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Find The Equation Of The Polynomial Function Graphed Below. A) F(x) = X3 +
3x2 - 6x + 8 B) F(x) = 8x3 - 24x>?

Understanding how to determine the equation of a polynomial function from its
graph is a fundamental skill in algebra and calculus. Whether you're a
student working on homework or a professional analyzing data, being able to
find the polynomial equation that fits a graph allows for deeper insights
into the behavior of the function. In this article, we will explore how to
find the equations of polynomial functions, specifically focusing on the two
functions given: F(x) = x3 + 3x2 - 6x + 8 and F(x) = 8x3 - 24x2.

Understanding Polynomial Functions

A polynomial function is a mathematical expression involving a sum of powers
of x with coefficients. The general form of a cubic polynomial, which is
degree 3, is:

\[ f(x) = ax™3 + bx™2 + cx + d \]

where:
-\(a, b, c, d\) are constants,
- \( a \neq 0 \).

The degree of the polynomial (here, 3) determines the end behavior and the

number of turning points. The leading coefficient (the coefficient of the
highest degree term) significantly influences the shape of the graph.

Key Features of Polynomial Graphs

To find a polynomial's equation from its graph, it is essential to analyze
various features:



1. End Behavior

- As \( x \to \pm \infty \), the graph's behavior depends on the degree and
leading coefficient.

- For an odd degree (like cubic), the ends of the graph go in opposite
directions.

2. Roots or Zeros

- Points where the graph crosses or touches the x-axis.
- The multiplicity of the root affects whether the graph crosses or just
touches the x-axis.

3. Turning Points

- Points where the graph changes direction.
- The maximum number of turning points for a degree 3 polynomial is 2.

4. Y-intercept

- The point where the graph crosses the y-axis, corresponding to \( f(0) \).

Identifying the Polynomial Equation from the
Graph

The process involves analyzing the graph's key points and features:

Step 1: Find the Roots (Zeros)

- Determine where the graph intersects the x-axis.
- The x-coordinates of these points are the roots of the polynomial.

Step 2: Determine the Roots' Multiplicities

- If the graph crosses the x-axis at a root, the multiplicity is odd.
- If it touches the x-axis and turns around, the multiplicity is even.

Step 3: Use the Roots to Write the Factored Form

- For roots \( r 1, r 2, r 3 \) with multiplicities \( m 1, m 2, m 3 \), the
polynomial can be expressed as:



\[ f(x) =k (x - r1)*{m1} (x - r 2)~{m 2} (x - r 3)~{m 3} \]

where \( k \) is the leading coefficient.

Step 4: Determine the Leading Coefficient \(k\)
- Use a known point on the graph (like the y-intercept) to solve for \(k\).

Applying the Method to the Given Functions

Let's analyze the two functions:

A) \( F(x) = x*3 + 3x™2 - 6x + 8 \)

This is a standard cubic polynomial. Its coefficients suggest specific
features:

- Leading coefficient: 1 (positive), so as \( x \to \pm \infty \), the graph
goes to \( \pm \infty \), with the left end down and the right end up.

- The y-intercept occurs at \( x=0 \):

\[ F(0) =0 +0 - 0 + 8 =81\]

- To find roots, we can attempt rational root theorem:

Possible rational roots are factors of 8 over factors of 1: \( \pm 1, \pm 2,
\pm 4, \pm 8 \).

Test these:

- \( x=1 \):
\[1+3-6+8=06 \neqg 0 \]

- \( x=-1 \):

\[ -1 +3+6+ 8 =16 \neq 0 \]
- \( x=2 \):

\[ 8+ 12 - 12 + 8 = 16 \neq 0 \]



- \( x=-2 \):

\[ -8 + 12 + 12 + 8 = 24 \neq 0 \]
- \( x=4 \):
\[ 64 + 48 - 24 + 8 = 96 \neq 0 \]

- \( x=-4 \):

\[ -64 + 48 + 24 + 8 = 16 \neq 0 \]

- \( x=8 \):

\[ 512 + 192 - 48 + 8 = 664 \neq 0 \]

- \( x=-8 \):

\[ -512 + 192 + 48 + 8 = -264 \neq 0 \]

None of these are roots, indicating the roots might be irrational or complex.
To find exact roots, one might need to use numerical methods or graphing
tools to approximate zeros.

