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Understanding how regions in the Z-plane transform into the W-plane is fundamental in complex analysis,
particularly in the study of conformal mappings. When analyzing such transformations, it becomes crucial to
determine the image of specific regions bounded by lines or curves in the Z-plane once they are mapped into the W-
plane via a given complex function. This article explores the process of finding the image in the W-plane of the
region of the Z-plane bounded by the straight lines \(X=1\) and \(Y=1\), where \(Z = X + iY\), under a specified
transformation \(W = f(Z)\).

By the end of this article, readers will have a comprehensive understanding of how to approach such problems,
the importance of the transformation function, and the step-by-step methodology to determine the mapped
region in the W-plane.

Understanding the Basic Components of the Problem

The Z-plane and Its Significance
The Z-plane is a complex plane where each point is represented by a complex number \(Z = X + iY\). The
coordinates \(X\) and \(Y\) are the real and imaginary parts, respectively. When analyzing regions in the Z-
plane, these are often bounded by straight lines, curves, or other geometric figures, which are then mapped into
the W-plane through a complex transformation.

The Boundary Lines \(X=1\) and \(Y=1\)
In our specific case, the region in the Z-plane is bounded by the straight lines:
- \(X=1\) (a vertical line)
- \(Y=1\) (a horizontal line)

These lines form a rectangular region in the plane, extending infinitely in the other directions unless further
boundaries are specified. For simplicity, assume the region is:
- To the right of \(X=1\)
- Above \(Y=1\)

The region of interest is thus the set of points where \(X \geq 1\) and \(Y \geq 1\).

Choosing and Understanding the Transformation \(W = f(Z)\)

Common Types of Transformations
The nature of the transformation function \(f(Z)\) significantly influences the shape of the mapped region.
Typical transformations include:

Linear transformations (e.g., \(W = aZ + b\))

Mobius transformations (e.g., \(W = \frac{aZ + b}{cZ + d}\))



Power functions (e.g., \(W = Z^n\))

Exponential functions (e.g., \(W = e^{Z}\))

Each transformation has unique properties that distort, rotate, or scale regions differently.

Determining the Transformation Function for a Specific Problem
In many cases, the problem specifies a particular form of \(f(Z)\). For instance, a common transformation used in
conformal mapping is the Mobius transformation, which maps lines and circles to lines and circles, making it a
powerful tool for analyzing boundary images.

Suppose the transformation is:
\[
W = f(Z) = \frac{aZ + b}{cZ + d}
\]
where \(a, b, c, d\) are complex constants with \(ad - bc \neq 0\).

Understanding the properties of \(f(Z)\) allows us to predict how boundary lines in the Z-plane will transform
into the W-plane.

Methodology for Finding the Image of the Region

Step 1: Identify the Boundary Lines in the Z-plane
Start by clearly defining the boundary lines:
- \(X=1\)
- \(Y=1\)

Express these lines in terms of \(Z = X + iY\):
- \(X=1\) corresponds to all points where the real part of \(Z\) is 1.
- \(Y=1\) corresponds to all points where the imaginary part of \(Z\) is 1.

Step 2: Parameterize the Boundary Lines
To analyze their images, parameterize each boundary:

- For the line \(X=1\):
\[
Z = 1 + iY, \quad Y \geq 1
\]
Parameterize as:
\[
Z = 1 + iY, \quad Y \in [1, \infty)
\]

- For the line \(Y=1\):
\[
Z = X + i, \quad X \geq 1
\]
Parameterize as:
\[



Z = X + i, \quad X \in [1, \infty)
\]

This parameterization allows substitution into \(f(Z)\) to find the images.

Step 3: Apply \(f(Z)\) to the Boundary Lines
Calculate the image of these boundary lines under the transformation:

- For \(Z = 1 + iY\):
\[
W = f(1 + iY)
\]
- For \(Z = X + i\):
\[
W = f(X + i)
\]

Carry out these calculations explicitly, considering the form of \(f(Z)\).

