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When exploring the fascinating intersection of geometry and calculus, one classic problem stands
out: determining the dimensions of a right circular cylinder that can be inscribed within a sphere
such that its volume is maximized. This problem combines spatial reasoning with optimization
techniques, providing insight into how shapes can be efficiently contained within others. In this
comprehensive guide, we will delve into the mathematical formulation of the problem, derive the
necessary equations, and arrive at the optimal dimensions of the cylinder.

---

Understanding the Problem

Before jumping into calculations, it is essential to understand the problem's geometric setup and
what is meant by "inscribed."

What Is an Inscribed Cylinder?
- An inscribed right circular cylinder in a sphere is a cylinder placed inside the sphere such that:
- The cylinder's bases are parallel to each other.
- The cylinder touches the sphere at some points on its lateral surface.
- The entire cylinder lies within the sphere.

Given Data and Objective
- The sphere has a fixed radius, denoted as \( R \).
- The goal is to find the dimensions (radius \( r \) and height \( h \)) of the inscribed cylinder that
maximize its volume \( V \).

Key Constraints and Considerations
- The cylinder must be fully contained within the sphere.
- The dimensions are related through the sphere's geometry.
- The problem requires the use of calculus, specifically optimization techniques, to find maximum
volume.

---



Mathematical Formulation

To solve this problem, we need to express the volume of the cylinder in terms of its dimensions and
the sphere's radius, then find the dimensions that maximize this volume.

Coordinate System Setup
- Place the sphere centered at the origin \((0,0,0)\).
- Assume the cylinder's axis is aligned along the z-axis.
- Let the height of the cylinder be \( h \), with its base centers at \( z = \pm \frac{h}{2} \).
- The radius of the cylinder's base is \( r \).

Equation of the Sphere
- The sphere's equation is:
\[
x^2 + y^2 + z^2 = R^2
\]
- For the top and bottom of the cylinder at \( z = \pm \frac{h}{2} \), the cross-sectional circle must
lie within the sphere.

Relationship Between Cylinder and Sphere Dimensions
- The maximum radius \( r \) of the cylinder at height \( z \) occurs when the point \((x,y,z)\) lies on
the sphere and on the cylinder's surface:
\[
r(z) = \sqrt{R^2 - z^2}
\]
- Since the cylinder's bases are at \( z = \pm \frac{h}{2} \), the radius at these points is:
\[
r = \sqrt{R^2 - \left(\frac{h}{2}\right)^2}
\]

Volume of the Cylinder
- The volume \( V \) of the cylinder is:
\[
V = \pi r^2 h
\]
- Substituting \( r \):
\[
V(h) = \pi \left( R^2 - \frac{h^2}{4} \right) h
\]

---



Optimization to Find Maximum Volume

To maximize the volume \( V(h) \), treat it as a function of \( h \) and differentiate with respect to \( h
\).

Expressing Volume as a Function of \( h \)
\[
V(h) = \pi \left( R^2 - \frac{h^2}{4} \right) h
\]
which simplifies to:
\[
V(h) = \pi R^2 h - \frac{\pi}{4} h^3
\]

Finding Critical Points
- Calculate the derivative \( V'(h) \):
\[
V'(h) = \pi R^2 - \frac{3\pi}{4} h^2
\]
- Set \( V'(h) = 0 \) to find the critical points:
\[
\pi R^2 - \frac{3\pi}{4} h^2 = 0
\]
\[
\pi R^2 = \frac{3\pi}{4} h^2
\]
- Simplify:
\[
R^2 = \frac{3}{4} h^2
\]
\[
h^2 = \frac{4}{3} R^2
\]
\[
h = \pm R \times \frac{2}{\sqrt{3}}
\]
- Since height \( h \) must be positive:
\[
h = \frac{2 R}{\sqrt{3}}
\]

Calculating Corresponding Radius \( r \)
\[
r = \sqrt{ R^2 - \left( \frac{h}{2} \right)^2 }



\]
Substitute \( h \):
\[
r = \sqrt{ R^2 - \left( \frac{2 R / \sqrt{3}}{2} \right)^2 } = \sqrt{ R^2 - \left( \frac{R}{\sqrt{3}}
\right)^2 }
\]
\[
r = \sqrt{ R^2 - \frac{R^2}{3} } = \sqrt{ \frac{2 R^2}{3} } = R \sqrt{ \frac{2}{3} }
\]

---

Final Dimensions for Maximum Volume

Based on the calculus-based optimization, the dimensions of the inscribed cylinder with maximum
volume are:

Height (\( h_{max} \)): \(\displaystyle \frac{2 R}{\sqrt{3}}\)1.

