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Understanding the behavior of joint distributions and their associated
marginal distributions is fundamental in probability theory and statistics.
When analyzing two random variables, \(X\) and \(Y\), the joint cumulative
distribution function (CDF), denoted as \(F {X,Y}(x,y)\), encapsulates the
probability that \(X\) and \(Y\) simultaneously take on values less than or
equal to specific thresholds. Conversely, the marginal CDFs, \(F X(x)\) and
\(F_Y(y)\), provide the probabilities concerning individual variables.

This article aims to elucidate how to express the extreme
values—specifically, the minimum and maximum—of the joint distribution in
terms of the marginal cumulative distributions. By doing so, we gain deeper
insights into the dependence structure between \(X\) and \(Y\), as well as
practical methods for calculating probabilities associated with their joint
behavior.

Understanding Joint and Marginal Distributions

Joint Cumulative Distribution Function (CDF)

The joint CDF of two continuous random variables \(X\) and \(Y\) is defined
as:

\ [

F {X,Y}(x,y) = P(X \leq x, Y \leq y)

\1]

This function describes the probability that \(X\) and \(Y\) simultaneously
fall below certain thresholds \(x\) and \(y\). It contains all the
information about the joint distribution.

Marginal CDFs

The marginal cumulative distribution functions are derived from the joint CDF
by fixing one variable:

\ [

F_X(x) = P(X \leqg x) = \lim_{y \to \infty} F_{X,Y}(x,y)

\1



\

F Y(y) = P(Y \leq y) = \lim {x \to \infty} F {X,Y}(x,y)

\1]

These functions describe the distribution of each variable independently,
ignoring the dependence structure.

Extreme Values of the Joint CDF in Terms of
Marginal Distributions

The primary goal is to express the extremal values—specifically, the minimum
and maximum of the joint distribution-using the marginal CDFs. These are:

- The minimum of \(F {X,Y}(x,y)\), which tells us the least probable joint
event up to \((x,y)\).

- The maximum of \(F {X,Y}(x,y)\), which indicates the highest joint
probability over the domain.

Maximum of the Joint Distribution \(F_{X,Y}(x,y)\)

Intuition:

The maximum value of the joint distribution at a point \((x,y)\) occurs when
the variables are perfectly dependent and aligned in a manner that maximizes
their joint probability. Since the joint CDF cannot exceed the marginal CDFs,
the upper bound of the joint distribution is controlled by the marginal
distributions.

In terms of marginal CDFs:

The maximum of \(F {X,Y}(x,y)\) at a specific point \((x,y)\) is simply the
minimum of the marginal CDFs:

\ [

\boxed{

\max_{x', y'} F {X,Y}(x', y") \big| {x' \leq x, y' \leq y} = \min \left(

F X(x),\, F_Y(y) \right)

}

\1

This is because the joint distribution cannot assign a probability greater
than either marginal at the respective thresholds.

Formal Explanation:

- Since \(F _{X,Y}(x,y) \leqg F X(x)\) and \(F {X,Y}(x,y) \leq F Y(y)\), the
joint CDF is bounded above by the smaller of the two marginals.

- When the variables are positively dependent in a particular structure



(e.g., comonotonic), the joint CDF approaches this minimum, making it an
important measure for extremal analysis.

Minimum of the Joint Distribution \(F_{X,Y}(x,y)\)

Intuition:

The minimum of the joint distribution at a point \((x,y)\) occurs under the
assumption of the least dependence or maximum negative dependence between
\(X\) and \(Y\). In the extreme case, the joint probability can be as low as
zero if the events are mutually exclusive.

In terms of marginal CDFs:

The minimal joint probability at a point can be expressed as:

\ [

\boxed{

\min_{x", y'} F_{X,Y}(x"', y') \big|_{x' \leq x, y' \leq y} = \max \left( 0,\,
F X(x) + F Y(y) - 1 \right)

}

\1

This stems from the Fréchet—-Hoeffding bounds, which provide the theoretical
limits for joint distributions given fixed marginals.

