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Understanding the behavior of sequences and their convergence properties is a
fundamental aspect of mathematical analysis. Specifically, analyzing how
quickly a sequence approaches its limit—known as its rate of convergence-is
essential for both theoretical insights and practical applications in
numerical analysis, approximation theory, and computational mathematics.

In this article, we delve into the sequence \(\{ \cos(1/n"2) \}\) as \(n \to
\infty\), aiming to determine its limit and, more importantly, to find the
rate at which it converges to that limit. This exploration not only enhances
our comprehension of this particular sequence but also illustrates broader
techniques used to analyze the convergence rates of similar sequences.

Understanding the Sequence \(\{ \cos(1/n"2)
\H\)

Before discussing the convergence rate, it’s crucial to understand the
behavior of the sequence itself.

Sequence Definition and Intuition

The sequence is defined as:

\ [
a n = \cos\left(\frac{1}{n"2}\right)

\]
for \( n =1, 2, 3, \ldots \).

As \( n \to \infty \), the term \( \frac{1}{n"2} \to 0 \). Since the cosine
function is continuous, we expect:

\ [
\lim {n \to \infty} a n = \cos(0) =1
\1



Thus, the sequence converges to 1.

Significance of Analyzing the Rate of Convergence

Knowing that \( a n \to 1 \) is informative, but understanding how fast it
approaches 1 is often vital. For example, in numerical methods, the
efficiency of algorithms depends on the speed with which sequences or
iterative processes converge. A sequence with a rapid convergence rate
reaches its limit quickly, allowing for fewer terms to achieve a desired
accuracy.

Mathematical Tools for Analyzing Convergence
Rates

To analyze the rate of convergence of \(\{a n\}\), mathematicians often use
tools such as:

- Asymptotic expansions (e.g., Taylor series)
- Big-0 notation and order of convergence

- Error estimates between the sequence and its limit

In our case, the main approach involves using the Taylor expansion of the
cosine function around zero to approximate \(\cos(1/n”2)\) for large \(n\).

Asymptotic Expansion of \(\cos(1/n"2)\)

The key to understanding the convergence rate is to analyze the behavior of
\(\cos(1/n"2)\) as \(n \to \infty\).

Taylor Series of \(\cos x\)

Recall the Taylor expansion of \(\cos x\) around \(x=0\):

\ [
\cos x =1 - \frac{x"2}{2} + \frac{x™4}{24} - \frac{x"6}{720} + \cdots
\1]

For small \(x\), the dominant terms are:



\ [
\cos x \approx 1 - \frac{x"2}{2}
\1]

Higher-order terms become negligible as \(x \to 0\).

Applying the Expansion to \(\cos(1/n"2)\)

Set \(x = \frac{1}{n”2}\). Then, for large \(n\):

\ [

\cos\left(\frac{1}{n"2}\right) \approx 1 - \frac{1}{2}
\left(\frac{1}{n"2}\right)"2 + \text{higher-order terms}
\1

Simplifying:
\ [
\cos\left(\frac{1}{n"2}\right) \approx 1 - \frac{1}{2} \cdot \frac{1l}{n"™4} +

o\left(\frac{1l}{n"4}\right)
\1]

This approximation indicates that the difference between the sequence term
and its limit behaves like:

\ [
|la n - 1| \approx \frac{1}{2 n™4}
\1

for large \(n\).

Determining the Rate of Convergence

The asymptotic expansion shows that:

\ [
la_n - 1| \sim \frac{1}{2 n"4}
\]

as \( n \to \infty \). This directly leads us to the conclusion about the
rate of convergence.



Formal Definition of Rate of Convergence

A sequence \(\{a n\}\) converges to \(L\) with rate \(r(n)\) if:

\ [

la n - Ll =0(r(n))

\1]

where \(r(n)\) is a function tending to zero as \(n \to \infty\).

In our case, since:

\ [
la_n - 1| \sim \frac{1}{2 n"4}
\1]

we have:

\ [
la n - 1| = O\left(\frac{1}{n"4}\right)
\1]

This indicates that the sequence converges to 1 at a rate proportional to
\(1/n™4\).

