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Understanding the rates at which functions approach a limit as a variable tends to zero is
fundamental in mathematical analysis, particularly in the study of asymptotic behaviors,
numerical methods, and approximation theory. When examining functions of the form
\(f(h)\) as \(h \rightarrow 0\), the key interest often lies in how quickly \(f(h)\) approaches its
limit—if it converges—and quantifying this rate of convergence. This article aims to
systematically analyze and determine the rates of convergence for various classes of
functions, focusing on the behavior as the parameter \(h\) approaches zero.

---

Introduction to Rates of Convergence

Before delving into specific functions, it is important to understand what is meant by the
"rate of convergence." In general, if a function \(f(h)\) tends to a limit \(L\) as \(h \rightarrow
0\), the rate of convergence describes how fast \(f(h)\) approaches \(L\). Formally, the rate
can be characterized using Big-O notation or other asymptotic notation, which provides a
way to compare the magnitudes of the difference \(f(h) - L\) relative to powers of \(h\).

Key Definitions:

- Order of Convergence: If \(f(h) - L = O(h^p)\) as \(h \rightarrow 0\), then \(f(h)\) converges
to \(L\) at order \(p\). A higher \(p\) indicates a faster convergence.
- Linear Convergence: When \(f(h) - L = O(h)\), the convergence is linear.
- Superlinear or Polynomial Rate: When \(f(h) - L = O(h^p)\) with \(p > 1\), convergence is
faster than linear.
- Sublinear Rate: When the difference decreases more slowly than \(h\), such as
\(O(\sqrt{h})\).

---

General Framework for Analyzing Rates of
Convergence

To analyze the convergence of a function \(f(h)\) towards a limit \(L\) as \(h \rightarrow 0\),
follow these steps:



Step 1: Identify the Limit
Determine whether \(f(h)\) tends to a finite limit \(L\) as \(h \rightarrow 0\). For many
functions, this involves evaluating the limit directly or applying standard limit laws.

Step 2: Expand the Function Near Zero
Use series expansions such as Taylor or Laurent series to approximate \(f(h)\) around
\(h=0\).

Step 3: Determine the Leading Term of the Difference
Express \(f(h) - L\) in terms of \(h\) and identify the dominant term as \(h \rightarrow 0\).

Step 4: Express the Rate of Convergence
Using asymptotic notation, classify how the difference behaves relative to powers of \(h\).

---

Analysis of Specific Functions and Their Rates of
Convergence

In this section, we analyze several classes of functions, providing explicit calculations and
asymptotic behaviors.

1. Polynomial Functions

Function: \(f(h) = a h^n + o(h^n)\), where \(a \neq 0\) and \(n > 0\).

Limit as \(h \rightarrow 0\): \(\lim_{h \to 0} f(h) = 0\).

Rate of Convergence:

- Since \(f(h) = a h^n + o(h^n)\), the difference from zero is approximately \(a h^n\).
- Order: \(f(h) = O(h^n)\).
- Interpretation: The convergence to zero is polynomial of degree \(n\). For example, if \(f(h)
= 3h^2\), then the rate is quadratic.

Summary:
- Polynomial functions tend to zero at rates proportional to the power of \(h\) in their leading
term.

---



2. Exponential Functions

Function: \(f(h) = e^{k h} - 1\), with \(k \in \mathbb{R}\).

Limit as \(h \rightarrow 0\): \(\lim_{h \to 0} e^{k h} - 1 = 0\).

Rate of Convergence:

- Use the Taylor expansion of \(e^{k h}\):
\[
e^{k h} = 1 + k h + \frac{(k h)^2}{2!} + \cdots
\]
- The difference:
\[
f(h) = e^{k h} - 1 = k h + \frac{(k h)^2}{2!} + o(h^2).
\]
- Order: \(O(h)\).

Interpretation:
- Exponential functions approaching 1 as \(h \to 0\) do so at a linear rate unless higher-order
terms dominate.

