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When working with numerical integration, Simpson's Rule is a widely used technique for
approximating definite integrals, especially when an exact analytical solution is difficult or
impossible to obtain. However, to ensure the accuracy of this approximation, it is crucial to
determine an appropriate number of subintervals, denoted by N. Specifically, when
estimating the integral of a function \( f(x) \) over the interval \([0, 3]\), selecting N such
that the Simpson's Rule approximation \( S_n'\) is guaranteed to meet a desired error
tolerance is essential. This article provides a comprehensive guide on how to find N, the
minimum number of subintervals needed, to ensure a reliable approximation of the integral
\(\int_0"3 f(x) \, dx \).

Understanding Simpson's Rule and Its Error
Bound

What Is Simpson's Rule?

Simpson's Rule approximates the definite integral of a function by dividing the interval \([a,
b]\) into an even number N of subintervals of equal width \( h = \frac{b - a}{N} \). The rule
uses quadratic polynomials to approximate the function over each pair of subintervals,
resulting in the formula:

\[

S N = \frac{h}{3} \left[ f(x_0) + 4 \sum_{i=1,\, \text{odd}}~{N-1} f(x_i) + 2 \sum_{i=2,\,
\text{even}}~{N-2} f(x_i) + f(x_N) \right]

\]

where:

-\(x_ 0=a\),

-\(x_N=Db)),

-\(x_i=a+ih\)for\(i=1, 2, ..., N-1\).

This method is known for its balance between simplicity and accuracy, often providing
better results than the Trapezoidal Rule for the same number of subintervals.



Why Is Error Estimation Important?

To guarantee the accuracy of the approximation, it is vital to understand the error involved
in Simpson's Rule. The error bound tells us how close the approximation \( S_N) is to the
actual integral \( | = \int_a”~b f(x) dx \). The general error bound for Simpson's Rule is:

\[
[l - S_Nj|\leq \frac{(b-a)~5}{180 N~4} \max_{x\in [a, b]} [f~{(4)}(x)|
\]

where \( f~{(4)}(x) \) is the fourth derivative of \( f(x) \). This inequality indicates that the

error decreases rapidly as N increases, especially when the fourth derivative of \( f\) is
bounded.

Step-by-Step Process to Find N for Guaranteed
Accuracy

To determine N such that the Simpson's Rule approximation \( S_N \) guarantees an error
less than a specified tolerance \( \varepsilon ), follow these steps:

1. Identify the Function and Interval

- Function: \( f(x) \)
- Interval: \([a, b] = [0, 3]\)

Ensure the function \( f\) is sufficiently smooth, specifically four times differentiable on \([O,
31N).

2. Determine or Estimate \( \max_{x\in [a, b]}

1~ {(4)}(x)| \)

-1\~ {(4)}(x) \) is known explicitly, find its maximum absolute value on \([0, 3]\).
- If unknown, estimate or bound it based on the function's behavior.

For example, if \( f(x) = \sin(x) \), then:
\[

£~ {(4)}(x) = \sin(x)

\]

and



\[
\max_{x\in [0, 31} [\sin(x)] = 1
\]

- For more complex functions, analyze derivatives or use numerical methods to find an
upper bound.

3. Set the Desired Error Tolerance \( \varepsilon )

Decide on an acceptable error level, such as \( \varepsilon = 10"~ {-6} \).

4. Use the Error Bound Formula to Solve for N

Rearranged, the error bound is:

\[

[l -S_N|\leg \frac{(b-a)~5}{180 N~4} M

\]

where \( M = \max_{x\in [a, b]} [f~{(4)}(x)| \).

To guarantee the error is less than \( \varepsilon \):

\[
\frac{(b - a)~5} {180 N™~4} M \leq \varepsilon
\]

Solve for N:

\[

N \geq \left( \frac{(b - a)”~5 M} {180 \varepsilon} \right)"~{1/4}
\]

- Compute the numerator and denominator explicitly, then take the fourth root.