Explanation of the bounds:

- The joint CDF cannot be less than the maximum of zero and \(F _X(x) + F_Y(y)
- 1\).

- These bounds describe the extremal joint distributions with specified
marginals, corresponding to perfect negative dependence
(countermonotonicity).

Practical Implications and Applications

Knowing how to express the extremal joint distribution values in terms of the
marginal distributions has broad applications:

1. Risk Management:
In finance, understanding worst-case joint loss scenarios involves analyzing
the minimum joint probabilities constrained by marginals.

2. Reliability Engineering:
Calculating bounds on system failure probabilities where component

reliabilities (marginals) are known but dependence structure is uncertain.

3. Copula Theory:



The extremal bounds relate to copula functions, which describe dependence
structures between variables.

4. Statistical Modeling:
Deriving bounds helps in constructing models with known marginals but unknown
dependence, ensuring the models are consistent with marginal distributions.

Summary of Key Formulas

| Extrema | Expression in terms of marginal CDFs | Description |

IR IR IR

| Maximum of \(F {X,Y}(x,y)\) | \(\min(F X(x), F Y(y))\) | Upper bound under
perfect positive dependence |

| Minimum of \(F {X,Y}(x,y)\) | \(\max(0, F X(x) + F Y(y) - 1)\) | Lower
bound under perfect negative dependence |

Conclusion

Expressing the extreme values of the joint cumulative distribution function
\(F {X,Y}(x,y)\) in terms of the marginal distributions \(F X(x)\) and

\(F Y(y)\) provides valuable bounds and insights into the dependence
structure between two variables. These bounds, rooted in fundamental
principles such as the Fréchet—Hoeffding bounds and copula theory, are
essential tools for statisticians, risk analysts, and engineers.

Understanding these relationships not only aids in theoretical analysis but
also enhances practical modeling, enabling more accurate assessment of joint
probabilities under uncertainty about dependence. Whether dealing with
financial risks, reliability systems, or multivariate statistical models,
these bounds serve as fundamental reference points for analyzing the extremal
behavior of joint distributions.
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Note: This article aims to provide a comprehensive overview suitable for
students, researchers, and practitioners interested in the theoretical and
practical aspects of joint and marginal distributions.

Frequently Asked Questions

How can we express the maximum value of a joint
distribution function FX,Y(x,y) in terms of marginal
cumulative distributions?

The maximum of FX,Y(x,y) is 1, which occurs when both X and Y are at their
upper bounds. In terms of marginals, FX(x) and FY(y), the joint distribution
satisfies FX,Y(x,y) = min{FX(x), FY(y)}; thus, the maximum is achieved when
both marginal CDFs reach 1.

What is the relationship between joint distribution
function FX,Y(x,y) and marginal CDFs when expressing
extreme values?

When X and Y are independent, FX,Y(x,y) = FX(x) FY(y). The extremal values of
FX,Y(x,y) can thus be expressed in terms of the marginal CDFs, with maxima at
FX(x)=1 and FY(y)=1, leading to FX,Y(x,y)=1.

How do you determine the minimum value of FX,Y(x,y)
using marginal CDFs?

The minimum value of FX,Y(x,y) is 0, which occurs when either FX(x)=0 or
FY(y)=0. These are points where the marginal distributions are at their
minimum, indicating the joint distribution's minimum is aligned with the
marginal minima.

Can the extreme values of FX,Y(x,y) be directly
written in terms of marginal CDFs, and if so, how?

Yes. The joint CDF FX,Y(x,y) is bounded above by min{FX(x), FY(y)} and below
by max{0@, FX(x) + FY(y) - 1} for certain dependence structures. Extreme
values of FX,Y(x,y) can thus be expressed in terms of the marginal CDFs using
these bounds.

Why is it useful to express extreme values of the



joint distribution FX,Y(x,y) in terms of marginal
cumulative distributions?

