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The is a classic problem in multivariable calculus that involves understanding the geometry of solids
bounded by planes and coordinate axes. Calculating such volumes is fundamental in fields like physics,

engineering, and mathematics, where spatial analysis plays a crucial role.

In this comprehensive guide, we'll explore the method to determine the volume of a specific solid bounded
by the plane \( z = x \), confined within the first octant, and limited between certain bounds. We'll break
down the problem step-by-step, introduce the necessary mathematical tools, and illustrate the process with

detailed examples.

Understanding the Problem Setup

The Geometric Context

The solid under consideration is situated in the first octant, which means all coordinates \( x, y, z \) are non-

negative:

\
x \geq 0, \quad y \geq 0, \quad z \geq 0.

\]

The plane defining the upper boundary of the solid is given by:

This plane passes through the origin and rises diagonally through the first octant, creating a sloped surface

that opens along the \( x \)-axis.



The problem also specifies that the solid lies between certain bounds. Although the original prompt is
incomplete, typical bounds for such problems involve restrictions on \( x \), \( y \), or \( z \). For example,

the solid might be bounded between:

-\(x=0\)and \( x =a ),
-\(y=0\)and \(y =b)),
-\(z=0)\)and the plane \(z = x\).

For the purposes of this article, we'll assume a common scenario where the solid is bounded between:

-\(x\) from 0 to \(a\),
-\(y\) from 0 to \( b ),
-and \(z \) from O up to \(z = x \).

This setup is typical for volume problems involving planes in the first octant.

Mathematical Foundations for Volume Calculation

Double and Triple Integrals

Calculating the volume of a three-dimensional solid involves integrating a constant function (specifically, 1)
over the region \( R \) that describes the projection of the solid onto the \( xy \)-plane, extended into the \(

z \)-direction.

- Double integral: Used to find the area of a projection in the \( xy \)-plane.

- Triple integral: Used to calculate the volume, integrating over all three dimensions.

The general formula for the volume \( V \) of a solid \( S \):

\[
V = \iiint_{S} dV,

\]

which, depending on the bounds, can be written as an iterated integral.



Setting Up the Integral

Given the boundary \( z = x \), and assuming the bounds \( x \in [0, a] \), \( y \in [0, b] \), the volume \( V

\) can be expressed as:

\[
V =\int_{x=0}"{a} \int_{y=0}"{b} \int_{z=0}{x} dz \, dy \, dx.
\]

Note that the order of integration can vary depending on convenience, but in this case, integrating with

respect to \( z \) first simplifies the process because \( z \) is bounded between 0 and \( x \).

Step-by-Step Calculation of the Volume

Step 1: Integrate with respect to \( z \)

Since \( z \) varies from 0 to \( x \):

\
\int_{z=0}x} dz=x-0=x.
\]

This reduces the triple integral to a double integral:

\[
V =\int_{x=0}"{a} \int_{y=0}"{b} x \, dy \, dx.

\]

Step 2: Integrate with respect to \( y \)

The integrand \( x \) does not depend on \( y \), so:

\



\int_{y=0}{b} x \, dy = x \times (b - 0) = b x.

\

Now, the volume reduces to:

\

V =\int_{x=0}a} b x \, dx.

\

Step 3: Integrate with respect to \( x \)

\
V =b\int_{x=0}"{a} x \, dx = b \left] \frac{x"2}{2} \right] 0"a = b \times \frac{a"2}{2} = \frac{a"2 b}{2}.

\

Result:

\
\boxed{
\text{Volume } V = \frac{a"2 b}{2}

y
\

This formula gives the volume of the solid bounded by \( z = x \), within bounds \( x \in [0, a] \), \( y \in
[0, b] \), in the first octant.

Generalization and Variations

The above calculation is a specific case assuming rectangular bounds. However, real-world problems may

involve more complex boundaries or different limits. Here's how to adapt the approach:

1. Changing the bounds on \( x \) and \( y \)

- If the bounds are functions of each other, such as \( y \leq g(x) \) or \( x \leq h(y) \), the limits of



integration are adjusted accordingly.