Example: Approximating \(\int_073 \sin(x) \, dx\)
with Guaranteed Accuracy

Step 1: Identify the function and interval



-\( f(x) = \sin(x) \)
- Interval: \( [0, 3]\)

Step 2: Find \( f~{(4)}(x) \) and its maximum

-\~ {(4)}(x) =\sin(x) \)
-\(\max_{x\in [0, 31} \sin(x)| = 1)

So,\(M=1\).

Step 3: Choose the error tolerance \( \varepsilon )

- Suppose \( \varepsilon = 10"~ {-6} \).

Step 4: Calculate N

\[
N \geq \left( \frac{(3 - 0)"~5 \times 1} {180 \times 10~ {-6}} \right)~{1/4}

\]

Calculate numerator:

\[
(3)°5 =243
\]

Plug into the inequality:

\[

N \geq \left( \frac{243} {180 \times 10"~ {-6}} \right)”~{1/4} = \left( \frac{243}{0.00018}
\right)~{1/4}

\]

Calculate:

\[
\frac{243}{0.00018} \approx 1,350,000

\]

Now, take the fourth root:

\[
N \geq (1,350,000)"~{1/4}

\]



Estimate:

\[

(1,350,000)"~{1/4} \approx \sqgrt{\sqrt{1,350,000} } \approx \sqrt{\sqrt{1.35 \times
1076} } \approx \sqrt{1161} \approx 34

\]

Thus, N must be at least 34 to guarantee an approximation error less than \( 10~ {-6} \).

Practical Tips for Choosing N

- Use conservative estimates: When in doubt, choose a slightly larger N than the computed
minimum to ensure the error criterion is met.

- Check the smoothness of \( f\): If \( f\) has discontinuities or high oscillations, the error
bound may not hold, and N must be increased accordingly.

- Numerical verification: After selecting N, perform the Simpson's Rule approximation and
compare with a higher N or an analytical result if available.

Summary and Final Recommendations

- The key to guaranteeing Simpson's Rule approximation accuracy is understanding the
error bound involving the fourth derivative of the function.

- By estimating or bounding \( |[f~{(4)}(x)| \) on \([a, b]\) and setting a desired error \(
\varepsilon \), you can solve for the minimum N.

- Always consider choosing N slightly larger than the minimum to account for estimation
errors and numerical stability.

- For complex functions or when derivatives are difficult to bound, numerical
experimentation with increasing N can help verify the accuracy.

Conclusion

Determining the appropriate number of subintervals \( N \) for Simpson's Rule is crucial for
ensuring the approximation of \( \int_0"3 f(x) dx ) is within acceptable error margins. By
leveraging the error bound formula involving the fourth derivative, you can systematically
find the minimum N needed to guarantee that the approximation \( S_N\) closely matches
the true integral. Whether dealing with simple functions like sine or more complex ones,
understanding and applying these principles will enhance the reliability of your numerical
integration efforts, making Simpson's Rule a powerful tool in your computational toolkit.
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Frequently Asked Questions

What is Simpson's Rule and how does it approximate
the integral from O to 3?

Simpson's Rule approximates the definite integral by dividing the interval into an even
number of subintervals, fitting quadratic polynomials through points, and summing their
areas. For [o3 f(x) dx, it uses the function values at equally spaced points to estimate the
area under the curve.

How do | determine the number of subintervals N
needed for Simpson's Rule to guarantee a desired
accuracy?

You determine N based on the error bound formula for Simpson's Rule, which involves the
fourth derivative of the function. By estimating the maximum of |f)(x)| over [0,3], you can
choose N large enough so that the error is below your desired threshold.

What is the error bound formula for Simpson's Rule
when integrating from 0 to 3?

The error bound is given by |E| = ((b-a)"5/ (180 N™~4) ) max|f(x)| over [a, b]. For the
interval [0, 3], this becomes |E| = (375 /(180 N™4)) ) max|f*)(x)]|.

How can | find the maximum of the fourth derivative,
|[f4(x)|, over [0, 3]?

You can find it by differentiating the function four times and analyzing the resulting
expression. Alternatively, if the function is known, use calculus techniques or graphing tools
to estimate its maximum absolute value on [0, 3].

Suppose [f*(x)| = 24 for all x in [0, 3]. HOow many
subintervals N are needed to guarantee a specific error
bound?