Step 4: Analyze the Images and Enclosed Region
Once the images of the boundary lines are obtained, analyze their shape in the W-plane:

- Do the images form lines, circles, or more complex curves?
- Are the images of the boundary lines intersecting, or do they map to disjoint curves?
- Determine the nature of the region enclosed by these images.

This process involves solving the equations and plotting the points to visualize the mapped region.

Example: Mapping the Region Using a Specific Transformation

Suppose \(f(Z) = \frac{Z - 1}{Z + 1}\)
This is a M�bius transformation known for mapping the upper half-plane to the unit circle.

- Map the boundary lines:
- \(X=1\):
\[
Z = 1 + iY, \quad Y \geq 1
\]
- \(Y=1\):
\[
Z = X + i, \quad X \geq 1
\]

Calculate the images:

- For \(Z = 1 + iY\):
\[
W = \frac{(1 + iY) - 1}{(1 + iY) + 1} = \frac{iY}{2 + iY}
\]

- For \(Z = X + i\):



\[
W = \frac{(X + i) - 1}{(X + i) + 1} = \frac{(X - 1) + i}{(X + 1) + i}
\]

By simplifying these expressions and analyzing the limits as \(Y \to \infty\) and \(X \to \infty\), the image of
the boundary lines can be plotted. The region enclosed in the Z-plane maps to a corresponding region in the W-
plane, which can be identified as a subset of the complex plane bounded by certain curves.

Visualizing the Mapped Region

Plotting Techniques
To accurately visualize the image:

- Use computational tools such as MATLAB, Wolfram Mathematica, or Python with matplotlib.
- Plot the images of the boundary lines.
- Shade the region enclosed by these curves to identify the mapped region.

Interpreting the Results
The shape of the mapped region in the W-plane depends on the transformation and the original boundary lines.
Common outcomes include:

- Circular regions mapped from straight lines.
- Regions bounded by circles or lines, depending on the nature of \(f(Z)\).
- Distorted but conformally equivalent regions.

Conclusion: The Significance of Finding the Image Region

Determining the image of a region in the Z-plane under a complex transformation is vital in many areas of complex
analysis, including conformal mapping, fluid dynamics, and electromagnetic theory. It helps in solving boundary
value problems, modeling physical phenomena, and understanding the geometric properties of complex functions.

By carefully parameterizing boundary lines, applying transformations, and analyzing the resulting curves,
mathematicians and engineers can visualize how regions deform under complex mappings. This understanding
facilitates the solution of complex problems by transforming them into simpler, more manageable forms.

In summary:
- Identify the boundary lines in the Z-plane.
- Parameterize these lines.
- Apply the transformation \(f(Z)\).
- Analyze the images to determine the bounded region in the W-plane.
- Use visualization tools to confirm the shape and properties of the mapped region.

Mastering this process enhances the ability to navigate complex analysis problems and develop a deeper
understanding of conformal mappings and their applications in science and engineering.

Frequently Asked Questions



What is the significance of finding the image of a region in the W-plane
corresponding to a given region in the Z-plane?

Finding the image helps visualize how the transformation maps regions from the Z-plane to the W-plane, aiding in
solving complex analysis problems such as contour integration and understanding conformal mappings.

How do straight lines in the Z-plane, such as X=1 and y=1, transform under
a given complex mapping?

Straight lines in the Z-plane typically transform into curves or other lines in the W-plane depending on the
nature of the mapping, which can be linear, M�bius, or more complex functions.

What is the method to find the image of the region bounded by X=1 and y=1
under a given transformation?

The method involves substituting the boundary equations into the transformation function and simplifying to
determine the corresponding boundary in the W-plane, thereby outlining the image region.

Which types of transformations are commonly used to map regions in the Z-
plane to the W-plane?

Common transformations include linear functions, M�bius (bilinear) transformations, exponential, and
logarithmic functions, each affecting regions differently.

How does the boundary line X=1 in the Z-plane transform in the W-plane?

The boundary line X=1 transforms into a specific curve or line in the W-plane depending on the mapping function,
often requiring substitution of z=1 + iy into the transformation to find its image.

What role does the boundary y=1 play in determining the shape of the mapped
region in the W-plane?

