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Understanding one-sided limits is a fundamental aspect of calculus,
especially when analyzing the behavior of functions near specific points.
Whether you're studying continuous functions, discontinuities, or the
behavior of functions approaching asymptotes, mastering how to find one-sided
limits is essential. In this article, we will explore the concept of one-
sided limits, how to evaluate them step-by-step, and practical examples to
solidify your understanding.

What Are One-Sided Limits?

Definition of One-Sided Limits

A one-sided limit describes the behavior of a function as the input
approaches a particular point from only one side—either from the left or the
right. Formally:

- The left-hand limit of a function \(f(x)\) as \(x\) approaches \(a\) is
denoted as

\ [

\lim {x \to a~-} f(x)

\1

and represents the value \(f(x)\) approaches as \(x\) approaches \(a\) from
values less than \(a\).

- The right-hand limit of a function \(f(x)\) as \(x\) approaches \(a\) is
denoted as

\ [

\lim {x \to a”+} f(x)

\1]

and represents the value \(f(x)\) approaches as \(x\) approaches \(a\) from
values greater than \(a\).

Note: If both one-sided limits exist and are equal, then the two-sided limit
exists at that point and equals that common value.



Why Are One-Sided Limits Important?

- Analyzing Discontinuities: They help identify types of discontinuities such
as jump discontinuities or removable discontinuities.

- Understanding Asymptotic Behavior: They reveal how functions behave near
asymptotes.

- Calculus Applications: They are crucial in evaluating derivatives at points
where the function isn't smooth or continuous.

How to Find One-Sided Limits

Evaluating one-sided limits involves analyzing the function's behavior as
\(x\) approaches the point of interest from either side. Here's a step-by-
step guide:

Step 1: Identify the Point of Approach

Determine the specific point \(a\) at which you want to evaluate the limit.

Step 2: Decide Which One-Sided Limit to Find

- For the left-hand limit, consider values of \(x\) just less than \(a\).
- For the right-hand limit, consider values of \(x\) just greater than \(a\).

Step 3: Substitute Values Approaching \(a\) from the
Appropriate Side

Use sequences or directly substitute values of \(x\) approaching \(a\) from
either the left or right.

Step 4: Simplify and Analyze the Behavior

- Simplify the function algebraically, if possible.
- Observe whether the function approaches a specific finite value, diverges
to infinity, or oscillates.

Step 5: Conclude the Limit

- If the function approaches a finite value, that is your limit.

- If the function diverges to infinity or negative infinity, the limit is
unbounded.

- If the behavior is oscillatory or does not settle to a specific value, the
limit does not exist and should be written as DNE.



Common Techniques for Evaluating One-Sided
Limits

- Direct Substitution: Usually the first step; substitute \(x = a\) into the
function.

- Factoring: Simplify expressions to cancel out problematic terms.

- Rationalizing: For limits involving square roots or other radicals.

- Using Special Limits: Recognize standard limits such as \(\lim {x \to 0}
\frac{\sin x}{x} = 1\).

- Piecewise Functions: Evaluate limits separately on each piece and analyze
their behavior at the boundary.

Examples of Finding One-Sided Limits

To illustrate these concepts, let’s explore some examples.

Example 1: Polynomial Function

Determine \(\lim {x \to 3"-} f(x)\) and \(\lim {x \to 37™+} f(x)\) where
\(f(x) = x*2 - 5x + 6\).

Solution:
Since \(f(x)\) is a polynomial (which is continuous everywhere), the limits
are straightforward:

- \(\lim_{x \to 3~-} f(x)
- \(\lim {x \to 37+} f(x)

372 - 5(3) +6 =9 - 15+ 6 = 0\)
0\)

Conclusion: Both one-sided limits exist and are equal to 0.

Example 2: Rational Function with Discontinuity

Find \(\lim {x \to 27-} \frac{x®2 - 4}{x - 2}\) and \(\lim {x \to 2"+}
\frac{x™2 - 4}{x - 2}\).

Solution:
- Factor numerator: \(x*2 - 4 = (x - 2)(x + 2)\)
- Rewrite: \(\frac{(x - 2)(x + 2)}{x - 2}\)

For \(x \neq 2\):
\

f(x) = x + 2

\1]

- As \(x \to 2™-\):
\ [



\lim {x \to 2"~-} f(x) =2+ 2 =4
\1]

- As \(x \to 2°+\):

\ [

\lim {x \to 2"™+} f(x) =2+ 2 =4
\1

Conclusion: Both one-sided limits are 4, so the two-sided limit exists and 1is
4,

Example 3: Function Approaching Infinity
Evaluate \(\lim {x \to 07+} \frac{1l}{x}\).

Solution:

As \(x\) approaches 0 from the right (small positive numbers),
\(\frac{1}{x}\) becomes very large:

\ [

\lim {x \to 07+} \frac{l}{x} = +\infty

\1

Since infinity is not a finite number, this limit diverges, and we write DNE
or state that the limit diverges to infinity.

Conclusion: The one-sided limit as \(x \to 0™+\) does not exist as a finite
number; instead, it diverges to infinity.