Radius of Base (\( r_{max} \)): \(\displaystyle R \sqrt{\frac{2}{3}}\)2.

Note: The maximum volume \( V_{max} \) can be computed by substituting these dimensions back
into the volume formula.

---

Verification of the Maximum

To confirm that these are indeed the maximum points, consider the second derivative:

\[
V''(h) = - \frac{3 \pi}{2} h
\]
At \( h = \frac{2 R}{\sqrt{3}} \):
\[
V''\left( \frac{2 R}{\sqrt{3}} \right) = - \frac{3 \pi}{2} \times \frac{2 R}{\sqrt{3}} = - 3 \pi R /
\sqrt{3} < 0
\]
Since the second derivative is negative, the critical point corresponds to a maximum.

---



Practical Implications and Applications

Understanding the optimal dimensions of a cylinder inscribed within a sphere has multiple practical
applications:

Designing cylindrical containers within spherical shells for maximum volume efficiency.

Engineering applications where spatial constraints are critical, such as in aerospace or
packaging.

Mathematical modeling in physics and architecture to optimize space utilization.

---

Additional Considerations

While this solution provides the theoretical maximum, real-world factors such as manufacturing
tolerances, material properties, and additional constraints may influence the actual optimal
dimensions.

Extensions of the Problem
- Considering cylinders of fixed height to find the maximum volume.
- Analyzing the inscribed shape when the sphere's radius varies.
- Extending the problem to other shapes, such as cones or rectangular prisms.

---

Conclusion

In this comprehensive analysis, we have demonstrated how to determine the dimensions of a right
circular cylinder with maximum volume inscribed in a sphere. By expressing the volume as a
function of the height and applying calculus techniques, we found that the optimal height is \(
\displaystyle \frac{2 R}{\sqrt{3}} \), and the maximum base radius is \( R \sqrt{\frac{2}{3}} \).
These results are not only mathematically elegant but also practically relevant in various
engineering and design contexts. Mastery of such optimization problems enhances spatial reasoning
and provides valuable insights into the efficient use of space within spherical boundaries.



Frequently Asked Questions

How do you model the problem of finding the maximum
volume of a right circular cylinder inscribed in a sphere?
You model the problem by representing the sphere with a fixed radius and expressing the cylinder's
dimensions—its height and radius—in terms of variables. The goal is to maximize the cylinder's
volume expressed as a function of these variables, subject to the geometric constraints of inscribed
placement within the sphere.

What is the key geometric relationship between the cylinder
and the sphere when inscribed?
The key relationship is that the height and radius of the cylinder must fit within the sphere's radius,
with the cylinder's entire volume contained inside the sphere. Specifically, the distance from the
sphere's center to any point on the cylinder's top or bottom must be less than or equal to the
sphere's radius, leading to a relationship involving the cylinder's radius and height.

How do you set up the formula for the volume of the inscribed
cylinder?
The volume of a right circular cylinder is given by V = π r² h, where r is the radius of the cylinder's
base and h is its height. To maximize V, r and h are expressed in terms of the sphere's radius and
related via the geometric constraints, then optimized.

What role does the Pythagorean theorem play in solving this
problem?
The Pythagorean theorem relates the radius of the cylinder and its half-height to the sphere's radius,
forming an equation like r² + (h/2)² = R², which is essential for expressing the volume in terms of a
single variable and performing the optimization.

How do you find the dimensions that maximize the volume of
the cylinder?
By expressing the volume as a function of one variable—such as the radius or height—and then
taking the derivative with respect to that variable. Setting the derivative to zero yields the critical
point, which corresponds to the maximum volume configuration.