The boundary y=1, when mapped through the transformation, defines part of the boundary of the image region in
the W-plane, helping to visualize the region's shape after transformation.

Can the transformation map the bounded region in the Z-plane to an
unbounded region in the W-plane?

Yes, depending on the transformation, a bounded region in the Z-plane can map to an unbounded region in the W-
plane, especially if the transformation involves exponential or similar functions.

What are common techniques used to sketch the image of the region bounded
by straight lines in the Z-plane?

Techniques include substituting boundary equations into the transformation, analyzing the images of boundary
points, and using known mapping properties or conformal mapping principles to sketch the image.

Why is understanding the image of regions under complex mappings important
in engineering and physics?

It helps in solving potential problems, fluid flow, electromagnetic field analysis, and other applications where



complex mappings simplify boundary conditions and domain geometries.
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Introduction

In the realm of complex analysis, the study of conformal mappings and their applications often revolves
around understanding how regions in the complex \( Z \)-plane transform under various functions into the \( W
\)-plane. These transformations are not only mathematically elegant but also critically important in fields
such as fluid dynamics, electromagnetic theory, and engineering design, where conformal maps simplify complex
boundary value problems.

The problem at hand—finding the image in the \( W \)-plane of a specific region in the \( Z \)-plane bounded by the
straight lines \( X=1 \) and \( Y=1 \)—serves as a prototypical example of how boundary analysis and
mapping techniques converge in complex analysis. This investigation aims to methodically analyze this
transformation, elucidate the underlying principles, and provide a comprehensive understanding of the image
region in the \( W \)-plane.

---

Context and Significance

Understanding how regions bounded by straight lines map under complex functions offers insight into the
geometric behavior of these functions. The region described by the lines \( X=1 \) and \( Y=1 \) in the \( Z \)-
plane can be viewed as a portion of the complex plane, specifically a quadrant or a corner, depending on
additional boundary conditions. Analyzing its image under a conformal map—such as the M�bius
transformation or exponential mapping—is fundamental in many applied mathematics problems.

The significance of this problem extends beyond academic curiosity. It exemplifies the process of:

- Boundary mapping: How simple boundaries transform under complex functions.
- Region characterization: Determining the shape, size, and position of the mapped region.
- Application in boundary value problems: Simplifying complex geometries in physics and engineering.

---

Precise Definition of the Region in the Z-plane

Consider the complex \( Z \)-plane with \( Z = x + iy \), where \( x, y \in \mathbb{R} \). The region \( R \) under
consideration is bounded by:

- The vertical line \( X=1 \), i.e., all points where \( x=1 \).
- The horizontal line \( Y=1 \), i.e., all points where \( y=1 \).

Assuming the region \( R \) is the set:

\[
R = \{ Z = x + iy \mid x \leq 1, y \leq 1, x \leq 1, y \leq 1 \}
\]

It is essential to clarify whether the region is the intersection or the union of these boundaries. For the
purposes of this analysis, we focus on the region in the first quadrant bounded by:

- The line \( x=1 \), extending vertically.



- The line \( y=1 \), extending horizontally.
- The region of interest is the set \( \{ Z \mid 0 \leq x \leq 1, 0 \leq y \leq 1 \} \).

This is the unit square in the first quadrant, bounded by the lines:

\[
x=0, \quad y=0, \quad x=1, \quad y=1
\]

Alternatively, if the problem specifies only the lines \( x=1 \) and \( y=1 \) without additional constraints,
the region could be a corner of the plane, such as the region \( x \leq 1, y \leq 1 \) extending infinitely into the
negative \( x \) and \( y \) directions. For clarity and standard practice, we will assume the region is the unit
square \( 0 \leq x \leq 1, 0 \leq y \leq 1 \).

---

Choice of Mapping Function

The key to solving the problem lies in selecting an appropriate conformal map \( W = f(Z) \) that transforms
the specified boundary into a more manageable set in the \( W \)-plane. Common transformations include:

- Linear (affine) transformations: \( W = aZ + b \).
- Mobius (bilinear) transformations: \( W = \frac{aZ + b}{cZ + d} \).
- Exponential and logarithmic functions: to map strips or sectors.
- Power functions: to change angular sectors.

