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Given Curves About The axis is a fundamental problem in calculus that
involves determining the three-dimensional volume generated when a two-
dimensional region is revolved around a specific axis. This type of problem
has numerous applications in engineering, physics, and mathematics, including
calculating the volume of objects like wine barrels, vases, or industrial
components. Understanding the methods to find these volumes is essential for
students and professionals working in fields that require spatial analysis
and geometric modeling.

In this comprehensive guide, we will explore the essential concepts,
techniques, and step-by-step procedures to compute the volume of solids
obtained by revolving bounded regions around various axes.

Understanding the Basic Concepts

What Is a Revolved Solid?

A revolved solid, also known as a solid of revolution, is a three-dimensional
object created by rotating a two-dimensional region around a specified axis.
The shape of the solid depends on the region's boundaries and the axis of
rotation.

Common Axes of Rotation

- About the x-axis: When the region is rotated around the x-axis, the
resulting volume is often analyzed using the disk or washer method,
especially when the region is described in terms of vy.

- About the y-axis: Rotation around the y-axis involves similar techniques
but often requires rewriting the equations to express x as a function of y.

- About other lines: Rotation can also occur around lines other than the
coordinate axes, such as y = k or x = h, requiring coordinate transformations
or shifts.

Methods for Finding Volumes of Revolved Solids

There are primarily two methods used to calculate the volume of solids



obtained by rotating a region: the Disk/Washer Method and the Shell Method.
The choice of method depends on the shape of the region and the axis of
rotation.

1. Disk and Washer Method

The Disk Method involves slicing the solid perpendicular to the axis of
rotation, resulting in circular disks. When the region is between two curves,
or the solid has a hole in the middle, the Washer Method is used, which
accounts for the hollow part.

Disk Method Formula:

\ [

V = \pi \int_{a}"{b} [R(x)]"2 \, dx

\1]

where \( R(x) \) is the radius of the disk at point x.

Washer Method Formula:

\ [

V = \pi \int {a}"{b} \left( [R {outer}(x)172 - [R {inner}(x)]”2 \right) dx
\1]

where \( R {outer} \) and \( R {inner} \) are the radii of the outer and
inner circles, respectively.

2. Shell Method

The Shell Method involves slicing the solid parallel to the axis of rotation,
creating cylindrical shells. This method is especially useful when the region
is described in terms of y and rotated around the y-axis.

Shell Method Formula:

\ [

V = 2\pi \int {a}"{b} \text{(radius)} \times \text{(height)} \, dx
\1

or

\ [

V = 2\pi \int {c}"{d} \text{(radius)} \times \text{(height)} \, dy
\1

depending on the orientation.

Advantages of Each Method:

- Disk/Washer Method: Easier when the region is described in terms of one
variable and the slices are perpendicular to the axis.

- Shell Method: More convenient when the slices are parallel to the axis, or
the region is complicated in the x-y plane.



Step-by-Step Procedure to Find the Volume

To accurately compute the volume, follow these systematic steps:

Step 1: Identify the Region and Curves

- Sketch the curves bounding the region.

- Determine the intersection points to find the limits of integration.

- Express the region mathematically, noting whether the curves are functions
of x or vy.

Step 2: Determine the Axis of Rotation

- Clarify whether the rotation is about the x-axis, y-axis, or another line.
- Decide which method (disk/washer or shell) is most suitable based on the
region and axis.

Step 3: Set Up the Integral

- For the Disk/Washer Method:
- Express the radius functions in terms of the variable of integration.
- Write the integral with proper limits.

- For the Shell Method:
- Express the radius (distance from the axis) and height of shells.
- Write the integral accordingly.

Step 4: Compute the Integral

- Simplify the integrand.
- Perform the integration using appropriate techniques (substitution, parts,
etc.).

Step 5: Interpret the Result

- Verify units and dimensions.
- Check for correctness by considering special cases or limits.

Examples and Applications



Example 1: Revolving a Region About the x-Axis

Suppose the region bounded by \( y = \sqrt{x} \), \(y =01\), and \( x = 4
\) is revolved about the x-axis.