Using the error bound formula, set |E| = desired error. For example, if you want |E| = 0.01,
solve for N: 0.01 = (375 /(180 N™~4)) 24. Simplifying gives N = ( (35 24) /(180 0.01)
)™ (1/4).



How does increasing N affect the accuracy of Simpson's
Rule in approximating [o3 f(x) dx?

Increasing N decreases the approximation error significantly because Simpson's Rule
converges rapidly with N. Specifically, the error decreases proportionally to 1/N™4, so
larger N yields a more accurate estimate.

Are there situations where choosing N too small can
lead to inaccurate Simpson's Rule approximation?

Yes, if N is too small, the quadratic approximations may not capture the function's
curvature well, especially if the function has high variability or rapid changes, leading to
larger errors and inaccurate results.

Can Simpson's Rule guarantee an exact approximation
of the integral in certain cases?

Yes, if the function being integrated is a polynomial of degree three or less, Simpson's Rule
will give the exact value of the integral regardless of N.

What practical steps should | follow to choose N for
Simpson's Rule when integrating from 0 to 3?

First, estimate or find an upper bound for |f*(x)| on [0,3]. Then, decide on an acceptable
error margin. Use the error bound formula to solve for N, ensuring N is an even number.
Finally, compute the approximation using that N to guarantee the desired accuracy.

Additional Resources

Find N | So That S _n | (Simpson's Rule With N Subintervals) Is Guaranteed To Approximate
Integral from 0 to 3

In the realm of numerical analysis, accurately approximating definite integrals is a
foundational task with vast applications—from engineering and physics to economics and
computer science. Among the various techniques, Simpson's rule stands out for its balance
of simplicity and precision, especially when dealing with smooth functions. But a critical
question often arises: How many subintervals (N) are needed to guarantee a certain level of
accuracy? Specifically, if we want to ensure that the approximation provided by Simpson's
rule for the integral of a function from 0 to 3 is within a desired error bound, how do we
determine the minimum N? This article explores this question in depth, providing both
theoretical insights and practical guidance.

Understanding Simpson's Rule and Its Error Bound

What Is Simpson's Rule?



Simpson's rule is a numerical integration technique that approximates the integral of a
function \( f(x) \) over an interval \([a, b]\) by dividing it into an even number of subintervals
\( N'\) of equal width \( h = \frac{b - a}{N} \). The approximation formula is:

\[

S N = \frac{h}{3} \left[ f(a) + 4 \sum_{i=1,\, \text{odd}}~{N-1} f(a +ih) + 2
\sum_{i=2)\, \text{even}}~{N-2} f(a + i h) + f(b) \right]

\]

This quadratic rule leverages parabolic segments to estimate the area under the curve,
offering higher accuracy than trapezoidal or rectangular rules for smooth functions.

The Error Bound of Simpson's Rule

A key aspect of Simpson's rule is understanding its approximation error. The error \( E_s \)
for Simpson's rule over \([a, b]\) can be bounded if the fourth derivative of \( f\), denoted
\(F~{(4)}(x)\), exists and is continuous. The classical error estimate is:

\[
|E_s| \leq \frac{(b - a)”~5}{180 N~4} \max_{x\in [a, b]} |f~{(4)}(x)]|
\]

This formula indicates that the error diminishes rapidly as \( N \) increases, specifically
proportional to \( N~ {-4} \). To ensure the approximation is within a specified error
tolerance \( \epsilon \), we need to choose \( N \) such that:

\[
|E_s| \leq \epsilon
\]

which leads to:
\[

N \geq \left( \frac{(b - a)*~5} {180 \epsilon} \max_{x\in [a, b1} [f~{(4)}(x)| \right)~{1/4}
\]

Determining N for a Guaranteed Accuracy
Step 1: Identify the Function's Fourth Derivative Bound

The crux of calculating N lies in knowing or estimating \( \max_{x \in [a, b]} |[f~{(4)}(X)| \).
For many functions, this involves:

- Analytically differentiating \( f(x) \) four times.
- Finding the maximum absolute value of \( f~{(4)}(x) \) over the interval \([0, 3]\).