---

3. Logarithmic Functions

Function: \(f(h) = \ln(1 + h)\).

Limit as \(h \rightarrow 0\): \(\ln(1 + h) \to 0\).

Rate of Convergence:

- Taylor expansion:
\[
\ln(1 + h) = h - \frac{h^2}{2} + o(h^2).
\]
- Order: \(O(h)\).

Note:
- The convergence is linear in \(h\), but the presence of the higher-order term indicates the
approximation is more precise for small \(h\).

---

4. Trigonometric Functions



Function: \(f(h) = \sin h\).

Limit as \(h \rightarrow 0\): \(\sin h \to 0\).

Rate of Convergence:

- Taylor expansion:
\[
\sin h = h - \frac{h^3}{6} + o(h^3).
\]
- Order: \(O(h)\).

Implication:
- The sine function approaches zero linearly, with higher order corrections.

---

5. Rational Functions

Function: \(f(h) = \frac{h^m}{1 + h^n}\), with \(m, n > 0\).

Limit as \(h \rightarrow 0\): \(f(h) \to 0\).

Rate of Convergence:

- As \(h \to 0\),
\[
f(h) \sim h^m,
\]
since the denominator approaches 1.

- Order: \(O(h^m)\).

Summary:
- Rational functions with polynomial numerator and denominator tend to zero at the rate of
the numerator’s lowest power of \(h\).

---

Tools for Determining Rates of Convergence

Several mathematical tools facilitate the analysis of convergence rates:

Series Expansions
- Taylor series provide local approximations near zero.



- Laurent series can be used for functions with singularities at zero.

Asymptotic Notation
- Big-O, little-o, and Theta notation succinctly describe the dominant terms.

Limit Comparisons
- Comparing the function to a known benchmark (e.g., \(h^p\), \(e^{h}\)) to infer the rate.

Dominant Term Identification
- Focus on the leading term in the expansion to determine the order of convergence.

---

Examples and Applications

Example 1: Approximating \( \sin h \) near zero

Given \(f(h) = \sin h\), find the rate of convergence to zero.

Solution:
- Taylor expansion:
\[
\sin h = h - \frac{h^3}{6} + o(h^3).
\]
- The dominant term is \(h\), so
\[
|\sin h| \sim |h| \quad \text{as } h \to 0.
\]
- Conclusion: The function converges linearly with rate \(O(h)\).

---

Example 2: Behavior of \(f(h) = \frac{\ln(1+h)}{h}\) as
\(h \to 0\)

Solution:
- Expand numerator:
\[
\ln(1+h) = h - \frac{h^2}{2} + o(h^2).



\]
- Divide by \(h\):
\[
\frac{\ln(1+h)}{h} = 1 - \frac{h}{2} + o(h).
\]
- As \(h \to 0\), the difference from 1 is \(O(h)\).

Conclusion:
- The convergence to 1 is linear in \(h\).

---

Implications and Practical Significance

Knowing the rate of convergence of functions as \(h \

Frequently Asked Questions

What is the typical approach to finding the rate of
convergence of a function as h approaches 0?
To find the rate of convergence, we analyze the limit of the function divided by a power of h
as h approaches 0, often using asymptotic notation or limits to determine how quickly the
function tends to zero.

How does the limit lim_{h→0} (A h^a) help in
determining the rate of convergence?
If lim_{h→0} (A h^a) exists and equals zero, it indicates that the function converges to zero
at a rate proportional to h^a, thus the exponent a describes the rate of convergence.

What does the value of the exponent 'a' signify in the
function A h^a as h approaches zero?
The exponent 'a' signifies the order of convergence; a larger 'a' indicates a faster
convergence rate, whereas a smaller 'a' indicates a slower rate as h approaches zero.