Graphical analysis:

- The cubic appears to have one real root between \( x= -3 \) and \( x= -2
\), and possibly two complex roots or roots that are irrational.

B) \( F(x) = 8x"3 - 24x"2 \)

This polynomial can be factored:
\[ F(x) = 8x"2 (x - 3) \]
which indicates roots at:

) (multiplicity 2),

The roots:
- At \( x=0 \), multiplicity 2: the graph touches the x-axis and turns around
(parabolic touch).

- At \( x=3 \), multiplicity 1: the graph crosses the x-axis.

Y-intercept:



\[ F(O) = 0 \]
The end behavior:

- As \( x \to \infty \), \

) F(x) \to \infty \),
- As \( x \to -\infty \),

(
\( F(x) \to -\infty \).

Constructing the Equations Based on Graph
Analysis

Given the roots and features, the equations for both functions can be
summarized:

A) For \( F(x) = x*3 + 3x™2 - 6x + 8 \)

- Since exact roots are complicated, the polynomial is already in standard
form.

- The general form is:

\[ F(x) = x*3 + 3x™2 - 6x + 8 \]

- No need for further factorization unless roots are specified.

B) For \( F(x) = 8x°3 - 24x"2 \)

- Factored form:
\[ F(x) = 8x"2 (x - 3) \l
- The expanded form matches the given:

\[ 8x"3 - 24x"2 \]

Verifying the Equations with Graph Features

It's crucial to verify that these equations align with the graph features:

- For Function A:



- The y-intercept at 8 matches the equation.
- The shape indicates a cubic with one real root.
- The end behavior aligns with positive leading coefficient.

- For Function B:

- Roots at 0 (multiplicity 2) and 3.
- Touches x-axis at 0, crossing at 3.
- The graph's shape confirms the factored form.

Summary and Key Takeaways

- Finding the equation of a polynomial from its graph involves analyzing
roots, multiplicities, end behavior, and intercepts.

- Rational root theorem can help find exact roots of cubic polynomials with
rational roots.

- Factoring the polynomial simplifies understanding the roots and their
multiplicities.

- Graph features such as crossing points, tangency, and end behavior are
essential clues.

Conclusion

Understanding the process of deriving polynomial equations from graphs is a
vital skill in mathematics. For the functions given:

- Function A: \( F(x) = x®3 + 3x™2 - 6x + 8 \) is a cubic polynomial with
real roots, characterized by its intercepts and end behavior.

- Function B: \( F(x) = 8x"3 - 24x"2 \) simplifies to a factored form with
roots at 0 (double root) and 3, matching the graph's touching and crossing
points.

Mastering these techniques enhances problem-solving capabilities and deepens
understanding of polynomial behavior.

Frequently Asked Questions

What are the key features to identify when finding



the equation of a polynomial graph?

Key features include the degree of the polynomial, roots or zeros, y-
intercept, end behavior, and the multiplicity of roots, which influence the
shape of the graph.

How can you determine the degree of the polynomial
from its graph?

The degree is indicated by the highest power of x in the polynomial, and from
the graph, it can often be inferred by counting the number of turning points

and end behaviors. For example, a cubic polynomial typically has one or two
turning points.

What role do the roots play in forming the
polynomial equation?
Roots are the x-values where the graph crosses or touches the x-axis. They

help in constructing the polynomial as factors like (x - root)”multiplicity,
which are multiplied together to form the full equation.

Given the options, how do you decide between F(x) =
Xx*3 - 3x™2 + 6x + 8 and F(x) = 8x"3 - 24x"27?

You analyze the graph's shape, roots, and end behavior. For instance, if the
graph shows a cubic with certain roots and specific end behaviors, you

compare it to the characteristics of each polynomial to choose the correct
one.

How does the leading coefficient affect the graph's
end behavior?