Solution:
- Region: bounded between x=0 and x=4.
- Using the disk method:

\ [

R(x) =y = \sqrt{x}
\1]

- Volume:

\ [

V = \pi \int {0}"{4} (\sqrt{x})"2 dx = \pi \int {0}"{4} x \, dx = \pi \left]
\frac{x"2}{2} \right] 074 = \pi \left( \frac{16}{2} \right) = 8\pi
\1

Example 2: Revolving a Region About the y-Axis
Region bounded by \( y = x*2 \) and \( y=4 \), revolved about the y-axis.

Solution:

- Express x in terms of y: \( x = \sqgrt{y} \).

- Limits: y from 0 to 4.

- Using the shell method:

\ [

V = 2\pi \int {0}"{4} x \times \text{height} \, dy

\1]

where height = difference in x-values, which are from 0 to \( \sqrt{y} \).

- Since the region extends from \( x=0 \) to \( x=\sqrt{y} \), the shell
radius is \( x \), and the height in y is from \( y=x"2 \) to 4.

- Alternatively, directly:

>[= 2\pi \int {x=0}"{2} x \times (\text{top } y - \text{bottom } y) dx
aiich simplifies to:

>[= 2\pi \int {0}"{2} x (4 - x"2) dx

\1

- Computing:

\ [

V = 2\pi \int {0}"{2} (4x - x73) dx = 2\pi \left[ 2x"2 - \frac{x~4}{4}
\right] 072 = 2\pi \left( 2 \times 4 - \frac{16}{4} \right) = 2\pi (8 - 4) =
8\pi

\1



Special Cases and Tips

- When the region is bounded by multiple curves, always clarify which parts
are inside or outside the region.

- For complex regions, consider splitting the region into simpler parts and
calculating volumes separately before summing.

- When dealing with irregular shapes, approximation methods or numerical
integration can be employed.

- Always verify whether the method chosen simplifies the integral
computation.

Common Errors to Avoid

- Misidentifying the limits of integration.

- Confusing the radius and height functions.

- Forgetting to square the radius in the disk or washer formulas.
- Ignoring the inner radius in washer problems.

- Using the wrong method for the given problem setup.

Conclusion

Calculating the volume of a solid obtained by rotating a region about a
specified axis combines geometric insight with integral calculus techniques.
Choosing the appropriate method-disk/washer or shell-is crucial for efficient
computation. By carefully analyzing the region, setting up the correct
integral, and performing the integration accurately, one can solve a wide
array of problems involving volumes of revolution.

Mastering these methods enhances spatial reasoning and provides valuable
tools for applications across science and engineering disciplines. Practice

with various functions and axes will deepen understanding and improve
problem-solving skills in calculus.

If you have specific curves or axes in mind, providing those details will
allow for tailored solution steps and more precise calculations.

Frequently Asked Questions

How do I set up the integral to find the volume of a



solid obtained by rotating a region bounded by
curves about a specific axis?

First, identify the region bounded by the curves and determine the axis of
rotation. Then, choose the appropriate method-disk/washer or cylindrical
shells—based on the axis. Set up the integral by expressing the radius or
height in terms of the variable of integration, integrating over the interval
that bounds the region.

What is the difference between using the disk/washer
method and the shell method when finding the volume
of a rotated solid?

The disk/washer method involves integrating cross-sectional disks or washers
perpendicular to the axis of rotation, suitable for axes perpendicular to the
axis of the curves. The shell method involves integrating cylindrical shells
parallel to the axis of rotation, often simplifying calculations when the
region is bounded horizontally or vertically and the axis is vertical or
horizontal.

How do I determine the limits of integration when
calculating the volume of a solid formed by rotating
a region about a given axis?

Identify the points of intersection of the bounding curves to find the
interval over which the region exists. These intersection points serve as the
limits of integration. The limits should be expressed in terms of the
variable of integration, aligned with the chosen method (x or y).

Can I rotate the same region about different axes to
find different volumes? How does the axis affect the
calculation?

