]

and \(S\) is the part of the sphere (specific details of the sphere will be discussed). This
comprehensive guide aims to clarify each step involved in solving this problem, from understanding
the surface to applying the divergence theorem or parameterizing the surface as needed.

---

Understanding the Problem

What is a Surface Integral?

A surface integral of a vector field over a surface \(S\) measures the flux passing through that surface.
It is written as:

\[ \iint_{S} \mathbf{F} \cdot d\mathbf{S} \]

where:

- \( \mathbf{F} \) is the vector field.
- \( d\mathbf{S} \) is the vector surface element pointing outward, with magnitude equal to the area
element \(dA\).

The Given Vector Field



\[ \mathbf{F} = 5x\, \mathbf{i} + 4z\, \mathbf{j} + 4y\, \mathbf{k} \]

This field has components that are linear functions of \(x\), \(y\), and \(z\), and it resembles a typical
vector field used in flux calculations.

The Surface \(S\)

The surface \(S\) is described as a part of a sphere. To proceed, we need to specify:

- The sphere's equation: e.g., \(x^2 + y^2 + z^2 = R^2\)
- The particular part of the sphere: e.g., a hemisphere, a spherical cap, or a segment defined by
certain bounds.

For this problem, the most common scenario is evaluating over a sphere of radius \( R \), possibly a
hemisphere or a spherical segment, depending on the context.

---

Step 1: Clarify the Geometry of \(S\)

Specifying the Sphere

Suppose the sphere is centered at the origin with radius \( R \):

\[ x^2 + y^2 + z^2 = R^2 \]

Defining the Part of the Sphere

Depending on the problem statement, \(S\) could be:

- The upper hemisphere: \( z \geq 0 \)
- A spherical cap: bounded above by some \( z = h \)
- A spherical segment: between two planes

For this article, we'll assume \(S\) is the upper hemisphere \( z \geq 0 \), unless specified otherwise.

---

Step 2: Approach to Computing the Surface Integral

There are two main methods for evaluating surface integrals:

1. Direct Parameterization: Parameterize the surface explicitly, then compute the surface element.
2. Divergence Theorem: Convert the surface integral into a volume integral of the divergence of
\(\mathbf{F}\), simplifying calculations especially when the surface encloses a volume.

Given the problem involves a sphere, the divergence theorem is often the most straightforward
approach.

---



Step 3: Applying the Divergence Theorem

Divergence Theorem Overview

The divergence theorem states that:

\[ \iint_{S} \mathbf{F} \cdot d\mathbf{S} = \iiint_{V} (\nabla \cdot \mathbf{F})\, dV \]

where:

- \(V\) is the volume enclosed by \(S\).
- \( \nabla \cdot \mathbf{F} \) is the divergence of \(\mathbf{F}\).

Step 4: Compute the Divergence of \(\mathbf{F}\)

Given:

\[ \mathbf{F} = 5x\, \mathbf{i} + 4z\, \mathbf{j} + 4y\, \mathbf{k} \]

Calculate:

\[ \nabla \cdot \mathbf{F} = \frac{\partial}{\partial x}(5x) + \frac{\partial}{\partial y}(4z) +
\frac{\partial}{\partial z}(4y) \]

Evaluate each term:

- \( \frac{\partial}{\partial x}(5x) = 5 \)
- \( \frac{\partial}{\partial y}(4z) = 0 \) (since \(z\) is independent of \(y\))
- \( \frac{\partial}{\partial z}(4y) = 0 \) (since \(y\) is independent of \(z\))

Thus:

\[ \nabla \cdot \mathbf{F} = 5 \]

---

Step 5: Set Up the Volume Integral

Since the divergence is constant, the volume integral simplifies:

\[ \iiint_{V} (\nabla \cdot \mathbf{F})\, dV = 5 \times \text{Volume of } V \]

If \(V\) is the upper hemisphere of radius \( R \):

\[ \text{Volume} = \frac{2}{3} \pi R^3 \]

Therefore:

\[ \iint_{S} \mathbf{F} \cdot d\mathbf{S} = 5 \times \frac{2}{3} \pi R^3 = \frac{10}{3} \pi R^3 \]

---



Step 6: Final Calculation and Interpretation

Result:

\[
\boxed{
\iint_{S} \mathbf{F} \cdot d\mathbf{S} = \frac{10}{3} \pi R^3
}
\]

This is the flux of the vector field \(\mathbf{F}\) passing outward through the upper hemisphere of
radius \( R \).

