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In the realm of real analysis and mathematical logic, the properties of functions and the behavior of
sets within specific intervals are fundamental topics. When working with functions defined on closed
intervals, particular theorems or properties often rely heavily on the interval being closed, i.e.,
including both endpoints [a, B]. However, what happens if we attempt to extend or modify these
properties by replacing the closed interval [a, B] with an open interval (a, B), a half-open interval [a,
B), or another subset?

Understanding these nuances is crucial because many theorems—such as the Extreme Value
Theorem, properties of continuous functions, and integrability criteria—depend on the closedness of
the interval. Replacing a closed interval with an open one may invalidate certain properties, and
identifying explicit counterexamples helps clarify these limitations.

This article aims to explore such replacements, focusing on the question: Find a counterexample
which shows that Wat is not true if we replace the closed interval [a, B] with some other subset,
particularly an open interval (a, B). We will examine the theoretical background, formulate specific
examples, and analyze why certain properties fail without the closure of the interval.

Understanding the Role of Closed Intervals in
Mathematical Analysis

Before diving into counterexamples, it’s important to understand why closed intervals are so
significant in analysis.

Key Properties of Closed Intervals

- Completeness and Compactness: The interval [a, B] is compact in \(\mathbb{R}\), meaning every
open cover has a finite subcover. Compactness often guarantees the attainment of maxima and
minima for continuous functions.

- Extreme Value Theorem: If \(f\) is continuous on a closed interval [a, B], then \(f\) attains its
maximum and minimum at some points in [a, B].

- Limit Behavior at Endpoints: Closed intervals include their endpoints, allowing for the evaluation of
limits and boundary behavior directly at \(a\) and \(B\).



In contrast, open intervals (a, B) lack these properties. They are not compact, and continuous
functions on them may not attain maximum or minimum values, especially at the endpoints which are
not included in the domain.

Formulating the Problem: Replacing [a, B] with (a, B)

When replacing the closed interval [a, B] with the open interval (a, B), certain properties or theorems
may no longer hold. The key question is:

- What specific property or theorem, denoted here as Wat, is expected to be true on [a, B], but fails on
(a, B)?

While the exact nature of Wat is context-dependent, in typical analysis scenarios, it could be:
- The attainment of extrema (max and min)

- Uniform convergence or boundedness

- The validity of certain integral properties

- The limit behavior of functions approaching the endpoints

In this article, we focus primarily on the attainment of extrema because it is the most fundamental
property influenced by the closure of the interval.

Counterexample: Continuous Function on an Open
Interval That Does Not Attain Its Maximum

Constructing the Counterexample

Consider the function \(f: (0, 1) \to \mathbb{R}\) defined as:

\[

f(x) = x

\]

This function is continuous on the open interval \((0, 1)\). Let's analyze its properties:

- Behavior within the interval: For any \(x \in (0, 1)\), \(f(x) = x\), which is continuous.

- Maximum value: As \(x \to 17-\), \(f(x) \to 1\). But since \(x\) never equals 1 within the domain, \(f\)
never attains the value 1.



- Supremum: The supremum of \(f\) on \((0, 1)\) is 1, but this maximum is not attained within the
domain.

- Minimum value: Similarly, as \(x \to 07~ +\), \(f(x) \to 0\), but \(f\) never reaches 0 within \((0, 1)\).

This simple example demonstrates that on an open interval, a continuous function may not attain its
maximum or minimum, even though these extrema exist as limits.

Implication for Wat

Suppose Wat is the statement:
"Any continuous function on a closed interval [a, B] attains its maximum and minimum."

This is true by the Extreme Value Theorem.
However, on the open interval (a, B), the statement fails as the example shows:

- The function \(f(x) = x\) on (0, 1) does not attain its maximum of 1 but approaches it arbitrarily
closely.

Therefore, replacing [a, B] with (a, B) invalidates the guarantee of attaining extrema, providing a clear
counterexample.

Counterexamples Demonstrating Failure of Other
Properties When Replacing [a, B]

While the previous example focused on extrema, similar counterexamples exist for other properties,
such as integrability or boundary limits.

