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Find A Parameterization For A Circle Of Radius 7 With Center (-5,6,-3) In A Plane Parallel To The XY
plane is a common problem in vector calculus and analytic geometry. To approach this, it is essential
to understand the geometric and algebraic properties of circles in three-dimensional space, especially
when they lie in planes parallel to the XY plane. This article provides a comprehensive guide on how
to find such a parameterization, including step-by-step methods, key concepts, and illustrative

examples.

Understanding the Problem and Its Context

What Does It Mean for a Circle to Be in a Plane Parallel to the XY

Plane?

The XY plane is defined by the equation z = 0. A plane parallel to the XY plane is a plane that is
shifted vertically along the z-axis but maintains the same orientation. Such planes can be described by

an equation of the form:



e 7z = ¢, where c is a constant.

In our problem, the circle lies in a plane parallel to the XY plane, which means the circle's plane can

be expressed as:

where k is a constant determining the height of the plane in the z-direction.

Given Data and Its Implication

We are given:

¢ Radius of the circle, r = 7

e Center of the circle, (-5, 6, -3)

e The plane is parallel to the XY plane

This implies that the circle lies in a plane where the z-coordinate is constant at -3, matching the z-

coordinate of the center. Therefore, the plane equation is:



Step-by-Step Method to Find the Parameterization

1. Determine the Plane Equation

Since the circle's center is at (-5, 6, -3) and the plane is parallel to XY, the plane's equation is

straightforward:

This indicates the entire circle lies at a constant z-value, simplifying the problem to a 2D circle in the

XY plane, elevated at z = -3.

2. Standard Parameterization of a Circle in the XY Plane

The general parametric equations for a circle centered at (h, k) with radius r in the XY plane are:

e x =h + r cos(t)

o y =Kk +rsin(t)

where t is a parameter that varies from 0 to 2|:|.



3. Adjust the Parameterization for the Specific Center and Plane

Given the center (-5, 6) in the XY plane and the radius 7, the parameterization becomes:

o x(t) = -5+ 7 cos(t)

e y(t) =6 + 7 sin(t)

Here, t [ [0, 201

4, Complete Vector Form of the Parameterization

Expressed as a vector function, the parameterization is:

\vec{r}(t) = \langle -5 + 7 \cos t, \; 6 + 7 \sin t, \; -3 \rangle

This provides a complete description of the circle in 3D space.

Additional Considerations and Variations



Handling Different Planes Parallel to XY

- If the plane were at z = ¢ where ¢ D -3, the parameterization would be similar:

\vec{r}(t) = \langle -5 + 7 \cos t, \; 6 + 7 \sin t, \; c \rangle

- The key is that the circle remains in a plane where z is constant; only that constant shifts.

Parametric Equations for Other Orientations

- If the plane were oriented differently (not parallel to XY), a more complex approach involving rotation

matrices or normal vectors would be necessary to find the parameterization.

Visualizing the Circle in 3D Space

Graphical Representation

- The circle is centered at the point (-5, 6, -3).
- It has a radius of 7 units.

- It lies in a horizontal plane at z = -3.

Applications of the Parameterization

- Computing the length of the circle (which should be 2Dr = 14|:|).

- Calculating surface areas or intersections with other objects.



- Animation and modeling in 3D graphics.

Summary of the Key Steps

1. Identify the plane's equation based on the center and its parallelism to XY.
2. Use standard circle parameterization in XY coordinates.
3. Adjust for the center coordinates by shifting the parametric equations.

4. Set the z-coordinate as a constant corresponding to the plane.

Conclusion

Finding a parameterization for a circle in a plane parallel to the XY plane is straightforward once the
plane's equation and the circle's center are known. The primary approach involves standard circle
parameterization in the XY plane, with the z-coordinate fixed. For the given problem, the

parameterization is:

\vec{r}(t) = \langle -5 + 7 \cos t, \; 6 + 7 \sin t, \; -3 \rangle, \quad t
\in [0, 2\pi]

This simple yet powerful method allows for easy computation, visualization, and further analysis of the
circle in 3D space. Understanding these steps enhances geometric intuition and prepares you for more

complex problems involving parameterizations in three dimensions.

Frequently Asked Questions



What is the general form of a parameterization for a circle of radius 7
centered at (-5, 6, -3) in a plane parallel to the XY-plane?