Notes:

- If the problem specifies a different part of the sphere (e.g., a spherical cap or a segment), the
volume calculation will need to be adjusted accordingly.
- The divergence theorem greatly simplifies the calculation, especially for symmetric surfaces like
spheres.

---

Additional Considerations

Parameterizing the Sphere (If Needed)

In cases where direct surface parameterization is preferred or required, the sphere can be
parameterized as:

\[
\begin{cases}
x = R \sin \theta \cos \phi \\
y = R \sin \theta \sin \phi \\
z = R \cos \theta
\end{cases}
\]

with:

- \( \theta \in [0, \pi/2] \) for the upper hemisphere,
- \( \phi \in [0, 2\pi] \).

The surface element becomes:

\[
d\mathbf{S} = R^2 \sin \theta\, d\theta\, d\phi\, \mathbf{\hat{n}}
\]

where \( \mathbf{\hat{n}} \) is the outward normal vector.

Computing the Surface Integral Directly



1. Substitute the parameterization into \(\mathbf{F}\).
2. Compute \(\mathbf{F} \cdot \mathbf{\hat{n}}\) or use the surface element.
3. Integrate over the bounds of \(\theta\) and \(\phi\).

This approach might be more complex but is instructive and necessary in certain contexts.

---

Summary

- The divergence theorem is a powerful tool to evaluate surface flux integrals over closed surfaces like
spheres.
- For the given vector field \(\mathbf{F} = 5x\, \mathbf{i} + 4z\, \mathbf{j} + 4y\, \mathbf{k}\), the
divergence is constant at 5.
- The flux through the upper hemisphere is then \( \frac{10}{3} \pi R^3 \).
- Always verify the exact surface boundaries before choosing the method, whether parameterization
or divergence theorem.

---

Final Remarks

Understanding how to evaluate surface integrals involving vector fields is essential for solving
complex problems in vector calculus. Mastery of the divergence theorem simplifies many calculations
involving symmetric surfaces like spheres and hemispheres. Remember to carefully analyze the
surface geometry, compute the divergence accurately, and select the most effective method for your
specific problem.

---
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This comprehensive guide aims to clarify the process of evaluating surface integrals over spherical
surfaces, providing both theoretical background and practical steps for accurate computation.



Frequently Asked Questions

What is the general approach to evaluating the surface
integral of a vector field over a spherical surface?
To evaluate the surface integral of a vector field over a spherical surface, you typically parameterize
the sphere (using spherical coordinates), compute the surface element, and then compute the dot
product of the vector field with the surface element before integrating over the entire surface.

How do you parametrize the sphere for calculating the
surface integral?
The sphere of radius R can be parametrized using spherical coordinates: x=R sinθ cosφ, y=R sinθ
sinφ, z=R cosθ, where θ varies from 0 to π and φ from 0 to 2π.

What is the divergence theorem and how does it relate to
surface integrals?
The divergence theorem states that the flux of a vector field across a closed surface is equal to the
triple divergence of the field over the volume enclosed. It can simplify the computation of surface
integrals by converting them into volume integrals when applicable.

Given the vector field F = (5x, 4z, 4y), how do you compute
the surface integral over the sphere?
You can compute the surface integral by parameterizing the sphere, calculating F · dS (the dot
product of F with the surface element), and integrating over the entire spherical surface, or by using
divergence theorem to convert it into a volume integral if suitable.

What is the significance of the part of the sphere in the
surface integral calculation?
The part of the sphere indicates the specific surface over which the integral is evaluated. The
surface's orientation and boundaries are essential for accurate calculation of flux, especially if the
surface is only a portion of the sphere.

How does symmetry help in evaluating the surface integral in
this problem?
Symmetry can simplify the integral by showing that certain components cancel out over the
symmetric surface, reducing the complexity of the calculations, especially if the vector field or surface
exhibits symmetry properties.