What are the final dimensions of the cylinder that maximize
its volume inscribed in a sphere of radius R?
The optimal dimensions are a cylinder with radius r = R/√3 and height h = 2R/√3, which maximize
the volume while fitting entirely within the sphere.



Why is the maximum volume of the cylinder achieved at r =
R/√3 and h = 2R/√3?
This result comes from setting the derivative of the volume function to zero during optimization,
which shows that these dimensions balance the geometric constraints to produce the largest
possible inscribed cylinder.

Can this problem be extended to find the maximum volume of
other shapes inscribed in a sphere?
Yes, similar optimization techniques can be used to find maximum volumes or areas of different
shapes inscribed within a sphere, such as cones, prisms, or other cylinders, by setting up
appropriate geometric and algebraic relationships.

What is the significance of symmetry in solving this problem?
Symmetry simplifies the problem by allowing assumptions such as the cylinder being centered
within the sphere, reducing the number of variables and making the optimization process more
straightforward.

How does understanding this problem help in real-world
applications?
Understanding how to optimize shapes within constraints is valuable in engineering, manufacturing,
and design, where maximizing volume or capacity within a given boundary is often necessary for
efficiency and resource management.

Additional Resources
Find The Dimensions Of A Right Circular Cylinder Of Maximum Volume That Can Be Inscribed In A
Sphere is a classic problem in calculus and geometric optimization. It combines the principles of
three-dimensional geometry with calculus techniques to determine the optimal dimensions that
maximize a certain property—in this case, the volume of a cylinder inscribed within a sphere. This
problem not only demonstrates the power of calculus in solving real-world geometric optimization
problems but also enhances understanding of the relationships between different shapes and their
dimensions.

---

Introduction to the Problem

Imagine you have a sphere with a fixed radius, and within this sphere, you want to inscribe a right
circular cylinder such that the volume of this cylinder is as large as possible. The question then
arises: what are the dimensions (radius and height) of this cylinder? This problem is a classic
application of optimization techniques in calculus and provides insights into how geometric
constraints influence maximum or minimum values.



---

Understanding the Geometric Setup

The Sphere and Cylinder

- Sphere: Consider a sphere with radius \( R \).
- Cylinder: A right circular cylinder inscribed inside the sphere. It has:
- Radius \( r \) (the radius of its circular base)
- Height \( h \)

Visualizing the Problem

To better understand the problem:

- The cylinder is aligned so that its axis coincides with the sphere's vertical diameter.
- The cylinder is inscribed such that all points of the cylinder are within the sphere.
- The goal: maximize the volume \( V \) of the cylinder, given the constraints imposed by the sphere.

---

Mathematical Formulation

Coordinates and Relationships

- Place the sphere centered at the origin \((0,0,0)\).
- The cylinder's axis is along the z-axis.
- The cylinder extends from \( z = -h/2 \) to \( z = h/2 \).

Constraints

Because the cylinder is inscribed in the sphere:

\[
r^2 + z^2 \leq R^2
\]

At the top (and bottom) of the cylinder, where \( z = \pm h/2 \):

\[
r^2 + \left(\frac{h}{2}\right)^2 \leq R^2
\]

Since we want the maximum volume, the cylinder will "touch" the sphere at these extreme points,
so:

\[
r^2 + \left(\frac{h}{2}\right)^2 = R^2
\]

Expression for Volume



The volume \( V \) of the cylinder:

\[
V = \pi r^2 h
\]

Using the constraint, express \( r \) in terms of \( h \):

\[
r^2 = R^2 - \left(\frac{h}{2}\right)^2
\]

Thus,

\[
V(h) = \pi \left( R^2 - \frac{h^2}{4} \right) h
\]

which simplifies to:

\[
V(h) = \pi \left( R^2 h - \frac{h^3}{4} \right)
\]

---

Optimization Process

Step 1: Find Critical Points

To maximize volume, differentiate \( V(h) \) with respect to \( h \):

\[
V'(h) = \pi \left( R^2 - \frac{3h^2}{4} \right)
\]

