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Understanding the wave equation is fundamental in mathematical physics,
engineering, and applied sciences. It describes the propagation of waves—such
as sound, light, or water waves—through a medium. This article explores the
process of finding the solution U(x, T) to the classic wave equation Uxx = Ut
on the real line (Rx), within the time interval (0, ∞), subject to initial
conditions U(x, 0) = X and an additional initial condition, often for the
velocity, U_t(x, 0). We will delve into the mathematical formulation,
solution techniques, and interpretations to provide a comprehensive
understanding.

Introduction to the Wave Equation

The wave equation in one spatial dimension is expressed as:

The Standard Form
\[ U_{xx}(x, t) = U_t(x, t) \]

However, more commonly, the classical wave equation is written as:

\[ U_{tt}(x, t) = c^2 U_{xx}(x, t) \]

where:
- \( U(x, t) \) is the wave function,
- \( c \) is the wave speed,
- subscripts denote partial derivatives, e.g., \( U_{tt} = \frac{\partial^2
U}{\partial t^2} \).

Note: In the problem statement, the form \( U_{xx} = U_t \) appears, which is
a simplified or specific form of PDE. For clarity and generality, we will
consider the classical wave equation, and later relate it to the specific
form if necessary.

Mathematical Formulation and Initial Conditions



The typical boundary and initial conditions for the wave equation are:

- Initial displacement:
\[ U(x, 0) = f(x) \]
- Initial velocity:
\[ U_t(x, 0) = g(x) \]

where \( f(x) \) and \( g(x) \) are given functions representing initial
shape and velocity, respectively.

In our case, the problem states:

- \( U(x, 0) = X \), where \( X \) is a constant.
- The second initial condition appears incomplete in the prompt, but usually,
it is:
\[ U_t(x, 0) = h(x) \]
for some function \( h(x) \). If the second initial condition is also \( U(x,
0) \), it might be a typo or misstatement and possibly refers to specifying
both initial displacement and velocity.

Assuming the Standard Conditions
- \( U(x, 0) = X \) (constant initial displacement)
- \( U_t(x, 0) = 0 \) (initial velocity zero)

This is a common initial condition scenario for the classical wave problem.

Method of Solution: D'Alembert's Formula

The most powerful and straightforward method to solve the classical wave
equation with initial conditions is D'Alembert's formula.

Statement of D'Alembert's Solution
For the wave equation:

\[ U_{tt} = c^2 U_{xx} \]

with initial conditions:

\[ U(x, 0) = f(x), \quad U_t(x, 0) = g(x) \]

the solution is:

\[ U(x, t) = \frac{f(x - ct) + f(x + ct)}{2} + \frac{1}{2c} \int_{x - ct}^{x
+ ct} g(s) \, ds \]



Special case: when \( g(x) = 0 \), the solution simplifies to:

\[ U(x, t) = \frac{f(x - ct) + f(x + ct)}{2} \]

Applying to Our Problem

Given:
- \( U(x, 0) = X \) (constant)
- \( U_t(x, 0) = 0 \)

The solution reduces to:

\[ U(x, t) = X \]

since the initial displacement is constant, and initial velocity is zero.

Result:
\[ U(x, t) = X \]

which is a trivial solution representing a static, uniform wave with no
movement.

More Complex Initial Conditions

If the initial displacement \( f(x) \) is not constant but a more general
function, the solution involves the same d'Alembert formula.

Example: Non-constant Initial Displacement

Suppose:

- \( U(x, 0) = f(x) \)
- \( U_t(x, 0) = g(x) \)

then:

\[ U(x, t) = \frac{f(x - ct) + f(x + ct)}{2} + \frac{1}{2c} \int_{x - ct}^{x
+ ct} g(s) \, ds \]

This formula illustrates how initial shape and velocity influence the wave's
evolution over time.



Extension to Boundary Conditions and Finite
Domains

While the above method applies to the entire real line, many practical
problems involve finite domains with boundary conditions such as fixed
endpoints or free ends.

Common Boundary Conditions

Dirichlet (fixed): \( U(0, t) = 0 \), \( U(L, t) = 0 \)

Neumann (free): \( U_x(0, t) = 0 \), \( U_x(L, t) = 0 \)

Solutions in finite domains often require eigenfunction expansions or the
method of separation of variables.

Conclusion and Summary

Understanding how to find the solution \( U(x, T) \) of the wave equation
with given initial conditions is essential for modeling wave phenomena. When
initial displacement and velocity are specified, D'Alembert's formula
provides an explicit solution on the entire real line:

\[ U(x, t) = \frac{f(x - ct) + f(x + ct)}{2} + \frac{1}{2c} \int_{x - ct}^{x
+ ct} g(s) \, ds \]

In the special case where initial displacement is a constant \( X \) and
initial velocity is zero, the solution simplifies to:

\[ U(x, t) = X \]

which depicts a static wave with no change over time.

