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In the realm of wireless communication, Frequency Modulation (FM) stands as a cornerstone technique for
transmitting high-fidelity audio, data, and various signals across vast distances. The process involves
varying the instantaneous frequency of a carrier wave in accordance with the amplitude of the modulating
signal. Understanding how specific modulating signals influence the characteristics of the resulting FM signal is
crucial for engineers and researchers aiming to optimize communication systems.

This article delves into the derivation and analysis of an FM signal when the modulating signal M(t) is modeled
as a sinc function, specifically M(t) = sinc(2x10^() signal, with a modulation sensitivity K of 10 Hz per unit
amplitude. We will explore the mathematical formulation, spectral characteristics, and practical implications
of such a modulation scheme, providing comprehensive insights suitable for both students and professionals.

Understanding the Modulating Signal: The Sinc Function

The Sinc Function Defined
The sinc function, mathematically expressed as:

\[ \text{sinc}(x) = \frac{\sin(\pi x)}{\pi x} \]

is a fundamental function in signal processing, often arising in Fourier analysis and filter design. It exhibits a
main lobe centered at zero with side lobes decreasing in amplitude as |x| increases. When used as a modulating
signal, the sinc function introduces a spectrum with specific characteristics that influence the FM signal.

In our context, M(t) = sinc(2x10^()), suggests a scaled version of the sinc function, where the argument's
scaling factor determines the bandwidth and spectral content of the modulating signal.

Implications of Using a Sinc Modulating Signal
Using a sinc function as a modulating signal impacts the FM signal in the following ways:

- Spectral Content: The spectrum of the sinc function is rectangular in the frequency domain, leading to a flat
spectral response within a certain bandwidth.
- Bandwidth Considerations: The main lobe width of the sinc function correlates with the bandwidth of the
modulating signal.
- Time-Domain Behavior: The sinc function extends infinitely in time but is typically windowed or truncated in
practical systems.

Understanding these properties is essential for predicting the behavior of the resultant FM signal and its
spectral components.

Deriving the FM Signal



Basic FM Signal Equation
The general expression for an FM signal is:

\[ s(t) = A_c \cos \left( 2\pi f_c t + \phi(t) \right) \]

where:
- \(A_c\) is the carrier amplitude,
- \(f_c\) is the carrier frequency,
- \(\phi(t)\) is the instantaneous phase deviation, given by:

\[ \phi(t) = 2\pi K \int_{0}^{t} M(\tau) d\tau \]

The modulation index \( \beta \) is defined as:

\[ \beta = \frac{\Delta f}{f_m} \]

where:
- \( \Delta f = K \times \max |M(t)| \),
- \( f_m \) is the maximum frequency component of the modulating signal.

In our case, with \(K = 10\, \mathrm{Hz}/\text{unit}\), the maximum frequency deviation depends on the peak of
\(M(t)\).

Calculating the Instantaneous Phase Deviation
Given \( M(t) = \text{sinc}(2 \times 10^() t) \), the integral becomes:

\[ \phi(t) = 2\pi K \int_{0}^{t} \text{sinc}(2 \times 10^() \tau) d\tau \]

The integral of the sinc function is known and can be expressed analytically as:

\[ \int \text{sinc}(a \tau) d\tau = \frac{1}{a} \operatorname{Si}(a \tau) + C \]

where \( \operatorname{Si}(x) \) is the sine integral function:

\[ \operatorname{Si}(x) = \int_{0}^{x} \frac{\sin t}{t} dt \]

Applying this, the phase deviation simplifies to:

\[ \phi(t) = 2\pi K \times \frac{1}{2 \times 10} \operatorname{Si}(2 \times 10 \times t) \]

\[ \Rightarrow \phi(t) = \frac{\pi K}{10} \operatorname{Si}(20 t) \]

Given \(K=10\, \mathrm{Hz}/\text{unit}\), the phase deviation becomes:

\[ \phi(t) = \pi \times \operatorname{Si}(20 t) \]

This phase variation determines the frequency deviation at each instant, shaping the FM signal.

