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Understanding Taylor polynomials is fundamental in calculus, especially when
approximating functions near a specific point. In this article, we will explore how to find the
Taylor polynomial of degree N that approximates the function \( \frac{2}{x} \) near\( x =0
\). Specifically, we will focus on the case when \( N = 3\) and derive the corresponding
polynomial \( P_3(x) \).

Introduction to Taylor Polynomials

Before diving into the specific problem, it's important to understand what Taylor
polynomials are and why they are useful.

What is a Taylor Polynomial?

A Taylor polynomial of degree N for a function \( f(x) \) centered at a point\(a) is a
polynomial that approximates \( f(x) \) near \( a ). It is constructed using derivatives of \( f
\) at\(a\):

\[
P N(x) =\sum_{k=0}"~{N} \frac{f~{(k)}(@)}{k!} (x - a)~k
\]

where \( f~{(k)}(a) \) is the \( k \)-th derivative of \( f\) evaluated at\( a\).

Why Use Taylor Polynomials?

- They simplify complex functions into polynomial forms, making calculations easier.
- Useful for approximations in numerical analysis.
- Essential in understanding the local behavior of functions near a point.



Analyzing the Function \( \frac{2} {x} \) Near \( x
=01\)

The function \( f(x) = \frac{2}{x} \) is a classic example of a function with a vertical
asymptote at \( x = 0\). This characteristic indicates that \( f(x) \) is not defined at\( x = 0
\), and its behavior near zero tends toward infinity or negative infinity depending on the
direction.

Challenges with Taylor Series at \( x = 0)

Since the function \( \frac{2}{x} \) is undefined at \( x = 0), attempting to expand it into a
Taylor series centered at zero (a Maclaurin series) presents challenges:

- The derivatives of \( \frac{2}{x} \) at \( x=0\) do not exist because the function is not
defined at that point.
- Therefore, a Taylor series around \( a=0\) cannot be directly constructed.

Alternative Approach: Laurent Series

In cases where a Taylor series does not exist due to singularities, a Laurent series can
sometimes be used to express functions with poles:

\[
f(x) = \sum_{k=-\infty} ~{\infty} c k (x - a)"k
\]

However, for the purpose of this article, we focus on the Taylor polynomial approximation

near \( x = 0) for functions that are analytic (smooth and infinitely differentiable) at that
point.

Clarifying the Function and Its Domain

Given the original function \( \frac{2} {x} \), it is not analytic at zero, and therefore, its
Taylor series expansion at \( x=0\) does not exist.

Possible interpretations:
- If the function is intended to be \( f(x) = 2x\), then the Taylor polynomial would be

straightforward.
- If the function is \( \frac{2}{x} \), then the Taylor polynomial at \( x=0) is not defined.



Assumption for educational purposes:

Suppose the intended function is \( f(x) = 2x\) (a polynomial), then the process of finding
Taylor polynomials is straightforward.

Alternatively, if the function is \( \frac{2}{x} \), we consider the Taylor polynomial around a
point\( a \neq 0\), say \(a=1\).

Given the context, the most common scenario in Taylor polynomial approximation is with
functions defined around \( x=0), such as \( f(x) = 2x\).

Finding the Taylor Polynomial of Degree 3 for \(
f(x) = 2x\) at \( x=0)

Assuming the function is \( f(x) = 2x\), which is differentiable everywhere, we proceed to
find the degree 3 Taylor polynomial centered at \( a=0).

Step 1: Compute derivatives of \( f(x) = 2x\)

| Derivative order | Derivative \( f~{(k)}(x) \) | Evaluation at \( x=0) |

| O [\(2x\) [\(OV) |
[T I\M2V)[\2)) ]
|2 [\(O\) [\(OV) |
| 31\0V)[\0V) |

Step 2: Construct the polynomial \( P_3(x) \)

Using the Taylor polynomial formula:

\[
P_3(x) = f(0) + f'(0) x + \frac{f"(0)}{2'} x~2 + \frac{f""(0)}{3'} x*3
\]

Plugging in the derivatives:

\[
P_3(x) =0 + 2 \times x + \frac{0}{2} x~2 + \frac{0}{6} x~3 = 2x
\]

Thus, the degree 3 Taylor polynomial of \( f(x) = 2x\) at \( x=0) is:



\[
\boxed{P 3(x) = 2x}
\]

Summary: The Final Result

Based on the above analysis, if the function in question is \( f(x) = 2x\), then the Taylor
polynomial of degree 3 at \( x=0) is simply:

\[
\boxed{P_3(x) = 2x}
\]

which is the same as the original function because it is linear (degree 1).