Can the divergence theorem be applied directly to this
problem, and what are the conditions?
Yes, the divergence theorem can be applied if the surface is closed and the vector field is well-
behaved (continuous, differentiable) within the volume. It converts the surface integral into a volume
integral of the divergence of F.

What is the divergence of the vector field F = (5x, 4z, 4y), and
how is it used in the calculation?
The divergence of F is ∇·F = ∂/∂x(5x) + ∂/∂y(4z) + ∂/∂z(4y) = 5 + 0 + 0 = 5. This value is used in the
divergence theorem to compute the flux as the volume integral of divergence over the sphere's
volume.

Additional Resources
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When tackling a surface integral such as "Evaluate the surface integral \( \iint_{S} \mathbf{F} \cdot
d\mathbf{S} \)" where \(\mathbf{F} = (5x, 4z, 4y)\) and \(S\) is a part of a sphere, it’s essential to
understand both the geometric context and the calculus techniques involved. Surface integrals are
fundamental in fields like physics and engineering, especially in flux calculations, flow analysis, and
electromagnetic theory. This guide aims to walk you through the process of evaluating such an
integral methodically, with clear explanations and step-by-step procedures.

---

Understanding the Problem

What is a Surface Integral?

A surface integral extends the concept of a line integral to two dimensions, allowing us to integrate a
vector field over a surface. It essentially measures the flux of the vector field through the surface. In
mathematical terms, for a vector field \(\mathbf{F}\) and a surface \(S\):

\[
\iint_{S} \mathbf{F} \cdot d\mathbf{S}
\]

where \(d\mathbf{S}\) represents the oriented surface element.

The Given Conditions

- Vector Field: \(\mathbf{F} = (5x, 4z, 4y)\)
- Surface \(S\): Part of a sphere

The goal is to compute the flux of \(\mathbf{F}\) across the specified part of the sphere.



---

Step 1: Understanding the Surface \(S\)

The Sphere

Typically, when a problem states "part of the sphere," it’s important to clarify:

- The radius of the sphere
- The portion of the sphere (e.g., a cap, a sector, or the entire sphere)
- The orientation (outward or inward normal)

Assumption: Unless specified, we consider a sphere centered at the origin with radius \( R \). For
illustration, let's assume the sphere has radius \( R \).

Example: The Upper Hemisphere

Suppose the part of the sphere is the upper hemisphere of radius \( R \), defined by:

\[
x^2 + y^2 + z^2 = R^2,\quad z \geq 0
\]

The choice of the specific part influences the bounds during parametrization and the orientation.

---

Step 2: Choosing the Method of Evaluation

There are two main approaches:

- Direct Surface Integral Calculation: Parametrize \(S\), compute \(d\mathbf{S}\), and evaluate
directly.
- Use of Divergence Theorem: Convert the surface integral into a volume integral, which can be easier
if the boundary surface and volume are well-defined.

When to Use the Divergence Theorem

The Divergence Theorem states:

\[
\iint_{S} \mathbf{F} \cdot d\mathbf{S} = \iiint_{V} (\nabla \cdot \mathbf{F})\, dV
\]

where \(V\) is the volume enclosed by \(S\).

In our scenario, if \(S\) is a closed surface (like the entire sphere), divergence theorem simplifies the
process. If \(S\) is only a part (like a cap), then we need to account for the boundary and possibly
evaluate additional integrals.

---



Step 3: Computing the Divergence of \(\mathbf{F}\)

Calculate \(\nabla \cdot \mathbf{F}\):

\[
\nabla \cdot \mathbf{F} = \frac{\partial}{\partial x}(5x) + \frac{\partial}{\partial y}(4z) +
\frac{\partial}{\partial z}(4y)
\]

\[
= 5 + 0 + 0 = 5
\]

The divergence is a constant, which simplifies the volume integral significantly.