Counterexample 1: Non-Integrability of Certain Functions on
Open Intervals

Consider the function:

\[

f(x) = \frac{1}{\sqrt{x}}

\]

defined on the open interval \((0, 1)\).

- Behavior near 0: As \(x \to 0™ +\), \(f(x) \to +\infty\).

- Integrability on (0, 1): The improper integral



\[

\int 071 \frac{1}{\sqrt{x}}\, dx

\]

converges (equal to 2), but the function is unbounded near 0.

- On the closed interval [0, 1], the function is not defined at 0, but if we extend the domain to include
0, the function becomes non-integrable at that point.

Key Point: When the interval is open, integrals can be improper but finite; when closed and including
the problematic point, the integral might diverge or be undefined.

Counterexample 2: Limit Behavior at Endpoints

Define \(f(x) = \sin(1/x)\) on \((0, 1]\):
-0n \((0, 11\): The function oscillates wildly as \(x \to 0™ +\).

-0On \((0, 1)\): The domain excludes 0, so the behavior at 0 is not directly considered, but the limit as
\(x \to 0™ +\) exists and is oscillatory.

-0On [0, 1]: If we include 0, the limit of \(f(x)\) as \(x \to 0™ +\) does not exist due to oscillations.

Conclusion: The boundary behavior can be drastically different depending on whether endpoints are
included or not, impacting properties like limits and continuity.

Summary of Key Insights from Counterexamples

- The Extreme Value Theorem relies fundamentally on the domain being closed and bounded.
Replacing [a, B] with (a, B) causes the theorem to fail, as exemplified by \(f(x)=x\) on \((0, 1)\).

- Functions that approach boundary points arbitrarily closely may not attain their extrema within open
intervals, illustrating the importance of closure in guaranteeing such properties.

- Integrability and limit behaviors are also sensitive to the inclusion or exclusion of boundary points,
affecting properties like convergence and boundary limits.

Conclusion: The Importance of Closed Intervals in



Mathematical Contexts

Replacing a closed interval [a, B] with an open interval (a, B) can lead to the failure of many
fundamental theorems in analysis. The counterexamples provided demonstrate explicitly that
properties such as the attainment of maximum and minimum values, limits at boundary points, and
certain integrability conditions rely heavily on the closedness of the domain.

Key takeaways include:

- The Extreme Value Theorem does not hold on open intervals because maxima and minima may only
be approached, not attained.

- Continuous functions on open intervals can have supremum and infimum that are not achieved
within the domain.

- Boundary behaviors, including limits and integrability, can differ significantly when endpoints are
excluded.

In essence, the closure of the interval [a, B] is not just a formal property but a critical condition
underpinning many core theorems and properties in analysis. Recognizing the necessity of this
closure and understanding the counterexamples when it is removed are vital for a deep
comprehension of real analysis.

Final Remarks

If you are studying a specific property or theorem labeled Wat, always verify whether its proof or
statement hinges on the domain being closed. When attempting to generalize or modify the domain,
constructing explicit counterexamples like those above can clarify whether the property still holds or
fails.

By mastering such counterexamples, you develop a nuanced understanding of the delicate balance
between domain properties and functional behaviors, which is essential for advanced mathematical
reasoning and rigorous analysis.

Frequently Asked Questions

What is a counterexample that demonstrates the failure of a
statement when replacing the closed interval [a, b] with an
open interval (a, b)?

Consider the statement that a continuous function on [a, b] attains its maximum. Replacing [a, b] with
(a, b), which is open, can lead to the function not attaining its maximum within the interval, providing
a counterexample such as f(x) = 1/x on (0, 1), which approaches 1 as x approaches 0 but never



attains it.

How does the Heine-Cantor theorem serve as a
counterexample when changing from [a, b] to (a, b)?

The Heine-Cantor theorem states that continuous functions on a closed interval [a, b] are uniformly
continuous. When replacing [a, b] with the open interval (a, b), the theorem may fail because
functions can behave badly near the endpoints, serving as counterexamples to uniform continuity on
open intervals.