Additional Context: Approximating \( \frac{2} {x}
\) Near Non-Zero Points

If the goal is to approximate \( \frac{2}{x} \) near a point \( a \neq 0\), say \( a=1), then
the process involves:

1. Computing derivatives of \( f(x) = 2/x\).

2. Evaluating derivatives at \( x=a\).

3. Constructing the Taylor polynomial centered at \( a ).
Example:

- For\(a=1)),

\(f(1) = 21),

\( f'(x) = -2/x~2 \Rightarrow f'(1) = -2),

\( f"(x) = 4/x~3 \Rightarrow f''(1) = 4),

\( f''(x) = -12/x"4 \Rightarrow f'"'(1) = -12\).
The degree 3 Taylor polynomial at\( a=1\):
\[

P_3(x) = f(1) + f'(1)(x-1) + \frac{f"(1)}{2!'}(x-1)~2 + \frac{f""'(1)}{3!'}(x-1)"3
\]



\[
P 3(x) =2-2(x-1) + 2(x-1)72 - 2(x-1)"3
\]

Conclusion

In conclusion, the process of finding the Taylor polynomial depends heavily on the
function's behavior and whether it is analytic at the point of expansion. For \( f(x) = 2x),
the degree 3 Taylor polynomial at \( x=0) is simply \( P_3(x) = 2x\).

If the original function was intended to be \( \frac{2} {x} \), then the Taylor series at \( x=0

\) does not exist due to the singularity. Instead, Taylor or Laurent series expansions at
points \( a \neq 0 \) can be used for approximation.

Summary of Key Steps for Finding Taylor
Polynomials

e |ldentify the function and the point \( a \) around which to expand.
e Compute the derivatives of the function up to order \( N \).

e Evaluate these derivatives at \( a \).

e Apply the Taylor polynomial formula to construct \( P_N(x) \).

e Use the polynomial as an approximation of the function near \( a\\).

Additional Resources

- Calculus Textbooks: For in-depth understanding of Taylor series and approximations.
- Online Calculus Tools: Many calculators and software like WolframAlpha, Desmos, or
Wolfram Mathemat



Frequently Asked Questions

What is the general approach to find the Taylor
polynomial of degree 3 for the function f(x) = 2/1x near
x = 0?

To find the degree 3 Taylor polynomial of f(x) = 2/1x near x=0, compute the derivatives of f
at 0 up to the third order, then use the Taylor series formula: P_3(x) = f(0) + f'(0)x +
(f'(0)/2H)x"~2 + (f"'(0)/31)x "~ 3.

What is the value of f(0) for the function f(x) = 2/1x?

Since 2/1x is equivalent to 2 divided by x, f(0) is undefined because division by zero is
undefined. Therefore, the Taylor polynomial centered at 0 for this function does not exist.

Can we find a Taylor polynomial for 2/1x around x=0?

No, because the function f(x) = 2/1x is not defined at x=0, so a Taylor series expansion
around x=0 is not possible.

Is there a way to find an approximation of 2/1x near 0?

Since the function is undefined at x=0, we can instead find a Taylor polynomial around a
point a # 0, such as a=1, and approximate near that point.

What is the Taylor polynomial of degree 3 for f(x) = 2/x
centered at x=1?

First, compute derivatives of f(x)=2/x at x=1: f(1)=2, f'(x)=-2/x"2, f'(1)=-2, f''(x)=4/x"3,
f''(1)=4, f'"'(x)=-12/x"4, f'"'(1)=-12. Then, P_3(x) = 2 - 2(x-1) + (4/2)(x-1)"2 - (12/6)(x-1)"3
=2-2(x-1) + 2(x-1)"2 - 2(x-1)"3.

How do derivatives of 2/x behave at x=0?

Derivatives of 2/x involve negative powers of x and are undefined at x=0, making Taylor
series expansion around x=0 impossible.

What is a better point to center the Taylor polynomial
for 2/1x?

A better point is x=1 or any x # 0 where the function is defined, allowing for meaningful
Taylor polynomial approximations.

What is the importance of the degree N in a Taylor



polynomial?

The degree N determines how many derivatives are included in the polynomial, affecting
the approximation's accuracy near the expansion point.

How can | approximate 2/x near x=1 using a Taylor
polynomial?

Calculate derivatives of 2/x at x=1, then construct the Taylor polynomial up to degree 3
using those derivatives to approximate the function near x=1.

Additional Resources
Find The Taylor Polynomials Of Degree N Approximating 2/1x For X Near 0

Introduction

In the realm of mathematical analysis, Taylor polynomials serve as fundamental tools that
enable us to approximate complex functions with polynomials, simplifying calculations and
providing insights into local behavior near a specific point. The task of explicitly deriving
Taylor polynomials of various degrees for a given function is both an educational exercise
and a practical necessity in fields ranging from physics to engineering.

This article investigates the process of finding the Taylor polynomial of degree \( N\) that
approximates the function \( f(x) = \frac{2}{1x} \) near \( x=0\). Notably, the function \(
\frac{2}{1x}\) is equivalent to \( \frac{2} {x} \), which presents unique challenges due to
its singularity at \( x=0\). We will analyze the feasibility of constructing such
approximations at \( x=0\) and examine the explicit form of the degree 3 Taylor polynomial
\( P_3(x) \).

Clarifying the Function: \( f(x) = \frac{2}{x} \)

At first glance, the function \( f(x) = \frac{2}{x} \) is a rational function with a vertical
asymptote at \( x=0). Because it is undefined at \( x=0), the concept of a Taylor
polynomial expansion around 0 becomes non-trivial. Taylor series require the function to be
infinitely differentiable (and in particular, infinitely many derivatives to exist) in a
neighborhood of the expansion point.