Spectral Characteristics of the FM Signal



Frequency Spectrum Analysis
The spectrum of an FM signal is characterized by a series of Bessel function components, with amplitudes
determined by the modulation index \( \beta \). For a sinusoidal modulating signal, the spectrum contains
discrete sidebands at integer multiples of the modulating frequency.

However, with a sinc modulating signal, the spectral analysis becomes more complex:

- Main Lobe Bandwidth: The bandwidth of the sinc modulating signal, which is approximately \( 2 \times
\text{main lobe width} \), defines the extent of the FM spectrum.
- Sideband Distribution: The spectral energy is spread across multiple sidebands, with amplitudes proportional
to the Fourier coefficients of the sinc function.
- Spectral Flatness: Due to the rectangular nature of the sinc spectrum, the FM spectrum reflects these
properties, leading to a flat spectral response within the main lobe.

Bandwidth Estimation of the FM Signal
The Carson's rule provides an approximation for the total bandwidth \( BW \):

\[ BW \approx 2(\Delta f + f_m) \]

Where:

- \( \Delta f = K \times \max |M(t)| \),
- \( f_m \) is the maximum frequency component of \( M(t) \).

Given the sinc function's main lobe width is roughly proportional to the inverse of its argument scaling, the
bandwidth can be estimated accordingly.

For our \( M(t) = \text{sinc}(20 t) \), the main lobe width is approximately:

\[ \text{Main lobe width} \approx \frac{2}{20} = 0.1 \, \text{Hz} \]

Since the sinc function's maximum amplitude is 1 at \( t=0 \), the maximum frequency deviation:

\[ \Delta f = 10 \times 1 = 10\, \text{Hz} \]

Thus, the total FM bandwidth:

\[ BW \approx 2(10 + 0.1/2) \approx 20.1\, \text{Hz} \]

This is a simplified estimate, but it illustrates the relationship between the sinc modulating signal and the
resulting FM spectrum.

Practical Considerations and Applications

Design Implications
Understanding the impact of a sinc modulating signal with specific parameters allows engineers to tailor the
FM signal for desired spectral properties:

- Spectral Efficiency: The rectangular spectrum of the sinc function can be advantageous for certain
applications requiring flat spectral response.
- Bandwidth Control: Adjusting the scaling of the sinc function modulates bandwidth, enabling optimization for
channel capacity and interference management.



- Signal Filtering: Knowledge of the spectral content helps in designing appropriate filters to mitigate
interference and noise.

Applications of Sinc-Based FM Modulation
While not common in standard communication systems, sinc-based modulation schemes find niche applications:

- Pulse-Shaped Communications: Utilizing sinc functions for pulse shaping to minimize inter-symbol interference.
- Spectral Shaping: Achieving specific spectral masks for regulatory compliance or coexistence with other
systems.
- Research and Testing: Investigating the spectral behavior of complex modulating signals for academic and
experimental purposes.

Conclusion
The derivation and analysis of an FM signal with a sinc modulating function \( M(t) = \text{sinc}(20 t) \) and
a modulation sensitivity \(K=10\, \mathrm{Hz}/\text{unit}\) reveal intricate relationships between time-
domain modulation and spectral characteristics. The sinc function's unique properties produce a flat,
rectangular spectrum that influences the bandwidth and sideband distribution of the FM signal.

Understanding these relationships is essential for designing efficient communication systems, especially when
spectral shaping and bandwidth optimization are critical. By leveraging mathematical tools such as the sine
integral and Fourier analysis, engineers can predict and tailor the behavior of FM signals for various advanced
applications.

In summary, the interplay between the sinc modulating signal and the FM process underscores the importance of
precise signal modeling in modern wireless communication, ensuring robust, efficient, and spectrum-compliant
transmissions.

---
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Frequently Asked Questions

What is the significance of the sinc function in the message signal M(t) =
sinc(2x10^x)?

The sinc function defines a band-limited message signal with specific spectral properties, often used in
communications to model signals with finite bandwidth and to analyze their Fourier transforms.

How does the modulator sensitivity K = 10 Hz / influence the FM signal
generation?