Example: Suppose \( f(x) = \sin(x) \), then:

\[



£~ {(4)}(x) =\sin(x)
\]

and

\[
\max_{x\in [0, 3]} [\sin(x)| = 1
\]

since \( \sin(x) \) oscillates between -1 and 1.
Step 2: Choose the Error Tolerance \( \epsilon \)

Decide how close you want your approximation to be. For example, if you need the error to
be less than \( 10~ {-6} \), then:

\[
\epsilon = 10" {-6}
\]

Step 3: Plug Values Into the Error Formula

Using the error bound:

\[
N \geq \left( \frac{(b - a)~5} {180 \epsilon} \max_{x\in [a, b]} [f~{(4)}(x)| \right)~{1/4}
\]

for our example \( f(x) = \sin(x) \), \( a=0\), \( b=3), and \( \max |\sin(x)|=1\):

\[
N \geq \left( \frac{375}{180 \times 10"~ {-6}} \times 1 \right)~{1/4}
\]

Calculating:

\[

N \geq \left( \frac{243} {180 \times 10" {-6} } \right)~{1/4} = \left( \frac{243}{0.00018}
\right)~{1/4}

\]

\[
\frac{243}{0.00018} \approx 1,350,000

\]

Taking the fourth root:

\[
N \geq (1,350,000)~{1/4} \approx \sqrt{\sqrt{1,350,000}} \approx \sqrt{1161} \approx 34
\]



Therefore, choosing \( N \geq 34 \) subintervals guarantees the Simpson's rule
approximation of \( \int_073 \sin(x) dx \) with an error less than \( 10~ {-6} \).

Practical Considerations and Applications
Variability of \(f™~{(4)3}(x)\)

In real-world applications, the fourth derivative might not be readily available or
straightforward to compute. Engineers and scientists often rely on:

- Bounding techniques: Using known properties of \(f(x)\) to estimate \( |[f~{(4)}(x)| \).

- Numerical differentiation: Calculating derivatives numerically, though this can introduce
additional errors.

- Function analysis: For polynomial functions, derivatives are straightforward; for complex
functions, bounds are obtained through analysis or conservative estimates.

Balancing Accuracy and Computational Cost

While higher \(N\) yields better accuracy, it also increases computational effort. For
functions with high \( |[f~{(4)}(x)| \) or when extreme precision is necessary, selecting an
appropriate \(N\) becomes a trade-off. Adaptive algorithms can dynamically adjust \(N\),
refining the partition until the desired accuracy is achieved.

Use in Scientific Computing

Ensuring guaranteed accuracy is vital in scientific simulations, where small errors can
propagate and lead to significant deviations in results. By applying the error bounds and
calculating the minimum \(N\), practitioners can confidently approximate integrals within
specified tolerances.

Extending to Other Numerical Integration Schemes

While Simpson's rule is highly effective for smooth functions, other methods like Gaussian
quadrature or adaptive quadrature may sometimes offer better efficiency or accuracy.
Nonetheless, the principle remains: understanding the error bounds and derivative
estimates is essential to determine the required number of subintervals or points.

Summary and Key Takeaways

- Simpson's rule approximates integrals using quadratic segments, with an error bound
depending on the fourth derivative of the function.
- The error estimate:

\[
|E_s| \leq \frac{(b - a)"~5}{180 N~4} \max_{x \in [a, bl} [f~{(4)}(x)]|



\]
guides the choice of \(N\).
- To guarantee an approximation within a desired error \( \epsilon\), compute:

\[
N \geq \left( \frac{(b - a)~5} {180 \epsilon} \max_{x\in [a, b1} [f~{(4)}(x)| \right)~{1/4}
\]

- Accurate estimation of \( |f~{(4)}(x)| \) over \([a, b]\) is crucial.

- Practical implementation involves balancing between computational resources and
accuracy requirements.

- The methodology applies broadly across scientific and engineering disciplines where
precise integral approximations are essential.

By adhering to these principles, practitioners can confidently select an appropriate \( N \) to
ensure Simpson's rule yields reliable and precise integral approximations, greatly benefiting
the integrity and validity of their computational analyses.
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