Expressing extreme values in terms of marginals allows for easier analysis
and estimation when the joint distribution is complex, especially under
assumptions like independence or known dependence structures, facilitating
the study of maximum and minimum probabilities in multivariate distributions.

Additional Resources

Extreme Values of FX, Y (x, y) in Terms of Marginal Cumulative Distributions:
An Expert Analysis

In the realm of probability and statistics, the study of joint distributions
and their extremal behaviors plays a pivotal role across diverse
disciplines—from risk management and finance to engineering and environmental
sciences. A particularly insightful area within this domain involves
expressing the extreme values of the joint probability density function (PDF)
\(f_{X,Y}(x,y)\) through the lens of marginal cumulative distribution
functions (CDFs). This approach not only simplifies complex multivariate
analysis but also provides a clearer understanding of the behavior of joint
variables at their extremal points.

This article embarks on a comprehensive exploration of how the extreme
(maximum and minimum) values of the joint density \(f {X,Y}(x,y)\) can be
articulated in terms of the marginal CDFs \(F X(x)\) and \(F Y(y)\). We will
dissect the theoretical underpinnings, practical implications, and
methodological steps involved, all while maintaining an engaging, expert-
level perspective.

Understanding the Foundations: From Marginal
Distributions to Joint Densities

Before delving into extremal values, it’s crucial to establish a solid
understanding of the foundational concepts—marginal distributions, joint
distributions, and their interrelations.

Marginal and Joint Distributions

- Marginal Distribution: Describes the probability distribution of a single
random variable, obtained by integrating or summing out the other variables
in a joint distribution. For a continuous two-variable case:



= \int_ {-\infty}~{x} \int {-\infty}~{\infty}

Similarly for \(Y\):

\[

F_Y(y) = P(Y \leq y) = \int_{-\infty}~{\infty} \int {-\infty}~{y}
f_{X,Y}(u,v) \, dv \, du

\1]

- Joint Distribution: Describes the probability distribution of the pair
\((X, Y)\), with joint PDF \(f {X,Y}(x,y)\) satisfying:

\ [

f {X,Y}(x,y) \geq 0, \quad \text{and} \quad \int {-\infty}~{\infty} \int {-
\infty}~{\infty} f {X,Y}(x,y) \, dx \, dy =1

\1

The joint CDF is:

\ [
F {X,Y}(x,y) = P(X \leq x, Y \leq vy)
\1

Expressing the Joint Density's Extreme Values
in Terms of Marginal CDFs

The core idea behind this analysis hinges on relating the behavior of the
joint density \(f {X,Y}(x,y)\) at its extremal points to the marginal CDFs,
which are often easier to interpret and estimate.

Why Focus on Extreme Values?

Extreme values of the joint density are critical in multiple contexts:

- Risk assessment: Understanding where joint variables are most likely to
simultaneously attain high or low values.

- Dependence modeling: Identifying the regions where the joint density peaks
or diminishes indicates dependence structures.

- Simulation and optimization: Locating extremal points aids in efficient
sampling and decision-making.



Key Concepts and Theoretical Framework

- Maxima and Minima of \(f {X,Y}(x,y)\): These are points \((x", y™)\) where
the joint density attains its highest or lowest values within a domain.

- Relationship to Marginal Distributions: The marginal CDFs, \(F X(x)\) and
\(F_Y(y)\), encapsulate the probabilities of \(X \leqg x\) and \(Y \leq y\).
Under certain assumptions (e.g., continuous and strictly increasing
marginals), the joint density’s extremal points can be characterized through
these CDFs and their inverses.

Methodological Approach to Expressing Extremal
Values

Here's an in-depth step-by-step guide to expressing the extreme values of
\N(F_{X,Y}(x,y)\) in terms of \(F_X(x)\) and \(F_Y(y)\):

Step 1: Establish the Dependence Structure

- Copula Representation:
A powerful way to relate marginals and joint distribution is via copulas:

\ [
F_{X,Y}(x,y) = C(F_X(x), F_Y(y))
\]

where \(C(u,v)\) is a copula function capturing dependence, with:

\ [
f {X,Y}(x,y) = c(F_X(x), F_Y(y)) \times f_X(x) \times f_Y(y)
\1]

and \(c(u,v) = \frac{\partial®2 C(u,v)}{\partial u \partial v}\) is the
copula density.