Since the plane is parallel to the XY-plane, the z-coordinate remains constant at -3. The

parameterization is: x(t) = -5 + 7 cos t, y(t) = 6 + 7 sin t, z(t) = -3, with tin [0, 2|:|].

How do | verify that the parameterization correctly represents the
circle?

Calculate the distance from the center (-5, 6, -3) to any point on the parameterized curve: D[(x(t)+5)"2
+ (y(t)-6)*2 + (z(t)+3)*2] and confirm it equals 7 for all t.

Can the parameterization be expressed in vector form?

Yes. The vector form is: r(t) = <-5,6,-3>+ 7 cos ti + 7 sintj + 0 k, simplifying to r(t) = (-5 + 7 cos t,
6 + 7 sin t, -3).

What is the domain of the parameter t in this circle's
parameterization?

The domain is t D [0, 2|:|], covering the entire circle once.

How does the plane's orientation affect the parameterization?

Since the plane is parallel to the XY-plane, the z-coordinate remains constant at -3, simplifying the

parameterization to a 2D circle in the XY-plane at z = -3.

How would the parameterization change if the circle's plane was tilted
or inclined?

If the plane was inclined, you'd need to parameterize the circle in 3D space considering the plane's

orientation, often involving rotation matrices or basis vectors aligned with the plane.



Is it necessary to include the plane's equation when writing the
parameterization?

While not necessary for the parameterization itself, knowing the plane's equation helps confirm the

circle lies within that plane and can guide the parameterization process.

How can | visualize this circle in 3D space?

Use plotting software like MATLAB, WolframAlpha, or Python's matplotlib to plot the parametric

equations x(t), y(t), z(t) over t in [O, 2|:|] to visualize the circle in 3D.

Are there alternative parameterizations for this circle?

Yes, you can express the circle using different parameterizations, such as using sine and cosine with

phase shifts, or parameterize in other coordinate systems if the plane's orientation is different.

Additional Resources

Find A Parameterization For A Circle Of Radius 7 With Center (-5,6,-3) In A Plane Parallel To The XY

Plane

Introduction

In the realm of three-dimensional geometry, the task of parameterizing a circle situated in space is
foundational yet rich with nuances. When the circle resides in a plane parallel to the XY plane, the
problem simplifies to some extent but still offers a compelling exploration of coordinate systems,
geometric intuition, and mathematical techniques. This article aims to thoroughly investigate how to
find a parameterization for a circle of radius 7, centered at the point (-5, 6, -3), lying in a plane parallel

to the XY plane.



Understanding such parameterizations is crucial not only for theoretical mathematics but also for
practical applications in computer graphics, physics simulations, and engineering designs, where

precise mathematical descriptions of spatial objects are essential.

Geometric Setup and Problem Restatement

The Circle's Center and Radius

Given:

- Center \( C = (-5, 6, -3) \),

- Radius \(r=7\).

The circle is situated in a plane parallel to the XY plane. Since the XY plane is characterized by the

equation \( z = 0\), a plane parallel to it would have the form:

where \( ¢ \) is a constant. To determine the specific plane in which the circle lies, we need to

understand its orientation.

Plane Specification

Given the problem statement, the plane is parallel to XY, which means it has a constant z-coordinate.

The circle's center is at \( z = -3 \), and, assuming the circle is in the plane passing through this point,

the plane's equation is:

\[



This simplifies the problem: the circle lies entirely in the plane \( z = -3 \).

Geometric Interpretation

- The circle is in the plane \( z = -3 \),

- The circle's center at \( (-5, 6, -3) \),

- Radius of 7 units.

This setup allows us to think of the circle as a standard circle in a two-dimensional coordinate system,

but embedded in three-dimensional space.

Mathematical Approach to Parameterization

Fundamental Concept

A circle of radius \( r\) centered at \( (x_0, y_0, z_0)\), lying in a plane parallel to XY, can be

parametrized using a simple angular parameter \( t \) (often in radians):
\[
\mathbf{r}(t) = (x 0 + r\cos t,y 0 +r\sint, z_0).

\

This straightforward parameterization exploits the fact that in the plane \( z = z_0\), the circle is a

standard circle in the XY plane, just translated to the new center.

Explicit Parameterization



Given our data:

- Center: \( (-5, 6, -3) \),

- Radius: 7,

- Plane: \( z = -3\).

The parameterization is:

\[

\boxed{

\mathbf{r}(t) = \left( -5 + 7 \cos t, \quad 6 + 7 \sin t, \quad -3 \right), \quad t \in [0, 2\pi).
}

\

This parameterization traces the entire circle as \( t \) varies from 0 to \( 2\pi \).