Implication of the Rate \(0(1/n"4)\)

The order of convergence is quite rapid. Specifically:

- The error decreases proportionally to \(1/n™4\).

- To reduce the error by a factor of 10, \(n\) must increase by approximately
\ (10”~{1/4} \approx 1.78\).

- For high-precision applications, only a modest increase in \(n\) is needed
for substantial accuracy.

Quantitative Analysis and Error Estimation

To quantify the convergence precisely, we can analyze the remainder term of
the Taylor expansion.

Using Taylor's Theorem with Remainder



The Taylor expansion of \(\cos x\) around 0 with Lagrange remainder is:

\ [

\cos x =1 - \frac{x"2}{2} + \frac{x™4}{24} - \frac{x"6}{720} + \cdots +
\frac{(-1)"k x*{2k}}{(2k)!'} + R {2k+1}(x)

\1

where the remainder term \( R {2k+1}(x) \) satisfies:

\ [
IR {2k+1}(x)| \leq \frac{|x|"{2k+2}}{(2k+2)!'}
\1]

Choosing \(k=2\) for a sufficiently accurate approximation:

\ [
\cos x \approx 1 - \frac{x"2}{2} + \frac{x"4}{24}
\1]

and the remainder:

\ [
IR 5(x)| \leq \frac{|x|"6}{720}
\1

Applying this to \(x=1/n"2\):

\ [

la n - 1| = |\cos(1/n"2) - 1| \leq \frac{1}{2 n"4} + \frac{1}{24 n"8} +
\frac{1}{720 n~{12}}

\1

which confirms the dominant term is \(\frac{1}{2 n™4}\).

Summary of Findings

- Limit: \(\lim {n \to \infty} \cos(1/n"2) = 1\)

- Rate of Convergence: The sequence converges to 1 at a rate proportional to
\(1/n"4\).

- Asymptotic Behavior:

\ [
la_n - 1| \sim \frac{1}{2 n"4}
\1]

- Error Bound:



\ [
la n - 1| \leq \frac{1}{2 n™4} + \text{smaller terms}
\1

for sufficiently large \(n\).

Practical Implications and Applications

Understanding the convergence rate of \(\{ \cos(1/n”2) \}\) has various
practical applications:

- Numerical Approximation: When approximating \(\cos(1/n"2)\) for large
\(n\), knowing the error bound helps determine how large \(n\) should be to
achieve a desired accuracy.

- Algorithm Efficiency: In iterative algorithms involving cosine functions or
similar sequences, convergence speed influences computational cost.

- Error Analysis in Series and Integrals: The asymptotic behavior guides the
estimation of errors in series expansions or integral approximations
involving cosine.

Conclusion

The sequence \(\{ \cos(1/n"2) \}\) converges to 1 as \(n \to \infty\), with
the rate of convergence characterized by the asymptotic estimate:

\ [
la n - 1| \sim \frac{1}{2 n"4}
\1

This indicates a relatively rapid convergence, with the error decreasing
proportionally to the fourth power of \(1/n\). Such insights are valuable in
both theoretical analysis and practical

Frequently Asked Questions

What is the limit of the sequence {cos(1/n"2)} as n
approaches infinity?

The 1imit of the sequence {cos(1/n"2)} as n approaches infinity is 1, since
1/n”2 approaches 0 and cos(0) = 1.



How do we determine the rate of convergence of
{cos(1/n"2)} to 17?

We analyze the difference |[cos(1/n"2) - 1| as n approaches infinity, using
the Taylor expansion of cosine around 0 to estimate how quickly the sequence
approaches 1.

What is the asymptotic behavior of |cos(1/n"2) - 1|
as n becomes large?

For large n, |cos(1/n™2) - 1| = (1/2)(1/n"2)"2 = 1/(2n"4), indicating the
error decreases on the order of 1/n™4.

What is the rate of convergence of {cos(1/n"2)} to
1?