The sign and magnitude of the leading coefficient determine whether the ends
of the graph go to positive or negative infinity as x approaches infinity or
negative infinity. For example, a positive leading coefficient in an odd-

degree polynomial causes the graph to go to positive infinity as x increases.

What is the significance of the constant term in the
polynomial equations provided?

The constant term affects the y-intercept of the graph, which is the point
where the graph crosses the y-axis. Comparing the constant term with the
graph's y-intercept helps identify the correct polynomial.

Which polynomial function best fits a graph with



three real roots and specific end behaviors, based
on the options?

If the graph shows three real roots and the end behavior matches an odd-
degree polynomial with positive leading coefficient, then F(x) = x"3 - 3x™2 +
6x + 8 may be suitable. If the graph's end behavior indicates a larger
leading coefficient, then F(x) = 8x"3 - 24x”2 might be more appropriate.

Additional Resources

Find The Equation Of The Polynomial Function Graphed Below: A Comprehensive
Investigation

Understanding the precise equations that govern polynomial functions 1is
fundamental in the realm of mathematics, especially in algebra and calculus.
When presented with a graph, one of the most intriguing challenges is to
deduce the explicit algebraic expression that fits the visual data. This
process not only sharpens analytical skills but also deepens comprehension of
polynomial behavior, roots, and transformations. In this article, we delve
into the methodology of identifying polynomial functions based on their
graphs, focusing on two candidate functions:
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Our goal is to analyze the characteristics of the graph, compare them to
these candidate equations, and determine which polynomial accurately models
the given visual data.

Understanding the Core Concepts of Polynomial Graphs

Before examining the specific functions, it is essential to revisit some key
concepts related to polynomial functions and their graphs.

What Is a Polynomial Function?
A polynomial function is an algebraic expression involving variables raised

to non-negative integer powers, combined using addition, subtraction, and
multiplication. The general form for a cubic polynomial (degree 3) is:

\ [

f(x) = ax™3 + bx*2 + cx + d

\1]

where \(a \neq 0\), and \(b, c, d\) are real coefficients.

Key Characteristics to Identify from the Graph



To find the polynomial's explicit equation based on its graph, one typically
considers:

- Degree and Leading Coefficient: The highest power of \(x\) and its
coefficient determine end behavior.

- Roots/Zeros: The points where the graph crosses or touches the x-axis.

- Multiplicity of Roots: How the graph behaves at zeros—whether it crosses or
just touches the x-axis.

- Turning Points: Local maxima and minima indicating changes in the slope.

- End Behavior: How the graph behaves as \(x \to \pm \infty\).

Analyzing Candidate Function A: \(f(x) = x"3 - 3x™2 + 6x + 8\)

Structural Overview

This polynomial is a cubic with the following coefficients:

- Leading coefficient \(a = 1\), indicating the end behavior is similar to
\(x7"3\): as \(x \to \infty\), \(f(x) \to \infty\); as \(x \to -\infty\),
\(f(x) \to -\infty\).

- The constant term is 8, shifting the graph vertically.

Roots and Intercepts

To find potential zeros:

\ [
X*3 - 3x™2 + 6Xx +8 =0
\1]

Using Rational Root Theorem, possible rational roots are factors of 8 over
factors of 1:

\ [
\pm 1, \pm 2, \pm 4, \pm 8
\1

Test these values:

- \(x=1\):

\ [

1-3+6+8 =12 \neq 0
\]

- \(x=-1\):

\ [
-1 -3+ -6 +8 = -2 \neq O



\]

- \(x=2\):

\ [

8 - 12 + 12 + 8 = 16 \neq 0

\1]

- \(x=-2\):

\ [

-8 - 12 - 12 48 = -24 \neq 0
\1]

- \(x=4\):

\ [

64 - 48 + 24 +8 = 48 \neq 0

\1]

- \(x=-4\):

\ [

-64 - 48 - 24 +8 = -128 \neq 0
\1]

- \(x=8\):

\ [

512 - 192 + 48 +8 = 376 \neq 0
\1]

- \(x=-8\):

\ [

-512 - 192 - 48 +8 = -744 \neq 0
\1]

None of these rational candidates are roots, indicating the roots are
irrational or complex. To approximate roots, we could analyze the graph or
use calculus.