Deeper Analysis and Additional Considerations

Why This Parameterization Works

This approach hinges on the fact that in a plane parallel to XY, the circle can be described by

standard polar coordinates centered at the circle's midpoint. Since the plane's orientation does not

involve tilt or rotation, the parameterization is a simple translation of the unit circle.

Verifying the Parameterization

To confirm the correctness:

SAt\(t=0\):



\[

\mathbf{r}(0) = (-5 + 7, 6 + 0, -3) = (2, 6, -3),

\

which is on the circle.

- At\(t=\pif2 \):

\[

\mathbf{r}(\pi/2) = (-5 + 0, 6 + 7, -3) = (-5, 13, -3),

\

again on the circle, confirming the parameterization correctly traces the circle perimeter.

Alternative Parameterizations

While the above is the most straightforward, more advanced parameterizations could involve:

- Rotated coordinate systems if the circle were in an inclined plane,

- Use of vector calculus to describe the circle via cross products,

- Parameterizations involving complex numbers.

However, given the problem constraints, these are unnecessary complexities.

Extension: Generalization to Arbitrarily Oriented Planes

Although the current problem specifies a plane parallel to XY, in many practical scenarios, the plane

may be tilted or oriented arbitrarily in space.



General Approach

Suppose a plane passes through the point \( \mathbf{C} = (x_c, y_c, z ¢)\), with a normal vector \(

\mathbf{n} \). The steps to parameterize a circle in such a plane involve:

1. Identify two orthogonal vectors \( \mathbf{u} \) and \( \mathbf{v} \) lying in the plane, orthogonal to \(
\mathbf{n} \).

2. Construct the circle:

\[
\mathbf{r}(t) = \mathbf{C} + r \left( \cos t \, \mathbf{u} + \sin t \, \mathbf{v} \right),
\]

where \( t\in [0, 2\pi) \).

Choosing the Vectors \( \mathbf{u} \) and \( \mathbf{v} \)

- Select an arbitrary vector \( \mathbf{a} \) not parallel to \( \mathbf{n} \),

- Compute:

\[

\mathbf{u} = \frac{\mathbf{a} - (\mathbf{a} \cdot \mathbf{n}) \mathbf{n}}{\|\mathbf{a} - (\mathbf{a} \cdot
\mathbf{n}) \mathbf{n}\|},

\

- Then, set:

\[

\mathbf{v} = \mathbf{n} \times \mathbf{u}.
\



This ensures \( \mathbf{u} \) and \( \mathbf{v} \) are orthogonal, unit vectors in the plane.

Practical Applications and Significance

Computer Graphics and CAD

Parameterizations of geometric objects like circles are fundamental in computer graphics, CAD

systems, and 3D modeling. They enable precise rendering, rotation, and manipulation of objects.

Physics and Engineering

In fields where spatial paths are essential—such as robotics, aerospace navigation, or structural

engineering—the ability to describe curves parametrically facilitates simulation, analysis, and control.

Mathematical Education and Research

Understanding the principles behind parameterizations deepens comprehension of vector calculus,

differential geometry, and spatial reasoning.

Summary and Conclusions

To succinctly encapsulate:

- The problem involves finding a parametric form for a circle of radius 7 centered at \((-5, 6, -3)\) in a
plane parallel to XY.
- Since the plane is parallel to XY and passes through \( z = -3 \), the circle lies entirely in the plane \(

z=-3\).



- The standard parameterization in this case is:

\[
\boxed{
\mathbf{r}(t) = \left( -5 + 7 \cos t, \quad 6 + 7 \sin t, \quad -3 \right), \quad t \in [0, 2\pi).

}
\

- This straightforward translation of the unit circle provides a complete, exact parameterization suitable

for most practical and theoretical purposes.

In more complex scenarios involving tilted planes, the same principles of vector calculus and

coordinate transformation can be employed to derive suitable parameterizations.

Final Remarks

Mastering the process of parameterizing circles in three-dimensional space not only enhances
geometric intuition but also equips practitioners with essential tools for diverse scientific and
engineering applications. Whether in the context of a simple plane parallel to XY or in more complex
orientations, the fundamental approach remains rooted in translating geometric constructs into

algebraic and parametric forms—a skill central to advanced mathematics and its myriad applications.
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