The sequence converges to 1 at a rate proportional to 1/n”4, which means it
converges quite rapidly as n increases.

Why is the rate of convergence important in
analyzing sequences like {cos(1/n"2)}?

Understanding the rate of convergence helps in estimating how quickly the
sequence approaches its limit, which is useful in numerical analysis and
approximation methods.

Additional Resources
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Introduction

In the realm of mathematical analysis, understanding the behavior of
sequences as they tend toward their limits is fundamental. Among these
sequences, the sequence {cos(1l/n2?)} presents an intriguing case, especially
when examining its rate of convergence as \( n \to \infty \). The problem of
determining how quickly the sequence approaches its limit not only enriches
our theoretical grasp but also has practical implications in numerical
analysis, approximation theory, and computational mathematics.

This article aims to provide a comprehensive, detailed exploration of the
convergence properties of the sequence \( \{ \cos(1/n”2) \} \), emphasizing
the methods used to quantify its rate of convergence. We will dissect the
sequence's limit, employ asymptotic expansions, and analyze the dominant



terms that control the convergence speed. The discussion is structured to
provide clarity, depth, and analytical rigor suitable for both students and
researchers interested in sequence convergence behavior.

1. Understanding the Sequence \( \{ \cos(1/n"2) \} \)
1.1 Basic Behavior and Limit
At the core of analyzing the sequence is its limit as \( n \to \infty \):

\ [
\lim {n \to \infty} \cos\left(\frac{1}{n"2}\right).
\1

Since \( \frac{1}{n"2} \to 0 \) as \( n \to \infty \), and the cosine
function is continuous, the limit simplifies to:

\ [
\lim {x \to 0} \cos x =1,
\1

implying

\ [
\lim {n \to \infty} \cos\left(\frac{1l}{n"2}\right) = 1.
\1]

This indicates that the sequence converges to 1. The main question then
becomes: At what rate does this convergence occur? To answer this, we need to
analyze the difference \( |\cos(1/n"2) - 1] \) as \( n \to \infty \).

1.2 Significance of Rate of Convergence

Understanding the rate of convergence is crucial in numerical computations.
If the sequence approaches the limit rapidly, fewer terms are required for
practical approximation. Conversely, slow convergence necessitates more
terms, impacting computational efficiency.

The goal is to find an asymptotic expression for the difference:

\[
| \cos(1l/n"2) - 1 |,
\1]

which characterizes how quickly the sequence approaches 1 as \( n \to \infty
\).



2. Mathematical Tools for Analyzing Convergence Rates
2.1 Taylor Series Expansion of Cosine

The primary tool for analyzing the behavior of \( \cos x \) near zero is its
Taylor series expansion:

\ [
\cos x =1 - \frac{x"2}{2} + \frac{x™4}{24} - \frac{x"6}{720} + \cdots,
\1]

valid for all real \( x \). When \( x \) is small, higher-order terms become
negligible, and the approximation:

\ [

\cos x \approx 1 - \frac{x"2}{2}
\1]

becomes very accurate.

2.2 Asymptotic Behavior and Big-0 Notation

To characterize convergence rates, asymptotic notation such as Big-0, little-
0o, and Theta are employed:

- \( f(n) = 0(g(n)) \) indicates \( f(n) \) grows no faster than \( g(n) \).
\( f(n) = o(g(n)) \) indicates \( f(n) \) grows much slower than \( g(n)

\sim g(n) \) indicates \( f(n) \) is asymptotically equivalent to

Applying these tools helps formalize the rate at which the sequence
approaches its limit.

3. Deriving the Rate of Convergence
3.1 Applying the Taylor Series to \( \cos(1l/n"2) \)
Given the Taylor expansion:

\ [
\cos x \approx 1 - \frac{x"2}{2},
\1]

substitute \( x = \frac{1}{n"2} \):

\ [
\cos\left(\frac{1}{n"2}\right) \approx 1 - \frac{1}{2}
\left(\frac{1}{n"2}\right)”2 = 1 - \frac{1}{2 n™4}.