Further Reading and Resources:
- "Partial Differential Equations" by Lawrence C. Evans
- "Applied Partial Differential Equations" by Richard Haberman
- Online tutorials on solving the wave equation and using D'Alembert's
formula
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This comprehensive guide aims to assist students, engineers, and researchers
in understanding the process of solving the wave equation under various
initial conditions, enabling accurate modeling of wave phenomena across
disciplines.

Frequently Asked Questions

What is the general form of the solution U(x, T) for
the wave equation Uxx = Ut on Rx?
The general solution to the wave equation Uxx = Ut on ℝ×(0,∞) is typically
expressed as U(x, T) = f(x - T) + g(x + T), where f and g are arbitrary
functions determined by initial conditions.

How do initial conditions U(x, 0) = X and Ut(x, 0) =
Y influence the solution of the wave equation?
These initial conditions allow us to determine the functions f and g in the
general solution. Specifically, U(x, 0) = f(x) + g(x) = X(x), and Ut(x, 0) =
-f'(x) + g'(x) = Y(x), enabling us to solve for f and g.

Given the initial condition U(x, 0) = X, how can we
find functions f and g?
From U(x, 0) = X(x) = f(x) + g(x), we can choose f and g such that their sum
equals X(x). For example, if additional conditions are known, f and g can be
explicitly found by solving this equation.

What is the role of the initial velocity condition
Ut(x, 0) = Y in solving the wave equation?
The initial velocity condition Ut(x, 0) = Y(x) = -f'(x) + g'(x) provides a
relationship between the derivatives of f and g, which helps determine their
specific forms once X is known.

Are there specific solutions for U(x, T) when
initial conditions are constant functions?
Yes, if initial conditions are constant functions, the solution simplifies to
traveling waves with constant amplitude, such as U(x, T) = C1 cos(k(x - T)) +
C2 cos(k(x + T)), depending on the problem's specifics.

What assumptions are made about the functions f and



g in solving the wave equation with given initial
conditions?
It is assumed that f and g are sufficiently smooth (differentiable) functions
to satisfy the initial conditions and to allow differentiation needed to find
the solution.

How does the domain ℝ influence the form of the
solution U(x, T)?
Since the domain is the entire real line ℝ, the solution can be expressed as
an infinite sum or integral of wave components, and boundary conditions at
infinity typically are not restrictive, allowing for general wave solutions.

Additional Resources
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---

Introduction

The wave equation, a fundamental partial differential equation (PDE), models
a wide array of physical phenomena, including vibrations of strings, sound
waves, and electromagnetic waves. Its canonical form in one spatial dimension
is:

\[ U_{xx} = U_t \]

This equation describes how a wave propagates along an infinite string or
medium over time. The problem of finding the solution \( U(x, T) \) given
initial conditions is central to mathematical physics and analysis.
Specifically, given initial displacement \( U(x, 0) = X(x) \) and initial
velocity \( U_t(x, 0) = V(x) \), the goal is to derive the explicit form of
the solution \( U(x, T) \).

This article offers a comprehensive investigation into solving the classical
wave equation with initial conditions, emphasizing the derivation of the
solution formula, the method of characteristics, and the physical
implications.

---

Formulating the Problem

The Wave Equation:



\[
U_{xx} = U_t
\]

on the entire real line \( \mathbb{R} \), for \( T > 0 \).

Initial Conditions:

\[
U(x, 0) = X(x), \quad U_t(x, 0) = V(x)
\]

where \( X \) and \( V \) are given functions representing the initial
displacement and velocity, respectively.

---

Historical Context and Significance

The classical wave equation was first studied extensively in the 18th and
19th centuries, notably by Jean-Baptiste Joseph Fourier and others, leading
to the Fourier series and integral solutions. The problem's importance lies
in its universality—applying to mechanical vibrations, acoustics, and
electromagnetic theory.

---

Approach to the Solution: The Method of D'Alembert

The most celebrated technique for solving the one-dimensional wave equation
with initial conditions is D'Alembert’s formula, which provides an explicit
expression for \( U(x, T) \). This method hinges on transforming the PDE into
a form that can be integrated along characteristic lines.

---

Deriving D'Alembert's Solution

1. Transformation to Characteristic Variables

The wave equation:

\[
U_{xx} = U_t
\]

can be viewed as a hyperbolic PDE. Its characteristic lines are given by
solving:

\[
\frac{dx}{dt} = \pm 1



\]

which correspond to the lines:

\[
x \pm t = \text{constant}
\]

These lines represent the paths along which information propagates.