- For example, if \( y \leq ¢ - x \), the integration limits for \( y \) depend on \( x \).

2. Using different orders of integration

- Sometimes, integrating with respect to \( y \) first or \( x \) first simplifies calculations, especially with
more complex bounds.

- The choice depends on the shape of the region.

3. Surfaces other than planes

- When the boundary is a curved surface, the integrand or the limits change accordingly.
- For example, if the boundary is \( z = \sqrt{x"2 + y”2} \), the problem benefits from converting to

cylindrical coordinates.

Coordinate Systems and Their Role in Volume Calculations

Rectangular Coordinates

- Suitable for problems with boundaries aligned along the axes.

- Used in the above example.

Cylindrical Coordinates

- Ideal when the solid has circular symmetry.
- Coordinates: \( (r, \theta, z) \), with \( x = r \cos \theta \), \( y = r \sin \theta \).
- The volume element: \(dV =1\, dr \, d\theta \, dz \).

Spherical Coordinates

- Useful for spheres and other spherical geometries.



- Coordinates: \( (\rho, \phi, \theta) \).

Choosing the appropriate coordinate system simplifies the integration process by aligning the bounds with

the symmetry of the problem.

Practical Applications of Volume Calculation Under Planes

Understanding how to compute the volume under a plane finds numerous applications in science and
engineering:

e Material Science: Calculating the volume of materials with planar boundaries.

¢ Physics: Determining mass or charge distributions over regions bounded by planes.

¢ Engineering: Designing components with specific geometric constraints.

¢ Environmental Science: Estimating volumes of geographic features modeled with planar boundaries.

Common Challenges and Tips for Accurate Calculations

- Identifying the correct bounds: Clearly understand the region's limits before setting up integrals.
- Choosing the order of integration: Select the order that simplifies bounds and integrand.

- Transforming coordinates: When bounds are complex, consider changing coordinate systems.

- Checking units: Ensure all bounds are consistent in units.

- Visualizing the region: Sketch the solid and projections to understand the limits better.

Conclusion

Calculating the volume of a solid under the plane \( z = x \) in the first octant, bounded between specific



limits, is an essential skill in multivariable calculus. By carefully setting up the integral, choosing an
appropriate order of integration, and understanding the geometry involved, you can efficiently compute

volumes of complex solids.

In the example discussed, assuming bounds \( x \in [0, a] \) and \( y \in [0, b] \), the volume is given by:

\[
V = \frac{a"2 b}{2},

\
a result derived straightforwardly through iterated integration.

Mastering these techniques opens the door to solving more advanced problems involving irregular shapes,

curved surfaces, and multi-dimensional regions, which are prevalent across scientific disciplines.

Remember: Always visualize the problem, define your bounds clearly, and choose the most convenient

coordinate system to simplify your calculations.

Frequently Asked Questions

What is the method to find the volume of the solid under the plane z = x
in the first octant?

You set up a double integral over the region in the xy-plane where z = x, typically with limits for x and

y, and integrate the function z = x to find the volume.

How do I determine the bounds for x and y when calculating the volume

under z = x in the first octant?

The bounds depend on the specific region between the planes or surfaces; often, you need to identify the

region in the xy-plane where the solid exists, such as bounded by coordinate planes or other surfaces.

Can the volume under z = x be infinite in the first octant?

Yes, if the region extends infinitely in the xy-plane, the volume may be infinite. To get a finite volume,

the region must be bounded, such as by lines or other surfaces.



What are common regions used to find the volume under z = x in the

first octant?

Common regions include bounded areas like triangles or rectangles in the xy-plane, often defined by lines

x =0, y = 0, and other boundary lines or curves.

How do I set up the double integral for the volume under z = x in the
first octant?