Dealing with Non-Existent Limits (DNE)

Sometimes, one-sided limits do not exist because the function behaves
differently from each side or oscillates indefinitely.

Common reasons include:

- Vertical asymptotes where the function tends to infinity.

- Jump discontinuities where the limits from each side differ.

- Oscillatory behavior such as \(\sin \frac{1}{x}\) near \(x = 0\).

In such cases, the answer should be DNE.

Summary Table of Limit Types

| Scenario | Limit from Left | Limit from Right | Two-Sided Limit | Result |
B R LR B EE

| Both exist and equal | Yes | Yes | Yes | Finite number |

| Both exist but differ | Yes | Yes | No | DNE |

| One side diverges | Yes or no | Yes or no | No | DNE or infinity |



Practice Problems

1. Find \(\lim {x \to 17-} \frac{x™2 - 1}{x - 1}\).
2. Find \(\lim {x \to 17+} \frac{x™2 - 1}{x - 1}\).
3. Evaluate \(\lim {x \to 07-} \frac{1}{x}\).

4. Evaluate \(\lim {x \to 07+} \frac{1}{x}\).

5. For the piecewise function:

\ [

f(x) = \begin{cases}

X+ 2, & x < 3 \\

5, & x = 3 \\

- X+ 8, &x >3

\end{cases}

\1

Find \(\lim {x \to 37-} f(x)\) and \(\lim {x \to 37+} f(x)\).

Answers:

1. \( \lim {x \to 17-} \frac{(x - 1)(x + 1)}{x - 1} = \lim {x \to 1™-} (x +
1) = 2\)

2. Same as above, from the right: \( 2 \)

Diverges to \(-\infty\)

Diverges to \(+\infty\)

\(\lim {x \to 37-} f(x) =3 + 2 =5\); \

u b~ W

Frequently Asked Questions

Given F(x) = x2?2, what is the one-sided limit as x
approaches 2 from the left?

4

Find the right-hand limit of F(x) = 1/x as x
approaches 0.
DNE

Determine the 1limit of F(x) = (x2 - 4)/(x - 2) as X
approaches 2 from the right.
4

For F(x) = |x|, what is the limit as x approaches 0
from the left?

0



Find the one-sided limit of F(x) = sin(x)/x as X
approaches 0 from the right.
1

Given F(x) = (x - 3)/(x - 3), what is the limit as x
approaches 3 from the left?
DNE

Determine the right-hand limit of F(x) = ln(x) as x
approaches 0 from the right.

—-DNE

Find the limit of F(x) = 2x + 5 as x approaches 10
from the left.

25

Given F(x) = (x2 - 1)/(x - 1), what is the one-sided
limit as x approaches 1 from the right?
2
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Exploring One-Sided Limits: A Deep Dive into the Behavior of Functions

In the realm of calculus, understanding how functions behave near specific
points is fundamental. Among the key concepts is the notion of one-sided
limits, which describe the behavior of a function as its input approaches a
point from either the left or the right. This investigation seeks to
elucidate the process of finding these limits, especially when the function
is given explicitly, and to interpret what the results reveal about the
function's continuity, discontinuities, and overall structure.

Introduction to One-Sided Limits

Before delving into calculations, it is essential to grasp what one-sided
limits are. For a function \(F(x)\), the left-hand limit as \(x\) approaches



a point \(a\) is denoted as:

\ [
\lim {x \to a”™-} F(x)
\1

and describes the behavior of \(F(x)\) as \(x\) approaches \(a\) from values
less than \(a\).

Conversely, the right-hand limit as \(x\) approaches \(a\) is:

\ [
\lim {x \to a™+} F(x)
\]

and pertains to the behavior of \(F(x)\) as \(x\) approaches \(a\) from
values greater than \(a\).

These limits are crucial in analyzing the continuity of functions,

understanding points of discontinuity (removable, jump, or infinite), and in
applications across physics, engineering, and economics.

The Process of Determining One-Sided Limits
Calculating one-sided limits involves analyzing the behavior of the function
as the input approaches the point of interest from the respective side. The

process can be summarized in steps:

1. Identify the Point \(a\): Recognize the specific point at which the limit
is to be evaluated.

2. Determine the Domain Restrictions: Understand where the function is
defined, especially around \(a\).

3. Approach from the Left or Right: Substitute values approaching \(a\) from
below (less than \(a\)) or above (greater than \(a\)), observing the trend of
\(F(x)\).

4. Use Algebraic Simplification: Simplify the function expression where
possible to facilitate limit evaluation.

5. Apply Limit Laws and known limits to evaluate the behavior precisely.

6. Interpret the Result: If the limits from both sides exist and are equal,
the two-sided limit exists; if not, note the one-sided limits accordingly.

Common Types of Functions and Their Limits



Different classes of functions exhibit characteristic behaviors near specific
points. Recognizing these can streamline the process:

1. Rational Functions

Functions of the form \( \frac{P(x)}{Q(x)} \), where \(P\) and \(Q\) are
polynomials.