---

Step 4: Setting Up the Volume Integral

For the Entire Sphere

If \(S\) is the entire sphere of radius \( R \), then the volume \(V\) is:

\[
V = \frac{4}{3}\pi R^3
\]

Applying divergence theorem:

\[
\iint_{S} \mathbf{F} \cdot d\mathbf{S} = \iiint_{V} 5\, dV = 5 \times V = 5 \times \frac{4}{3}\pi
R^3 = \frac{20}{3}\pi R^3
\]

For a Part of the Sphere (e.g., Hemisphere)

If the surface is only the upper hemisphere, then the divergence theorem applies to the entire sphere,
but the flux through the hemisphere's surface plus the boundary (the disk at the base) equals the
divergence integral over the volume.

In this case, the flux through the curved surface plus the flux through the disk equals the divergence
integral:

\[
\text{Flux over hemisphere} + \text{Flux over disk} = \frac{20}{3}\pi R^3
\]

To find the flux over the hemisphere's curved surface, we need to account for the boundary (the disk
at \(z=0\)).

---



Step 5: Parameterizing the Surface

Spherical Coordinates

A common parametrization for the sphere involves spherical coordinates:

\[
\begin{cases}
x = R \sin \phi \cos \theta \\
y = R \sin \phi \sin \theta \\
z = R \cos \phi
\end{cases}
\]

where:

- \(\phi \in [0, \pi/2]\) for the upper hemisphere
- \(\theta \in [0, 2\pi]\)

The surface element for the sphere:

\[
d\mathbf{S} = R^2 \sin \phi\, d\phi\, d\theta\, \mathbf{\hat{n}}
\]

with \(\mathbf{\hat{n}}\) pointing outward.

---

Step 6: Computing \(\mathbf{F} \cdot d\mathbf{S}\)

Express \(\mathbf{F} = (5x, 4z, 4y)\) in spherical coordinates:

\[
\begin{cases}
x = R \sin \phi \cos \theta \\
y = R \sin \phi \sin \theta \\
z = R \cos \phi
\end{cases}
\]

then:

\[
\mathbf{F} = (5 R \sin \phi \cos \theta, 4 R \cos \phi, 4 R \sin \phi \sin \theta)
\]

The outward surface element vector:

\[
d\mathbf{S} = R^2 \sin \phi\, d\phi\, d\theta\, \mathbf{\hat{n}}



\]

where \(\mathbf{\hat{n}}\) is the unit normal vector at each point, which for the sphere is simply the
radial vector:

\[
\mathbf{\hat{n}} = (\sin \phi \cos \theta, \sin \phi \sin \theta, \cos \phi)
\]

Therefore:

\[
d\mathbf{S} = R^2 \sin \phi\, d\phi\, d\theta\, \mathbf{\hat{n}}
\]

---

Step 7: Calculating the Dot Product

The integrand:

\[
\mathbf{F} \cdot \mathbf{\hat{n}} = (5 R \sin \phi \cos \theta) \sin \phi \cos \theta + (4 R \cos \phi)
\cos \phi + (4 R \sin \phi \sin \theta) \sin \phi \sin \theta
\]

Simplify term-by-term:

\[
= 5 R \sin^2 \phi \cos^2 \theta + 4 R \cos^2 \phi + 4 R \sin^2 \phi \sin^2 \theta
\]

Note that:

\[
\sin^2 \phi (\cos^2 \theta + \sin^2 \theta) = \sin^2 \phi
\]

So:

\[
\mathbf{F} \cdot \mathbf{\hat{n}} = 5 R \sin^2 \phi \cos^2 \theta + 4 R \cos^2 \phi + 4 R \sin^2
\phi \sin^2 \theta
\]

\[
= R \left[ 5 \sin^2 \phi \cos^2 \theta + 4 \cos^2 \phi + 4 \sin^2 \phi \sin^2 \theta \right]
\]

The surface integral becomes:



\[
\iint_{S} \mathbf{F} \cdot d\mathbf{S} = \int_{0}^{2\pi} \int_{0}^{\pi/2} R \left( 5 \sin^2 \phi
\cos^2 \theta + 4 \cos^2 \phi + 4 \sin^2 \phi \sin^2 \theta \right) R^2 \sin \phi\, d\phi\, d\theta
\]

which simplifies to:

\[
R^3 \int_{0
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