Express the volume as V = {{_D x dy dx, where D is the projection of the solid onto the xy-plane, with

appropriate bounds for x and y based on the region.

‘What is the significance of the plane z = x in calculating the volume?

The plane z = x defines the height of the solid at each point in the xy-plane, serving as the integrand in the

volume calculation.

How does the choice of the region in the xy-plane affect the volume
calculation?

The region determines the limits of integration; a larger or differently shaped region will change the

bounds and thus the total volume calculated.

Is it necessary to switch to polar coordinates when finding the volume

under z = x?

Not necessarily; use Cartesian coordinates unless the region is naturally circular or radial, in which case

polar coordinates can simplify the integration.

Can the volume be found using geometric methods instead of integration?

Only in simple cases with well-known geometric shapes. Generally, for arbitrary regions, setting up and

evaluating an integral is the standard approach.

What are common pitfalls to avoid when calculating the volume under z
= x in the first octant?

Common pitfalls include incorrect bounds, forgetting to consider the first octant constraints (x, y, z = 0), and

misinterpreting the region of integration.



Additional Resources
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Understanding how to determine the volume of a solid bounded by a plane in the first octant is a
foundational problem in multivariable calculus. The phrase "Find The Volume Of The Solid That Lies
Under The Plane Z = x In The First Octant That Lies Between The" introduces a classic problem
involving three-dimensional regions, planes, and coordinate systems. This guide aims to walk you through
the process of setting up and calculating this volume with clarity and depth, providing you with the tools

necessary to approach similar problems confidently.

Introduction

In multivariable calculus, calculating the volume of a solid region often involves understanding the
geometry of the region and translating that into integrals. The specific problem of finding the volume
under the plane \( Z = x \) in the first octant is a common example that demonstrates key techniques such

as setting appropriate bounds, choosing coordinate systems, and evaluating multiple integrals.

The first octant refers to the part of three-dimensional space where x, y, and z are all non-negative. When
the problem mentions the region "that lies under the plane \( Z = x \)", it indicates that our solid is bounded
above by this plane, and the goal is to find the volume of this region within the constraints of the first

octant.

Understanding the Geometric Region

Before jumping into calculations, it's essential to visualize and understand the geometric shape we're

dealing with.
The Plane \(Z =x )

This plane cuts through the three-dimensional space such that for any point on the plane, the height \( z \)

equals the \( x \)-coordinate. In the first octant:
-\(x\ge0\)
-\(y\ge0))
-\(z\ge0))

The plane extends infinitely in the \('y \)-direction, but the problem typically restricts the region to a



finite part by setting bounds on \( x \) and \( y \).

Defining the Bounds of Integration

The key to solving the volume problem is to establish clear bounds for the variables \( x \), \( y \), and \( z

\).

Step 1: Bound for \(z \)

Since the solid lies under the plane \( Z = x \), and in the first octant:

-\(z\) ranges from 0 up to \( x \), i.e, \( 0 \le z \le x \).

Step 2: Bound for \( y \)

The problem statement suggests the solid is bounded in the \( y \)-direction between certain limits.
Without explicit bounds, common assumptions or additional constraints are necessary. For example, suppose

the region is bounded by a line or surface in the \( xy \)-plane.

Let's assume the region is bounded between \( y =0 \) and \( y = y_{max} \), where \( y_{max} \) is a

function of \( x \) or a constant.

For simplicity, consider the case where the region is between:

-\(y=0)\)
-\(y=1-x\)

This choice is typical in problems involving a triangular region in the \( xy \)-plane.

Step 3: Bound for \( x \)

Similarly, the bounds for \( x \) are determined by the intersection of the region in the \( xy \)-plane. If
the region is bounded by \( x =0 \) and \( x = 1), then:

-\(0\le x \le 1\).
Note: The specific bounds depend on the problem's context or additional constraints. For the purpose of this

guide, we'll assume the region in the \( xy \)-plane is the triangle bounded by \( x =0\), \( y =0 \), and \(
y=1-x)\).