In the context of limit analysis, how can one determine
whether a function converges linearly or superlinearly?
By examining the limit of the ratio of the function to h (for linear) or to h^p with p > 1 (for
superlinear), we can classify the convergence rate. If the limit of the ratio is finite and non-
zero, convergence is linear; if it tends to zero faster than h, it is superlinear.



Why is understanding the rate of convergence
important in numerical analysis?
Knowing the rate of convergence helps in assessing the efficiency of numerical methods,
predicting the number of iterations needed for a desired accuracy, and comparing the
performance of different algorithms.

Additional Resources
Find The Rates Of Convergence Of The Following Functions As h → 0 is a fundamental task
in mathematical analysis, particularly in the study of limits, derivatives, and asymptotic
behavior of functions. Understanding the rate at which functions approach their limits as a
variable tends to zero is crucial for applications across calculus, numerical analysis, and
applied mathematics. This guide aims to provide a comprehensive, step-by-step approach
to determining the rates of convergence of various functions as the parameter \( h \)
approaches zero, equipping you with the tools and insights necessary for rigorous analysis
and problem-solving.

---

Introduction to Rates of Convergence

Before delving into specific functions, it’s essential to understand what is meant by the rate
of convergence. When a function \( f(h) \) approaches a limit \( L \) as \( h \to 0 \), the rate of
convergence describes how quickly \( f(h) \) approaches \( L \). In many cases, this involves
expressing the behavior of \( f(h) - L \) in terms of powers of \( h \) or other small
parameters.

Why Is It Important?

- Numerical Approximation: Knowing the rate of convergence helps in estimating errors and
choosing appropriate step sizes.
- Asymptotic Analysis: It allows us to classify functions based on their dominant behaviors
near points of interest.
- Theoretical Insights: It sheds light on the structure and properties of functions, especially
in calculus and differential equations.

---

General Approach to Finding Rates of Convergence

When asked to find the rate of convergence of a function \( f(h) \) as \( h \to 0 \), the typical
steps include:

1. Identify the Limit: Determine \( \lim_{h \to 0} f(h) \). If the limit exists, proceed;
otherwise, the rate of convergence may not be meaningful.
2. Express the Function Near the Limit: Use techniques such as Taylor expansion, series
expansion, or asymptotic equivalence to approximate \( f(h) \) near \( h = 0 \).
3. Extract the Leading Term: Focus on the dominant term in the expansion that governs the



behavior as \( h \to 0 \).
4. Determine the Rate: Express the difference \( f(h) - L \) in terms of \( h^k \) for some \( k
> 0 \). The exponent \( k \) indicates the order of the convergence.
5. Classify the Rate: Based on the dominant term, classify the convergence as linear,
quadratic, cubic, etc., or more generally, as polynomial, exponential, or logarithmic.

---

Analyzing Specific Functions as h → 0

Let’s now apply this approach to a variety of functions. For each, we will find the rate of
convergence as \( h \to 0 \).

---

1. Polynomial Functions

Example: \( f(h) = a h^n \), where \( a \neq 0 \)

Limit: \( \lim_{h \to 0} a h^n = 0 \)

Analysis:

- The leading term is \( a h^n \).
- The difference \( f(h) - 0 = a h^n \).
- Rate of convergence: \( O(h^n) \).

Conclusion: Polynomial functions of degree \( n \) tend to zero at a rate proportional to \(
h^n \).

---

2. Exponential Functions

Example: \( f(h) = e^{k h} \)

Limit: \( \lim_{h \to 0} e^{k h} = 1 \)

Analysis:

- Expand using Taylor series: \( e^{k h} = 1 + k h + \frac{(k h)^2}{2!} + \cdots \)
- Difference from the limit: \( e^{k h} - 1 = k h + O(h^2) \).

Rate of convergence:

- Linear in \( h \): \( O(h) \).

Conclusion: The exponential function converges to 1 at a linear rate with respect to \( h \).