Set the derivative to zero to find critical points:

\[
V'(h) = 0 \Rightarrow R^2 - \frac{3h^2}{4} = 0
\]

which gives:

\[
\frac{3h^2}{4} = R^2
\]

\[
h^2 = \frac{4 R^2}{3}
\]



\[
h = \pm \frac{2 R}{\sqrt{3}}
\]

Considering the physical meaning, the height \( h \) should be positive:

\[
h = \frac{2 R}{\sqrt{3}}
\]

Step 2: Find the Corresponding Radius \( r \)

Using the constraint:

\[
r^2 = R^2 - \left(\frac{h}{2}\right)^2
\]

Plug in \( h \):

\[
r^2 = R^2 - \left( \frac{1}{2} \times \frac{2 R}{\sqrt{3}} \right)^2 = R^2 - \left(
\frac{R}{\sqrt{3}} \right)^2
\]

\[
r^2 = R^2 - \frac{R^2}{3} = \frac{2 R^2}{3}
\]

So,

\[
r = R \sqrt{\frac{2}{3}}
\]

---

Final Dimensions for Maximum Volume

- Optimal height:

\[
h_{\text{max}} = \frac{2 R}{\sqrt{3}}
\]

- Optimal radius:

\[
r_{\text{max}} = R \sqrt{\frac{2}{3}}
\]



- Maximum volume:

Substitute \( h \) and \( r \) into the volume formula:

\[
V_{\text{max}} = \pi r^2 h = \pi \times \frac{2 R^2}{3} \times \frac{2 R}{\sqrt{3}} = \pi \times
\frac{2 R^2}{3} \times \frac{2 R}{\sqrt{3}}
\]

Simplify:

\[
V_{\text{max}} = \pi \times \frac{2 R^2}{3} \times \frac{2 R}{\sqrt{3}} = \pi \times \frac{4
R^3}{3 \sqrt{3}}
\]

Thus,

\[
\boxed{
V_{\text{max}} = \frac{4 \pi R^3}{3 \sqrt{3}}
}
\]

---

Interpretation and Significance

The derived dimensions reveal the perfect balance between the height and radius of the inscribed
cylinder that yields the maximum volume:

- The height of the cylinder is approximately 1.155 times the sphere's radius.
- The radius of the cylinder’s base is approximately 0.816 times the sphere's radius.

This demonstrates how the geometric constraints of the sphere dictate the optimal dimensions of the
inscribed shape. Notably, the maximum volume cylinder occupies a significant portion of the
sphere's interior but does not fill it entirely, highlighting the efficiency of this optimization process.

---

Practical Applications and Variations

Engineering and Design

Understanding the maximum inscribed cylinder helps in:

- Designing storage tanks within spherical shells.
- Optimizing space in spherical containers.
- Architectural applications involving spherical and cylindrical components.

Variations of the Problem



- Different shapes: Maximizing volume of other shapes inscribed within a sphere.
- Multiple cylinders: Optimizing for multiple cylinders simultaneously.
- Constrained radius or height: Finding maximum volume under additional constraints.

---

Summary and Key Takeaways

- The problem involves inscribing a right circular cylinder within a sphere of fixed radius and
optimizing for maximum volume.
- The key is setting up the geometric constraints and translating them into a mathematical function.
- Differentiation and critical point analysis identify the optimal dimensions.
- The optimal height is \( \frac{2 R}{\sqrt{3}} \), and the optimal radius is \( R \sqrt{\frac{2}{3}} \).
- The maximum volume achievable under these conditions is \( \frac{4 \pi R^3}{3 \sqrt{3}} \).

---

Final Remarks

The process of finding the dimensions of a right circular cylinder of maximum volume inscribed in a
sphere exemplifies the interplay between geometry and calculus. It underscores the importance of
translating physical constraints into mathematical expressions, differentiating to find extrema, and
interpreting the results in a meaningful way. Such problems are foundational in understanding
optimization principles applicable across engineering, physics, and design disciplines.

---

If you're interested in further exploring geometric optimization problems or applying calculus
techniques to real-world challenges, consider investigating related problems such as maximizing
areas, minimizing surface areas, or optimizing shapes within other constraints. The skills developed
through this problem are widely applicable and foundational for advanced mathematical modeling.
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