Setting Up the Double Integral

With the bounds established, the volume \( V' \) can be expressed as a double integral over the region \( R
\) in the \( xy \)-plane:

\
V =\iint_{R} \text{(height)} \, dA
\

Since the height at each point is given by \( z = x \), the volume integral becomes:

\

V =\iint_{R} x \, dA

\

where \( dA \) is the differential area element in the \( xy \)-plane.

Given the bounds:

-\(x\) from 0 to 1
- For each fixed \( x \), \(y \) from 0 to \( 1 -x )

The double integral is:

\

V =\int_{x=0}{1} \int_{y=0}{1 - x} x \, dy \, dx

\

Calculating the Volume
Let's perform the integration step by step.

Step 1: Integrate with respect to \( 'y \)

\[
V =\int_{0}*{1} \left( \int_{0}{1 - x} x \, dy \right) dx
\]

Since \( x \) is treated as a constant during the inner integral:

\



V =\int_{0}"{1} x \left( \int_{0}*{1 - x} dy \right) dx

\

\
V =\int_{0}*{1} x \left] y \right]_ {0}{1 - x} dx

\

\
V =\int {0}{1} x (1 - x) dx

\

Step 2: Expand the integrand

[
V = \int_{0}{1} (x - x2) dx

\

Step 3: Integrate term by term

\[
V = \left[ \frac{x"2}{2} - \frac{x"3}{3} \right] 0"

\]

\[
V = \left( \frac{1}{2} - \frac{1}{3} \right) - (0 - 0)

\]
\[
V = \frac{1}{2} - \frac{1}{3}
\]
\[

V = \frac{3}{6} - \frac{2}{6} = \frac{1}{6}
\]

Final Result

The volume of the solid under the plane \( Z = x \) in the specified region is \(\frac{1}{6}\) cubic units.



Variations and Additional Considerations

While the above solution assumes a specific region in the \( xy \)-plane, your problem may involve

different bounds or other constraints. Let’s discuss some common variations:

1. Different Region in the \( xy \)-Plane

- If the region is bounded by \(y = 0\) and \( y = x \), the limits for \( y \) would be from 0 to \( x \), with
\( x \) from 0 to 1.

- If the region is a rectangle, bounds would be constants, and you’d adjust the integrals accordingly.

2. Boundaries involving other surfaces

- For example, if the region is bounded by \(y =0\), \(y =2 -x\), and \( x \) from 0 to 2, the setup
would adapt accordingly.

3. Changing the order of integration

- Sometimes, switching the order of integration (integrating with respect to \( x \) first, then \( y \))

simplifies the calculation. Always analyze the region carefully to choose the most straightforward approach.

Summary of Steps for Similar Problems

1. Visualize the region: Sketch the region in the \( xy \)-plane and identify the bounds for each variable.

2. Determine the height function: Identify the function defining the upper boundary of the solid (here, \( z
=x\)).

3. Set up the double integral: Write the integral over the region with the integrand as the height function.
4. Choose order of integration: Decide whether to integrate with respect to \( y \) or \( x \) first based on
simplicity.

5. Evaluate the integral: Perform the integrations step by step, simplifying where possible.

6. Interpret the result: Confirm the units and reasonableness of the answer.

Final Thoughts

Calculating the volume of a solid under a plane in the first octant is a fundamental skill in multivariable
calculus, combining geometric intuition with integral calculus techniques. The problem’s complexity often
hinges on correctly identifying the bounds of integration, which requires careful analysis of the region in

the \( xy \)-plane.



By mastering the process—visualizing the region, setting up the integrals accurately, and performing
systematic calculations—you can confidently tackle a wide array of similar volume problems. Remember,
always double-check your bounds and consider multiple integration orders to find the most straightforward

solution path.

Happy calculating!
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