\]

Higher-order terms, such as \( \frac{1}{24} \left(\frac{1}{n"2}\right)"4 \),
are of order \( \frac{1}{n"8} \) and become negligible for large \( n \).

3.2 Asymptotic Expression for the Difference
The difference between the sequence and its limit is:

\ [
| \cos(1/n"2) - 1 | \approx \frac{1}{2 n"4}.
\1

This asymptotic relation indicates that as \( n \to \infty \), the difference
decreases proportionally to \( n™{-4} \). Formally,

\ [
| \cos(1/n"2) - 1 | = \Theta\left(\frac{1}{n"4}\right),
\1

which reveals the rate of convergence of the sequence.
3.3 Interpretation of the Result

The sequence converges to 1 at a polynomial rate of order \( n~{-4} \). This
polynomial decay is relatively fast, meaning that doubling \( n \) reduces
the error by a factor of 16, an important consideration in approximation
schemes.

4. Quantitative Analysis and Implications
4.1 Convergence Speed and Error Bounds

From the asymptotic relation, practical bounds can be formulated. For
sufficiently large \( n \):

\ [
| \cos(1/n"2) - 1 | \leq \frac{C}{n™4}
\1]

for some constant \( C \leq 1/2 \). This provides an explicit way to estimate
how large \( n \) must be to achieve a desired accuracy \( \varepsilon \):

\ [

\frac{1}{2 n™4} \leq \varepsilon \Rightarrow n \geq \left(\frac{1}{2
\varepsilon}\right)~{1/4}.

\1]

4.2 Practical Examples



- To guarantee an error less than \( 10°{-6} \):

\ [

n \geq \left(\frac{1}{2 \times 107{-6}}\right)”~{1/4} \approx \left(5 \times
107~{5}\right)~{1/4} \approx 31.6,

\1]

indicating that \( n \geq 32 \) suffices.

- For an even tighter bound \( 107~{-8} \), \( n \geq \left(5 \times
107 {7}\right)~{1/4} \approx 56.2 \).

4.3 Comparison with Other Sequences

The polynomial rate \( n™{-4} \) is faster than many sequences with
logarithmic convergence but slower than exponential convergence. It provides
a practical benchmark for computational efficiency and indicates that the
sequence is quite suitable for approximations requiring high accuracy.

5. Broader Context and Related Topics
5.1 Connection to Other Analytical Sequences

The analysis of \( \cos(1/n"2) \) exemplifies how asymptotic expansions
facilitate understanding convergence behavior. Similar techniques apply to
sequences involving other functions with known Taylor series, such as sine,
exponential, or logarithmic functions.

5.2 Limitations and Assumptions

The derivation relies on the validity of the Taylor expansion near zero and
the neglect of higher-order terms. While asymptotic equivalence is accurate
for large \( n \), it may not hold for small \( n \). Additionally, the
constants involved are approximations, but the order of convergence remains
unaffected.

5.3 Extensions and Further Research

One can extend the analysis to study the convergence rates of related
sequences, such as:

- \( \{ \cos(1/n%p) \} \) for \( p >0 \),
- \( \{ \sin(1/n"2) \} \),
- and more general functions approaching their limits.

Furthermore, analyzing the impact of perturbations or numerical errors in
practical computations offers valuable insights.



6. Conclusion

The exploration of the sequence \( \{ \cos(1/n"2) \} \) reveals that it
converges to 1 at a polynomial rate characterized by \( n™~{-4} \). This rate
stems directly from the Taylor expansion of the cosine function around zero,
which provides an asymptotic approximation of the difference \( |\cos(1l/n"2)
- 1] \).

Recognizing the rate of convergence is essential for effective numerical
approximation, informing how many terms or how large \( n \) must be to
attain a specific accuracy. The detailed asymptotic analysis underscores the
power of classical tools like Taylor series and asymptotic notation in
understanding the nuanced behavior of sequences.

This case study exemplifies a broader principle in mathematical analysis: the
local behavior of functions near their limits governs the global convergence
properties of sequences
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