Yes, rotating the same region about different axes will produce different
solids with different volumes. The axis of rotation determines whether you
use the disk/washer or shell method and influences the setup of the integral,
including the radius or height functions and limits.

Are there any common mistakes to avoid when
calculating the volume of a solid obtained by
rotating a region about a given axis?

Common mistakes include: mixing up the limits of integration; using the wrong
method (disk vs. shell) for the axis of rotation; forgetting to square the
radius in the disk method; neglecting to subtract inner radii in washer
method; and misidentifying the region or bounds. Carefully sketching the



region and double-checking the setup can prevent these errors.

Additional Resources

Find The Volume V Of The Solid Obtained By Rotating The Region Bounded By The
Given Curves About The

Understanding the volume of a solid generated by rotating a bounded region
around a specific axis is a fundamental concept in calculus, with
applications spanning engineering, physics, and even biological sciences.
This process—known as the method of disks, washers, or shells—provides a
powerful way to translate planar regions into three-dimensional objects. In
this article, we will explore the step-by-step approach to calculating the
volume \(V\) of such solids, focusing on clarity and practical application,
whether you're a student tackling calculus homework or a professional seeking
to model real-world phenomena.

The Concept of Rotational Volumes: An Introductory Overview

Before delving into the mathematical machinery, it'’s essential to grasp the
core idea behind finding volumes of rotating solids. Imagine taking a flat
region on a plane, bounded by specific curves—say, \(y = f(x)\) and \(y =
g(x)\)—and spinning it around an axis. This rotation sweeps out a three-
dimensional shape. The goal: determine the volume of this shape, which often
appears in problems involving physical objects like bottles, pipes, or even
planetary shapes.

Why does this matter?

Calculating these volumes allows engineers to determine material quantities,
physicists to analyze rotational dynamics, and mathematicians to understand
geometric properties. The process involves transforming the two-dimensional
bounded area into a three-dimensional solid, then employing calculus to
compute the volume.

Defining the Bounded Region and Rotation Axis

The first step in our journey involves clearly defining the region and the
axis of rotation.

1. Boundaries of the Region:

- The curves \(y = f(x)\) and \(y = g(x)\), where \(f(x) \geq g(x)\) over an
interval \([a, b]\).

- These functions should be continuous and integrable over the interval.

2. Axis of Rotation:
- Could be the x-axis, y-axis, or any vertical/horizontal line.



- The choice influences the method (disks/washers or shells) used in the
volume calculation.

3. The Interval:
- The domain \([a, b]\) over which the region is bounded.

Example:
Suppose \(f(x) = \sqrt{x}\), \(g(x) = 0O\), over \ ([0, 4]\), and the region is
rotated about the x-axis.

Choosing the Method: Disks, Washers, or Shells?

Depending on the axis of rotation and the geometry, the calculation adopts
one of three main methods:

1. Disk Method:

- Used when the region is revolved around an axis that is perpendicular to
the plane of the region, and the cross-sections are disks.

- Suitable when the region is bounded between a curve and the axis of
rotation.

2. Washer Method:

- An extension of the disk method when the region is bounded between two
curves, and the axis of rotation lies outside the region.

- The cross-section is a washer (a disk with a hole).

3. Shell Method:

- Employed when the axis of rotation is parallel to the axis along which the
region extends.

- Involves integrating cylindrical shells.

In our detailed exploration, we will primarily focus on the disk/washer
method, which is most common for rotations about the x- or y-axis.

Step-by-Step: Calculating the Volume Using the Disk/Washer Method

Step 1: Visualize the Region and Rotation

- Draw the curves \(f(x)\) and \(g(x)\) to understand the bounded area.

- Identify the axis of rotation and visualize the three-dimensional shape
generated.

Step 2: Determine the Cross-Sectional Area

- For rotation about the x-axis:

Cross-sections perpendicular to the x-axis are disks with radius depending on
\(Y\).



- For rotation about the y-axis:
Cross-sections perpendicular to the y-axis are disks or washers with radius
depending on \(x\).

Disk method formula (about x-axis):

\ [

V = \pi \int {a}"{b} [R(x)]72 dx

\1]

where \(R(x)\) is the radius of the disk at point \(x\).