Critical Points and Behavior
Applying calculus:

\ [

f'(x) = 3x*2 - 6Xx + 6

\1]

Set to zero for critical points:



\ [
3x™2 - 6Xx + 6 =0
\1
\ [
X2 - 2x +2 =0
\1

Discriminant:

\ [
\Delta = (-2)"2 - 4 \times 1 \times 2 =4 - 8 = -4 < 0
\1]

No real critical points; the derivative never crosses zero, indicating the
graph is strictly monotonic. Since the leading coefficient is positive and
the derivative is always positive (because \(x"2 - 2x + 2 > 0\) for all real
\(x\)), the function is strictly increasing.

End Behavior and Graph Shape

- As \(x \to -\infty\), \(f(x) \to -\infty\).
- As \(x \to \infty\), \(f(x) \to \infty\).

Given the monotonic increase, the graph is a smooth, steadily rising cubic
with no local maxima or minima.

Analyzing Candidate Function B: \(f(x) = 8x"3 - 24x"2\)
Structural Overview
This polynomial factors more straightforwardly:

\ [
f(x) = 8™2(x - 3)
\1

- Degree 3 (cubic), with leading coefficient 8, indicating end behavior
similar to \(8x™3\): as \(x \to \infty\), \(f(x) \to \infty\); as \(x \to -
\infty\), \(f(x) \to -\infty\).

Roots and Intercepts

Set equal to zero:

\ [
8x™2(x - 3) =0
\1

Zeros occur at:



- \(x=0\) (with multiplicity 2, since \(x"2\))

Multiplicity:

- At \(x=0\), multiplicity 2. Since it's an even multiplicity, the graph
touches the x-axis at \(x=0\) but does not cross it.

- At \(x=3\), multiplicity 1, crossing the x-axis.

Behavior at Zeros

- At \(x=0\):

The graph touches the x-axis and turns around (a local minimum or maximum).
- At \(x=3\):

The graph crosses the axis.

Derivative Analysis

Calculating:

\ [

f'(x) = 24x™2 - 48x = 24x(x - 2)
\]

Critical points at:

\ [
x=0,\quad x=2
\1]

Second derivative:

\ [

f''(x) = 48x - 48 = 48(x - 1)
\]

- At \(x=0\):

\(f''(0) = -48 < 0\), indicating a local maximum.

- At \(x=2\):

\(f''(2) = 48(1) = 48 > 0\), indicating a local minimum.
Graph Features

- The graph has a local maximum at \(x=0\) (touching x-axis, since zero of
even multiplicity).



- A local minimum at \(x=2\).
- Roots at \(x=0\) (touching) and \(x=3\) (crossing).

Matching the Graph to Candidate Equations

Having analyzed the algebraic properties, the next step is to compare these
to the visual characteristics of the graph.

Visual Clues and Correspondence

- End Behavior: Both functions tend to \(\pm \infty\) as \(x \to \pm
\infty\), consistent with typical cubic behavior.

- Number of Roots:

- Candidate A: No rational roots, possibly one real root and two complex
conjugates.

- Candidate B: Roots at 0 (touching), and 3 (crossing). This matches the
typical shape with a double root at 0.

Number of Turning Points:

Candidate A: No critical points (monotonically increasing).
Candidate B: Two critical points (max at 0, min at 2), which is typical for
a cubic with two turning points.

Graph Features Summary

- If the graph shows a single inflection point with no local maxima or
minima, then Candidate A is more likely.

- If the graph shows a touch at the x-axis at one point and crosses at
another, with two turning points, then Candidate B fits better.

Final Evaluation and Conclusion
Based on the detailed analysis:

- Candidate A: Monotonically increasing cubic, no turning points, roots are
irrational or complex, and the graph would be smooth, strictly increasing,
possibly not crossing the x-axis at rational points.

- Candidate B: Has two zeros, with a double root at 0 and a simple root at 3,
and exhibits local maxima and minima — features that are typical in cubic
functions with multiple turning points
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