The sensitivity K determines how much the instantaneous frequency of the FM signal varies with the message
signal, with a higher K producing greater frequency deviation for a given message amplitude.

What is the effect of using a sinc-shaped message signal in FM modulation?

Using a sinc message results in an FM signal with a spectrum characterized by multiple sidebands and specific
bandwidth characteristics related to the sinc's frequency components.



How do you compute the frequency deviation in this FM system?

The frequency deviation Δf is given by Δf = K |M(t)|, where K is the modulator sensitivity and M(t) is the
message signal, in this case, sinc(2x10^x).

What is the bandwidth of the FM signal generated with this message and
sensitivity K?

The bandwidth can be estimated using Carson's rule: BW ≈ 2(Δf + f_m), where Δf is the peak frequency deviation
and f_m is the maximum frequency component of M(t).

How does the sinc shape of the message affect the spectral components of
the FM signal?

The sinc message introduces a series of spectral lobes, resulting in multiple sidebands spaced at multiples of the
message bandwidth, influencing the overall FM spectrum.

What assumptions are typically made when analyzing FM signals with a sinc
message and given K?

Assumptions include linear modulation, ideal sinc message without distortions, and that the message's
bandwidth is finite and well-defined, allowing for simplified spectral analysis.

How can this FM signal be generated in practice given the sinc message and
K=10 Hz /?

In practice, generate the sinc message signal digitally or through filtering, then modulate a carrier using an FM
modulator circuit where the instantaneous frequency varies proportionally to K times the message amplitude.
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In the realm of modern communication systems, frequency modulation (FM) remains a cornerstone technique for
transmitting information efficiently and reliably. The process of generating an FM signal often involves
intricate mathematical representations that reveal how information modulates carrier waves. In particular,
when the message signal M(t) is characterized by a sinc function, and the system's modulator sensitivity K is
specified, it provides an insightful window into the signal's spectral properties and the resulting transmission
behavior. This article delves into the technical nuances of such an FM signal, exploring the mathematical
foundations, spectral characteristics, and practical implications of using a sinc-based message signal with a
given modulation sensitivity.

Understanding the Message Signal M(t) = Sinc(2x10^())

Before analyzing the FM signal, it is crucial to understand the nature of the message signal M(t). The sinc
function, defined as sinc(x) = sin(πx) / (πx), plays a significant role in signal processing due to its unique
properties, such as its ideal low-pass filtering characteristics and its appearance in Fourier transform pairs.

2.1 The Sinc Function and Its Significance

The sinc function is fundamental in signal theory because:



- It serves as the impulse response of an ideal low-pass filter.
- Its Fourier transform is a rectangular function, indicating perfect frequency domain localization.
- It models band-limited signals, making it pertinent in communication systems.

2.2 The Specific Sinc Function in M(t)

The message signal specified as M(t) = sinc(2×10^()) suggests a scaled sinc function. Although the exact
exponent is not explicitly provided, it can be inferred that the argument involves a scaling factor that
influences the bandwidth of the message signal.

Suppose, for clarity, that the message signal is:

M(t) = sinc(2πf_m t)

where f_m is the message bandwidth. The factor 2π ensures the Fourier transform pairs are consistent, and the
argument's scaling determines the bandwidth of the message.

For example, if M(t) = sinc(2π×10 Hz × t), then the message bandwidth is 10 Hz, meaning the message contains
frequency components up to 10 Hz.

2.3 Spectral Properties of M(t)

The Fourier transform of M(t) = sinc(2πf_m t) is a rectangular function:

F(ω) = rect(ω / (2πf_m))

which indicates that the message signal is band-limited to f_m Hz. This property is critical because the spectral
content directly influences the FM signal's spectrum.

Role of Modulator Sensitivity K = 10 Hz /

The modulator sensitivity K determines how much the carrier frequency shifts in response to the message signal.
It is measured in Hz per unit of message amplitude, typically Hz/V.

3.1 Definition and Significance

- K (Modulation Index Factor): It quantifies the frequency deviation per unit of message signal amplitude.
- Given K = 10 Hz /: This indicates that for each unit of message amplitude, the carrier frequency varies by 10
Hz.