Key Observations:

- Singularity at \( x=0\): \( f(x) = \frac{2} {x} \) is not defined at \( x=0).

- Differentiability: The function is differentiable for all \( x \neqg 0), but not at zero.

- Implication for Taylor Series: Since Taylor series are centered at points where the function
is infinitely differentiable, the standard Taylor polynomial expansion at \( x=0) is
impossible unless the function can be analytically continued or approximated in some
limiting sense.



Approaching the Problem: Is a Taylor Polynomial at \( x=0\) Possible?

Given the singularity at zero, the direct construction of a Taylor polynomial of degree \( N \)
for \( f(x) = \frac{2}{x} \) at \( x=0) is mathematically invalid in the usual sense.
However, one can interpret the problem as seeking a Taylor polynomial that approximates
\( f(x) \) near zero for values of \( x \neq 0), possibly via a Laurent series or by considering
the function on an interval excluding zero.

Alternative: Laurent Series Expansion
Since \( \frac{2} {x} \) has a simple pole at zero, the natural expansion is a Laurent series:

\[
f(x) = \frac{2}{x} = \sum_{k=-1}"{\infty} a_k x"k
\]

which includes negative powers and thus is not a Taylor series but a Laurent series. The
Laurent series expansion around \( x=0) is straightforward:

\[
f(x) = \frac{2}{x}
\]

which is already in its simplest form.

The Specific Question: Degree \( N=3\) Approximation

Despite the singularity, the problem asks us to find the third-degree Taylor polynomial \(
P_3(x) \) approximating \( f(x) = \frac{2}{x} \) near zero. This suggests that either:

- The problem intends for us to consider the function in a domain where the Taylor
polynomial makes sense, e.g., \( x \neq 0), or

- The function is misrepresented, and perhaps the intended function is \( f(x) = 2x\), which
is analytic at zero.

Given the context, the most logical interpretation is that the function is \( f(x) = 2x\). The

expression "2/1x" could be a typographical error or misinterpretation, meaning the function
is \( f(x) = 2x\).

Restating the Problem with Clarification

Assumption: The function is \( f(x) = 2x\), which is continuous and infinitely differentiable
at \( x=0\).

Objective: Find the degree 3 Taylor polynomial \( P_3(x) \) of \( f(x) = 2x'\) centered at \(



x=0\).

Deriving the Taylor Polynomial for \( f(x) = 2x\)
Step 1: Compute derivatives at \( x=0)

\[
f(x) = 2x
\]

\[
f'(x) = 2
\]

\[
f'(x) = 0
\]

\[
f'(x) = 0
\]

All higher derivatives are zero.

Step 2: Evaluate derivatives at \( x=0)

\[
f(0) =0
\]

\[
f'(0) = 2
\]

\[
£(0) = 0
\]

\[

f'"'(0) =0

\]

Step 3: Construct the Taylor polynomial of degree 3

Using the Taylor polynomial formula:

\[
P_3(x) = f(0) + f'(0) x + \frac{f"(0)}{2!} x~2 + \frac{f'""(0)}{3!} x™3
\]



Substitute the values:

\[
P3(x)=0+2x+ 0+ 0= 2x
\]

Thus,

\[

\boxed{
P_3(x) = 2x
}

\]

Summary of Findings

- If the function is \( f(x) = 2x\), its Taylor polynomial of degree 3 centered at 0 is simply \(
P_3(x) = 2x\).

- For the initial function \( f(x) = \frac{2} {x} \), constructing a Taylor polynomial at \( x=0)
is impossible due to the singularity; instead, the Laurent series provides a more suitable
expansion.

Broader Implications and Context
Significance in Approximation Theory

Taylor polynomials are invaluable for local approximations of smooth functions near specific
points. When dealing with functions with singularities, alternative series expansions such as
Laurent series become essential. Understanding the domain of convergence and the nature
of the function’s singularities guides the appropriate choice of expansion.

Educational Takeaways

- Analyticity and Differentiability: Taylor series require the function to be infinitely
differentiable in a neighborhood of the expansion point.

- Singularity Handling: Functions with poles or essential singularities necessitate Laurent
series or other approximation methods.

- Function Interpretation: Clarifying the function’s form is crucial before attempting an
approximation. Typographical errors or ambiguous notation can lead to misunderstandings.

Conclusion

In conclusion, the process of finding the Taylor polynomial hinges critically on the
properties of the function in question. For \( f(x) = 2x ), the degree 3 Taylor polynomial



centered at zero is straightforwardly \( P_3(x) = 2x\). Conversely, for \( f(x) = \frac{2}{x}
\), the singularity at zero precludes a Taylor expansion at that point, signaling the need for
Laurent series or alternative approaches.

This investigation underscores the importance of understanding the domain and
differentiability of functions when employing Taylor approximations, a fundamental
principle in both theoretical and applied mathematics.
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Note: If the original function intended was different or if additional context is provided, the
derivation and conclusions may change accordingly.
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