---



3. Logarithmic Functions

Example: \( f(h) = \ln(1 + h) \)

Limit: \( \lim_{h \to 0} \ln(1 + h) = 0 \)

Analysis:

- Taylor expansion: \( \ln(1 + h) = h - \frac{h^2}{2} + \frac{h^3}{3} - \cdots \)
- Difference: \( \ln(1 + h) = h + O(h^2) \).

Rate of convergence:

- Linear in \( h \), with correction terms: \( O(h) \).

Conclusion: \( \ln(1 + h) \) approaches zero at a linear rate, dominated by \( h \).

---

4. Trigonometric Functions

Example: \( f(h) = \sin h \)

Limit: \( \lim_{h \to 0} \sin h = 0 \)

Analysis:

- Taylor expansion: \( \sin h = h - \frac{h^3}{6} + O(h^5) \).
- Difference: \( \sin h = h + O(h^3) \).

Rate of convergence:

- Linear in \( h \), with higher-order correction terms: \( O(h) \).

Conclusion: The sine function converges to zero at a linear rate as \( h \to 0 \).

---

5. Rational Functions

Example: \( f(h) = \frac{1}{h} \)

Limit: Does not tend to a finite number as \( h \to 0 \). Thus, the rate of convergence is not
defined in the usual sense.

Note: When considering the limit of ratios or differences involving rational functions,
analyze their behavior carefully, often through dominant term analysis or L'Hôpital's rule if
appropriate.

---



Special Cases and Higher-Order Terms

In many applications, understanding the second or higher order behaviors is crucial. For
example, when approximating derivatives or understanding error bounds in numerical
methods, the leading term's order informs us about the accuracy and efficiency.

Taylor Series and Asymptotic Expansions

- Taylor Series: Central to finding the rate of convergence, especially when the function is
smooth enough.
- Asymptotic Equivalence: When \( f(h) \sim c h^k \) as \( h \to 0 \), the rate of convergence
is characterized by \( h^k \).

---

Practical Examples

Example 1: Rate of Convergence of \( \frac{\sin h}{h} \)

- Limit: \( \lim_{h \to 0} \frac{\sin h}{h} = 1 \).

- Expansion of numerator: \( \sin h = h - \frac{h^3}{6} + O(h^5) \).

- Therefore,

\[
\frac{\sin h}{h} = \frac{h - \frac{h^3}{6} + O(h^5)}{h} = 1 - \frac{h^2}{6} + O(h^4).
\]

- Difference from 1: \( \frac{\sin h}{h} - 1 = - \frac{h^2}{6} + O(h^4) \).

- Rate of convergence: \( O(h^2) \).

Insight: The function approaches 1 quadratically fast as \( h \to 0 \).

---

Example 2: Rate of Convergence of \( \tan h - h \)

- Limit: \( \lim_{h \to 0} (\tan h - h) = 0 \).

- Expansion: \( \tan h = h + \frac{h^3}{3} + O(h^5) \).

- Difference: \( \tan h - h = \frac{h^3}{3} + O(h^5) \).

- Rate of convergence: \( O(h^3) \).

Interpretation: The difference diminishes cubically as \( h \to 0 \).

---



Summarizing the Classification

| Function behavior near zero | Leading term in expansion | Rate of convergence | Type of
convergence |
|------------------------------|---------------------------|---------------------|---------------------|
| Polynomial \( a h^n \) | \( a h^n \) | \( O(h^n) \) | Polynomial |
| \( e^{k h} \) | \( 1 + k h + \cdots \) | \( O(h) \) | Linear |
| \( \ln(1+h) \) | \( h - h^2/2 + \cdots \) | \( O(h) \) | Linear |
| \( \sin h \) | \( h - h^3/6 + \cdots \) | \( O(h) \) | Linear |
| \( \frac{\sin h}{h} \) | \( 1 - h^2/6 + \cdots \)| \( O(h^2) \) | Quadratic |
| \( \tan h - h \) | \( h^3/3 + \cdots \) | \( O(h^3
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