Can you give an example of a theorem involving closed
intervals that fails when using open intervals?

Yes. The Extreme Value Theorem states that a continuous function on a closed interval [a, b] attains
its maximum and minimum. If we replace [a, b] with an open interval (a, b), this may no longer hold.
For example, f(x) = 1/x on (0, 1) approaches 1 as x approaches 0 but does not attain it, so the
maximum is not achieved within the interval.

What is a common counterexample illustrating the failure of
convergence properties when replacing [a, b] with (a, b)?

The Bolzano-Weierstrass theorem guarantees a convergent subsequence for bounded sequences in
[a, b], but this can fail in open intervals. For instance, the sequence x_n = 1/nin (0, 1) converges to 0,
but 0 is not in the interval, illustrating that some properties depend on the closed nature of the
interval.

Why does replacing a closed interval with an open interval
invalidate certain integral properties, and what is a
counterexample?

Replacing [a, b] with (a, b) can cause issues with integrability at the endpoints. For example, the
function f(x) = 1/vx on (0, 1) is integrable over (0, 1) but approaches infinity near 0, demonstrating
that some properties relying on boundary values on [a, b] do not hold when the interval is open.

Additional Resources
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When working within the realms of analysis, especially in the context of limits, continuity, and
integration, the structure of the interval involved plays a crucial role. The phrase "Find A
Counterexample Which Shows That Wat Is Not True If We Replace The Closed Interval [a, B]" hints at
a common pitfall encountered when transitioning from closed intervals to open or half-open intervals.
In many mathematical theorems—such as the Intermediate Value Theorem, the Extreme Value
Theorem, or certain properties of integrals—the closed interval [a, B] ensures the existence of
maxima, minima, or certain limit properties. Replacing this closed interval with an open interval (a, B)



or a half-open interval can invalidate these conclusions, and counterexamples vividly demonstrate
this failure.

In this article, we will explore the importance of the closed interval in theorems, understand why

replacing it with an open interval can cause issues, and provide concrete counterexamples that show
why the theorem (referred to here as "Wat") no longer holds under such modifications.

Understanding the Role of Closed Intervals in Mathematical Theorems
The Significance of Closed Intervals

The closed interval [a, B] includes its endpoints, a and B. Many fundamental theorems in analysis rely
on this property:

- Extreme Value Theorem: Every continuous function on a closed and bounded interval attains both its
maximum and minimum.

- Heine-Cantor Theorem: Uniform continuity on a closed, bounded interval.

- Completeness and Compactness: Closed intervals are compact in R, which is crucial in many limit
and convergence arguments.

Replacing [a, B] with an open interval (a, B) removes the endpoints, which can lead to the loss of
certain properties:

- The function might not attain its maximum or minimum within the open interval.

- Limits at the endpoints might not be achievable within the interval.
- Certain integrals or sums might diverge or not converge to a finite value.

Why Replacing [a, B] Can Break Theorems: A Conceptual Overview

Suppose "Wat" is a theorem that states, for example:

> "Any continuous function on the closed interval [a, B] attains its maximum and minimum."

This is a direct consequence of the Extreme Value Theorem. Now, if we replace [a, B] with (a, B), the
theorem no longer holds in general. The endpoints' absence can prevent the function from reaching

its supremum or infimum within the interval, especially if these are approached only at the endpoints.

Key Point: The presence of endpoints in the interval ensures that continuous functions behave
"nicely" and certain extremal or limit properties are guaranteed.

Constructing a Counterexample: The Core Approach
To demonstrate that "Wat" fails when replacing [a, B] with an open interval, it suffices to:

1. Identify a continuous function defined on [a, B] that attains its maximum (or minimum).



2. Show that this function does not attain its maximum (or minimum) when restricted to (a, B).
3. Confirm that this counterexample relies on the endpoints being excluded.

Let us now explore such a counterexample in detail.