2. General Solution Structure

Any solution \( U(x, T) \) can be expressed as a superposition of waves
traveling in both directions:

\[
U(x, T) = f(x - T) + g(x + T)
\]

where \( f \) and \( g \) are functions to be determined from initial
conditions.

---

Applying Initial Conditions

Given:

\[
U(x, 0) = X(x) = f(x) + g(x)
\]
\[
U_t(x, 0) = V(x) = -f'(x) + g'(x)
\]

where derivatives are with respect to the argument.

---

Solving for \( f \) and \( g \)

Integrate the expressions to find \( f \) and \( g \):

\[
f(x) + g(x) = X(x)
\]
\[
-g'(x) + f'(x) = V(x)
\]

Rearranged as:



\[
f'(x) - g'(x) = V(x)
\]

Integrate both sides:

\[
f(x) - g(x) = \int V(s) ds + C
\]

Choosing the constant \( C = 0 \) (absorbed into \( f \) and \( g \)):

\[
f(x) - g(x) = \int_{x_0}^x V(s) ds
\]

Now, solving the system:

\[
f(x) + g(x) = X(x)
\]
\[
f(x) - g(x) = \int_{x_0}^x V(s) ds
\]

adding both:

\[
2f(x) = X(x) + \int_{x_0}^x V(s) ds
\]
\[
f(x) = \frac{1}{2} \left[ X(x) + \int_{x_0}^x V(s) ds \right]
\]

and subtracting:

\[
2g(x) = X(x) - \int_{x_0}^x V(s) ds
\]
\[
g(x) = \frac{1}{2} \left[ X(x) - \int_{x_0}^x V(s) ds \right]
\]

Thus, the explicit solution becomes:

D'Alembert's Formula

\[
U(x, T) = \frac{1}{2} \left[ X(x - T) + X(x + T) \right] + \frac{1}{2}
\int_{x - T}^{x + T} V(s) ds
\]



which provides the solution at any time \( T \) in terms of initial data \( X
\) and \( V \).

---

Properties and Implications of the Solution

1. Wave Propagation and Finite Speed

The solution explicitly shows that disturbances travel at finite speed (speed
1 in this case). The initial shape \( X \) influences the solution at point
\( x \) after time \( T \) only through the initial data within the interval
\( [x - T, x + T] \).

2. Energy Conservation

The wave equation conserves the total energy, which can be interpreted
physically as the sum of potential and kinetic energies. The explicit
solution reflects this conservation through the integral representation.

3. Smoothness and Regularity

The smoothness of \( U \) depends on the smoothness of \( X \) and \( V \).
If both are smooth, the solution remains smooth for all \( T \).

---

Extensions and Generalizations

1. Bounded Domains and Boundary Conditions

In practical scenarios, the wave equation is often posed on finite intervals
with boundary conditions (e.g., fixed or free ends). The solution involves
eigenfunction expansions or the method of images.

2. Variable Coefficients and Nonlinear Equations

Real-world applications may require solving PDEs with variable wave speed or
nonlinearities, complicating the analysis and often requiring numerical
methods.

3. Higher Dimensions

The wave equation extends naturally to multiple spatial dimensions, where
solutions involve spherical or cylindrical symmetry and integral
representations like Kirchhoff's formula.

---

Numerical Methods and Approximate Solutions



While explicit formulas like D'Alembert's are invaluable for theoretical
understanding, practical problems often require numerical solutions,
especially with complex initial conditions or boundary constraints. Finite
difference, finite element, and spectral methods are widely employed.

---

Significance in Modern Mathematics and Physics

The explicit solution of the wave equation under initial conditions forms the
cornerstone of PDE theory. It exemplifies how classical analysis techniques
can solve hyperbolic equations and provides a framework for understanding
wave phenomena across disciplines.

---

Conclusion

The problem of finding \( U(x, T) \) for the wave equation \( U_{xx} = U_t \)
with initial conditions \( U(x, 0) = X(x) \) and \( U_t(x, 0) = V(x) \) is
elegantly solved by D'Alembert's formula. This solution encapsulates the
fundamental nature of wave propagation—finite speed, superposition, and
dependence on initial data—offering profound insights into both mathematical
theory and physical behavior.

The explicit integral and functional form not only serve as analytical tools
but also as pedagogical exemplars illustrating the power of classical PDE
methods. As the foundation for more complex models, this solution continues
to influence contemporary research in mathematical physics, engineering, and
applied mathematics.

---
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