- Implication:
The joint density is expressed as a product of marginal densities and a
dependence factor \(c(u,v)\), which depends solely on the marginals’ CDFs.



Step 2: Express \(f_{X,Y}(x,y)\) in Terms of \(F_X\)
and \(F_Y\)

Using the copula approach:

\ [
f {X,Y}(x,y) = c(F_X(x), F_Y(y)) \times f X(x) \times f_Y(y)
\1]

This formula indicates that the joint density at any \((x,y)\) can be
decomposed into:

- The marginal densities \(f X(x)\), \(f Y(y)\)
- The dependence structure via \(c(F X(x), F Y(y))\)

Step 3: Find the Extremal Points of \(f_{X,Y}(x,y)\)

- Since the densities are non-negative, the maximum (or minimum) of
\N(f {X,Y}(x,y)\) occurs where the combined product is maximized (or
minimized).

- Maximization Problem:

\ [
\text{Maximize } f {X,Y}(x,y) = c(F X(x), F Y(y)) \times f X(x) \times f Y(y)
\1

- Given that \(f X(x)\) and \(f Y(y)\) are functions of \(x\) and \(y\), and
\(c(\cdot, \cdot)\) depends on the marginals’ CDFs, the extremal points can
be characterized by:

\ [
x® = F X*{-1}(u™), \quad y~ = F Y*{-1}(v")
\]

where \(u™ = F_ X(x™)\), \(v* = F_ Y(y")\) are the points in \([0,1]\) where
the dependence density \(c(u,v)\) is maximized or minimized.

Step 4: Expressing Extreme Values in Terms of
\(F_X\) and \(F_Y\)

- Maximum joint density:



\ [
fOGYH(XY, y™) = c(u, v*) \times f X(F X~{-1}(u~)) \times f Y(F Y~{-1}(v"))
\1

- Minimum joint density:

\ [

f {X,Y}(x {min}, y {min}) = c(u_{min}, v_{min}) \times f X(F X~{-1}(u {min}))
\times f Y(F Y~{-1}(v_{min}))

\1]

where \(u {min}, v_{min}\) are points in \([0,1]\) where \(c(u,v)\) attains
its minimum.

Practical Applications and Significance

Understanding how to express the extremal values of the joint density in
terms of marginal CDFs is more than a theoretical endeavor-it has concrete
applications.

1. Risk Management and Extreme Event Modeling

In sectors like finance and insurance, predicting joint tail behaviors is
essential for estimating the likelihood of catastrophic events. By expressing
extremal densities via marginal CDFs, analysts can:

- Identify the regions in the joint space where extreme co-occurrences are
most probable.

- Use marginal data to infer joint tail behaviors without requiring full
joint distribution modeling.

2. Dependence Structure Analysis

Copula-based methods, which hinge on marginal CDFs, enable:

- Decomposition of dependence effects.

- Exploration of how changes in marginals influence joint extremal behavior.
- Design of dependence models that align with observed marginal
distributions.



3. Simulation and Optimization

Simulation algorithms often rely on transforming independent uniform
variables into correlated variables via inverse CDFs and copulas. The
extremal value analysis informs:

- Efficient sampling strategies focusing on regions of interest.
- Optimization procedures targeting rare but critical joint events.

Summary and Key Takeaways

- The extremal values of the joint density \(f {X,Y}(x,y)\) can be expressed
in terms of the marginal CDFs \(F X(x)\) and \(F Y(y)\), especially when
leveraging copula representations.

- The dependence structure encapsulated by the copula density \(c(u,v)\) 1is
central to locating
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