A Concrete Counterexample: The Function f(x) = 1/x on (0, 1)
The Setup

- Interval of interest: (0, 1)
- Function: f(x) = 1/x

Properties of f(x) on [0, 1]:

-On [0, 1], the function is not defined at 0, but on [a, B] with a > 0, it is continuous.
-On [a, 1], for any a > 0, f(x) is continuous, and:

- The maximum is attained at x = a, with f(a) = 1/a.
- The minimum is at x = 1, with f(1) = 1.

Behavior on the open interval (0, 1)
- Domain: (0, 1)
- Continuity: f(x) = 1/x is continuous on (0, 1).

- Extremes:

- As x approaches 0 from the right, f(x) - .
-Atx=1,f(1)=1.

What does this tell us?

- On [a, 1], the maximum is attained at x = a (since f is decreasing), with the maximum being 1/a.
- On (0, 1), the function does not attain its maximum because:

- Forany x in (0, 1), f(x) is finite.

- The supremum (least upper bound) of f(x) is «, approached as x - 0+.

- But, f(x) never reaches « within (0, 1); the maximum is not attained.

Implication

This shows that the maximum value of f(x) on [a, 1] is attained at the endpoint a, but on (0, 1), no

point reaches the supremum. The key point here is that excluding the endpoint 0 from the interval
causes the maximum to vanish as an actual value within the domain.

Extending the Example to General Theorems



The Extreme Value Theorem (EVT)
The EVT states:

> |f f is continuous on a closed interval [a, B], then f attains its maximum and minimum within that
interval.

Counterexample with open interval:

- Function: f(x) = 1/x on (0, 1)
- Observation: f is continuous on (0, 1), but does not attain a maximum because:

- The supremum is at the limit as x - 0+.
- f(x) = «, but no finite point in (0, 1) reaches this value.

Conclusion: The EVT fails if the interval is open, because the endpoint 0 is excluded, and the function
does not attain its supremum.

Other lllustrative Counterexamples

1. The Function f(x) = x on (0, 1)

- Behavior:

- The maximum is approached as x = 1-.

- The actual maximum at x = 1 is outside the interval.

-0n (0, 1), the supremum is 1, but it's not attained.

Implication: Replacing the closed interval with open excludes the point where the maximum is
achieved, violating the theorem's assertion.

2. The Function f(x) = sin(1/x) on (0, 1)
- Behavior:

- Continuous on (0, 1).

- Oscillates infinitely as x = 0+.

- No maximum or minimum exists because the function keeps oscillating.

Implication: This showcases that certain bounds or extremal properties depend heavily on whether
endpoints are included and the behavior at those endpoints.

General Lessons and Takeaways

- Closed intervals [a, B] are critical in many theorems because they ensure the boundary points are



included, allowing functions to attain extremal values or limits.

- Open intervals (a, B) can cause the failure of theorems like the EVT or the attainment of
maxima/minima, especially when the function's extremal behavior is linked to boundary points.

- Counterexamples like 1/x on (0, 1) or oscillatory functions such as sin(1/x) demonstrate that
removing endpoints can invalidate guarantees about maxima, minima, or limits.

- In integration and convergence theorems, the lack of boundary points can lead to divergence or the
failure of certain limit properties.

Final Remarks: Practical Implications

When analyzing functions or applying theorems, always pay close attention to the nature of the
interval:

- If the theorem requires a closed, bounded interval, ensure the interval's closure to guarantee the
theorem's validity.
- When replacing [a, B] with (a, B), be aware that:

- The function may not attain extremal values.
- Limits at boundary points may not be within the domain, invalidating certain conclusions.
- Theorems relying on compactness or boundary behavior may no longer hold.

Understanding these nuances and employing counterexamples like the ones discussed can deepen
your insight into the importance of interval closure in analysis. They serve as cautionary tales
illustrating why certain conditions are necessary for theorems to hold, and why their removal can lead
to failure.

In summary, the process of finding a counterexample which shows that Wat is not true if we replace
the closed interval [a, B] involves analyzing functions whose extremal or limit properties depend
critically on boundary points. The classic example of f(x) = 1/x on (0, 1) vividly demonstrates this
failure, emphasizing the significance of the closed interval in ensuring the validity of many
fundamental theorems in analysis.
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