Given the boundary lines \( x=1 \) and \( y=1 \), a natural choice is to explore transformations that map
these lines into convenient shapes—such as straight lines, circles, or rays—in the \( W \)-plane.

---

Step-by-Step Analysis

1. Mapping the Region Using Logarithmic Transformation

One standard approach is to use the logarithmic mapping:

\[
W = \log Z
\]

which maps multiplicative structures in \( Z \) to additive ones in \( W \).

- The line \( x=1 \) corresponds to points \( Z = 1 + iy \), \( y \in \mathbb{R} \).
- The line \( y=1 \) corresponds to \( Z = x + i \).

Applying the logarithm:

\[
W = \log Z = \ln|Z| + i \arg Z
\]

- For \( Z = 1 + iy \):

\[
|Z| = \sqrt{1^2 + y^2} \\
\arg Z = \arctan(y/1) = \arctan y
\]



- For \( Z = x + i \):

\[
|Z| = \sqrt{x^2 + 1} \\
\arg Z = \arctan(1/x)
\]

This mapping transforms lines into curves in the \( W \)-plane:

- The line \( x=1 \) maps to the set:

\[
W = \ln \sqrt{1 + y^2} + i \arctan y
\]

- The line \( y=1 \) maps to:

\[
W = \ln \sqrt{x^2 + 1} + i \arctan (1/x)
\]

The region in the \( Z \)-plane becomes a rectangle in the \( W \)-plane bounded by these images.

2. Mapping the Region into the W-plane

By analyzing the images of these boundary lines, we can identify the shape of the mapped region:

- The boundary \( x=1, y \in [0,1] \):

\[
W = \ln \sqrt{1 + y^2} + i \arctan y, \quad y \in [0,1]
\]

- The boundary \( y=1, x \in [0,1] \):

\[
W = \ln \sqrt{x^2 + 1} + i \arctan (1/x), \quad x \in [0,1]
\]

Plotting these would show the image of the rectangle in the \( W \)-plane as a bounded region.

---

Geometric Interpretation and Simplification

Understanding the shape in the \( W \)-plane provides insight into why certain mappings are advantageous. The
logarithmic map converts rectangular regions into more manageable domains—often strips or half-
planes—thus facilitating the solving of boundary value problems.

In this context, the key observations are:

- The lines \( x=1 \) and \( y=1 \) map into curves involving logarithmic and inverse tangent functions.
- The resulting region in the \( W \)-plane is bounded, with its boundaries determined by the images of the original
lines.

---

Alternative Mappings and Techniques



While the logarithmic map offers a direct approach, other transformations may be employed for specific
purposes:

- Power functions: to map corners or sectors into simpler domains.

For example, \( W = Z^{\alpha} \) can be used to change the angle of the boundary lines, especially when
dealing with sectors.

- M�bius transformations: to map lines into circles or lines, simplifying boundary analysis.

For instance:

\[
W = \frac{Z - Z_0}{Z - Z_1}
\]

can be used to map boundary points into convenient locations.

- Composite mappings: combining multiple functions to achieve the desired boundary shape in \( W \)-plane.

---

Practical Application: Mapping the Unit Square

To concretize the analysis, consider mapping the unit square \( 0 \leq x \leq 1, 0 \leq y \leq 1 \):

- The corners \( (0,0), (1,0), (1,1), (0,1) \) map under the logarithm to:

\[
(0 + i0) \to \ln 0 + i0 \to -\infty + i0
\]
which is problematic at zero, but considering the interior, the image is well-defined.

- Alternatively, a M�bius transformation can map the square into a standard domain such as the upper half-
plane or the unit disk, making the boundary analysis more straightforward.

---

Advanced Techniques and Numerical Methods

Complex boundary regions often demand numerical methods to visualize the image in the \( W \)-plane
accurately. Techniques include:

- Boundary element methods: to discretize boundary images.
- Conformal mapping algorithms: such as the Schwarz-Christoffel transformation, which maps polygons to the
upper half-plane or disk.

These methods provide approximate but insightful visualizations
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