- Behavior near zeros of denominator: If \(Q(a) \neq 0\), limits are
straightforward. If \(Q(a) = 0\), analyze the numerator to determine if the
limit is DNE or infinite.

2. Piecewise Functions

Functions defined differently over various intervals, often leading to
potential discontinuities at boundary points.

- Approach: Evaluate limits from the left and right separately, considering
the function's definition on each side.

3. Absolute Value and Sign Functions

Functions involving \(|x]|\) or \(\operatorname{sgn}(x)\) often have different
behaviors depending on the direction of approach.

4. Infinite Limits and Vertical Asymptotes
When a function grows without bound near a point, the limit is infinite (or

negative infinite), which may be expressed as DNE in the context of finite
limits.

Case Studies: Calculating One-Sided Limits for Specific Functions

To illustrate the process, consider the following examples of functions
\(F(x)\). For each, we evaluate the one-sided limits at specified points.

Example 1: Rational Function with a Removable Discontinuity

Function:

\ [

F(x) = \frac{x™2 - 1}{x - 1}
\1]

Point of interest: \(a = 1\)

Left-hand limit:



\ [
\lim {x \to 1~-} F(x)
\1]

Calculations:

\ [
\frac{x™2 - 1}{x - 1} = \frac{(x - 1)(x + 1)}{x - 1}
\1

For \(x \neq 1\), this simplifies to:

\ [
F(x) =x+1
\1

approaching \(x \to 1™-\):
\ [

\lim {x \to 1~-} F(x)
\1]

1+1=2

Right-hand limit:

\ [
\lim {x \to 17+} F(x)
\1]

\lim {x \to 17™+} (x + 1) = 2

Result:

- Both one-sided limits exist and are equal: 2, so the two-sided limit exists
and equals 2.

Example 2: Piecewise Function with Jump Discontinuity
Function:

\ [

F(x) = \begin{cases}
2X + 3, & x < 2 \\
x~2, & x \geq 2
\end{cases}

\1

Point of interest: \(a = 2\)

Left-hand limit:



\ [
\lim {x \to 2~-} F(x)
\1]

\lim {x \to 2™-} (2x + 3) = 2(2) + 3 =4 + 3 =7

Right-hand limit:

\ [
\lim {x \to 2™+} F(x)
\1]

\lim {x \to 2™+} x™2 = (2)"2 = 4

Result:

- Left limit: 7
- Right limit: 4

Since these are not equal, the two-sided limit does not exist. The limits
from the sides are different, indicating a jump discontinuity at \(x=2\).

Example 3: Function with Infinite Behavior

Function:

\ [

F(x) = \frac{1}{(x - 3)"2}
\1

Point of interest: \(a=3\)
Left-hand limit:

As \(x \to 37-\):

\

F(x) = \frac{1}{(x - 3)"2}
\1]

Since \(x - 3\) approaches 0 from the negative side, \((x - 3)"2\) approaches
0 from the positive side, and the reciprocal tends to infinity.

\ [

\lim {x \to 37-} F(x) = +\infty
\1]

Right-hand limit:

Similarly, as \(x \to 3™+\):

\ [
\lim {x \to 3™+} F(x) = +\infty



\]
Result:

- Both one-sided limits tend to infinity, which in the context of finite
limits is DNE.

Handling Cases Where Limits Do Not Exist

Some functions do not have finite one-sided limits at a point, leading to
various types of discontinuities or unbounded behavior.

- DNE (Does Not Exist): When the one-sided limits differ or tend to infinity,
the limit is DNE.

- Infinite limits: When the function grows without bound, it is often

expressed as tending to \(+\infty\) or \(-\infty\), but in limit
calculations, it’'s customary to note that a finite limit does not exist.

Applications and Significance

Understanding and computing one-sided limits is more than an academic
exercise. It is critical in:

- Determining points of discontinuity: Knowing whether a function is
continuous hinges on the matching of limits from both sides.

- Analyzing asymptotic behavior: Vertical asymptotes are characterized by
infinite limits from either side.

- Calculus derivatives: One-sided limits are essential in defining
derivatives at points where the function may not be smooth.

- Real-world modeling: Functions modeling physical phenomena often exhibit

discontinuities, jumps, or asymptotic behavior requiring careful limit
analysis.

Summary and Key Takeaways

- The evaluation of one-sided limits involves analyzing the behavior of the
function as the input approaches the point from either side.

- Simplification and substitution are often necessary, especially for
rational and piecewise functions.



- When both one-sided limits exist and are equal, the two-sided limit exists
and equals that common value.

- When the one-sided limits differ or tend to infinity, the two-sided limit
does not exist.

- Recognizing different types of discontinuities (removable, jump, infinite)
is essential in the comprehensive analysis of functions.

Final Thoughts

Mastering the calculation of one-sided limits enhances understanding of
function behavior, continuity, and the structure of functions in calculus.
Whether dealing with rational, piecewise, or more complex functions, a
systematic approach ensures clarity and accuracy. As mathematics continues to
underpin scientific and engineering advances, such fundamental concepts
remain vital tools for analysis and problem-solving.

Note: For specific functions \(F(x)\), always carefully examine the form near
the point of interest
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