Washer method formula (about x-axis):

\ [

V = \pi \int {a}"{b} \left( [R {outer}(x)172 - [R {inner}(x)]"2 \right) dx
\1]

where the outer and inner radii correspond to the outer and inner curves
respectively.

Step 3: Express the Radii in Terms of the Functions

- For a region rotated about the x-axis:

- The radius of a disk at \(x\) is simply \(f(x)\) or \(g(x)\), depending on
which boundary forms the outer edge.

- For a washer:

- OQuter radius \(R {outer}(x)\) is the maximum distance from the axis to the
outer boundary curve.

- Inner radius \(R {inner}(x)\) is the distance to the inner boundary curve.
Example:

If the region between \(y = x”2\) and \(y = x\) is rotated about the x-axis

from \(x=0\) to \(x=1\), the volume is obtained by integrating the difference
of the squares of the radii.

Applying the Method: A Worked Example

Let’s illustrate the process with a concrete example:

Region: Bounded by \(y = x*2\) and \(y = x\) over \ ([0, 1]\).

Rotation axis: x-axis.

Objective: Find volume \(V\).

Solution:

1. Identify the region:

The curves intersect where \(x*2 = x \Rightarrow x*2 - x = 0 \Rightarrow x(x

- 1) = 0\).
So, at \(x=0\) and \(x=1\).



2. Determine the radii:

The outer curve is \(y = x\), which is above \(y = x™2\) in \([0,1]\).
When rotated around the x-axis, the radii of the disks are:

Outer radius \(R {outer} = x\).

Inner radius \(R {inner} x"~2\).

3. Set up the volume integral:

\ [
V = \pi \int {0}"{1} \left( R {outer}”2 - R {inner}”2 \right) dx = \pi
\int {0}"{1} (x*2 - (x~2)"2) dx

\1

Simplify:

\ [

V = \pi \int {0}"{1} (x"2 - x™4) dx
\1

4. Compute the integral:

\ [

V = \pi \left[ \frac{x"3}{3} - \frac{x"5}{5} \right] 071 = \pi \left(
\frac{1}{3} - \frac{1}{5} \right) = \pi \left( \frac{5 - 3}{15} \right) = \pi
\times \frac{2}{15}

\1

5. Final volume:

\ [
V = \frac{2\pi}{15}
\1

This example highlights the straightforward application of the washer method,
emphasizing how the geometry informs the radii and the integral setup.

Alternative Methods and Their Suitability

While the disk and washer methods are most intuitive for axes perpendicular
to the plane of the region, the shell method offers advantages when the axis
of rotation is parallel to the variable of integration.

Shell method formula (about y-axis):

\ [

V = 2\pi \int {c}"*{d} x \cdot h(x) dx

\1]

where \(h(x)\) is the height of the shell at \(x\).



When to use which method:

- Use disks/washers when rotating about axes perpendicular to the region (x-
or y-axis).

- Use shells when rotating around axes parallel to the variable of
integration.

Practical Considerations and Common Pitfalls
Calculating volumes of revolved regions involves careful attention to detail:

- Accurate boundary functions:
Ensure the functions are correctly identified and their intersections
precisely computed.

- Correct radii determination:
Visualize the region and axis to correctly interpret the radius expressions.

- Sign errors:
Be vigilant about the order of subtraction in washers to avoid negative
volume calculations.

- Changing limits:
When the region is split into parts or the curves cross, split the integral
accordingly.

- Verification:
Cross-check results by considering symmetry or using alternative methods if
possible.

Extending to Complex Regions and Axes

The fundamental principles outlined extend beyond simple cases. For more
complex regions, consider:

- Multiple integrals:
When regions are bounded by more than two curves or involve non-standard
shapes, multiple integrations or parametric representations may be necessary.

- Rotations about arbitrary axes:
In advanced problems, coordinate transformations or the use of the Pappus
centroid theorem can simplify calculations.

- Numerical methods:
When functions are complicated or integrals are intractable analytically,
numerical integration provides
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