3.2 Impact on FM Signal

The instantaneous frequency of the FM signal is given by:

f_i(t) = f_c + K × M(t)

where:

- f_c is the carrier frequency.
- M(t) is the message signal.

Since M(t) = sinc(2πf_m t), the instantaneous frequency oscillates within a certain range determined by the
amplitude of M(t). The maximum deviation Δf is:

Δf = K × max|M(t)|

For a sinc function, the maximum occurs at t = 0:



max|sinc(2πf_m t)| = 1

Therefore:

Δf = K × 1 = 10 Hz

This means the FM signal's frequency swings within a 20 Hz total deviation (±10 Hz) around the carrier
frequency.

Deriving the FM Signal S(t)

The general form of an FM signal can be expressed as:

S(t) = A_c cos[2πf_c t + 2π �₀^t Δf(τ) dτ]

where:

- A_c is the carrier amplitude.
- f_c is the carrier frequency.
- Δf(τ) = K × M(τ) is the instantaneous frequency deviation.

4.1 Expression for S(t)

Given that:

Δf(τ) = K × sinc(2πf_m τ)

The phase deviation is:

Φ(t) = 2π �₀^t Δf(τ) dτ = 2πK �₀^t sinc(2πf_m τ) dτ

The integral of sinc function is a known form:

� sinc(ax) dx = Si(ax) / a

where Si(x) is the sine integral function.

Thus,

Φ(t) = 2πK × (1 / 2πf_m) × Si(2πf_m t) = (K / f_m) × Si(2πf_m t)

The FM signal becomes:

S(t) = A_c cos[2πf_c t + (K / f_m) × Si(2πf_m t)]

4.2 Interpretation of the Signal

The phase term involves the sine integral function, which introduces a complex but well-understood
modulation pattern. The signal's spectral content depends on the bandwidth of M(t) and the modulation index.

Spectral Characteristics of the FM Signal

Understanding the spectral attributes of the FM signal is crucial for designing communication systems and
predicting interference and bandwidth requirements.



5.1 Carson's Bandwidth Rule

A practical approximation for the FM bandwidth is given by Carson's rule:

BW ≈ 2(Δf + f_m)

where:

- Δf = maximum frequency deviation (here, 10 Hz)
- f_m = message bandwidth (assumed 10 Hz or as specified)

Applying this:

BW ≈ 2(10 Hz + 10 Hz) = 40 Hz

This indicates that the main spectral components of the FM signal are contained within a 40 Hz bandwidth,
which is remarkably narrow compared to typical FM radio bandwidths.

5.2 Spectral Components and Sidebands

The FM signal's spectrum comprises a carrier and an infinite series of sidebands spaced at multiples of the
message frequency, modulated by Bessel functions:

S(f) ≈ A_c �_{n=-�}^� J_n(β) cos[2π(f_c + n f_m) t]

where:

- J_n(β) is the Bessel function of the first kind.
- β = the modulation index = Δf / f_m

Given Δf = 10 Hz and f_m = 10 Hz:

β = 10 / 10 = 1

The sideband amplitudes are determined by J_n(1), which decay as n increases, implying that only a few sidebands
carry significant energy.

5.3 Implications for System Design

- Bandwidth Efficiency: The narrow bandwidth implies efficient spectrum utilization.
- Signal Fidelity: The spectral content is concentrated within a small range, reducing interference.
- Filtering Requirements: Receivers need filters capable of isolating the main sidebands and carrier.

Practical Applications and Considerations

The characteristics of the FM signal generated with this specific message and modulation sensitivity have
practical implications across various communication systems.

6.1 Communication System Design

- Bandwidth Allocation: Knowing the spectral width helps allocate appropriate channels.
- Filtering Strategies: Narrow bandwidths allow for simpler filtering at the receiver.
- Noise Immunity: FM's inherent resistance to amplitude noise benefits from controlled bandwidth and modulation
index.

6.2 Limitations and Challenges



- Message Signal Limitations: The sinc function's infinite extent in time can pose challenges; truncation or
windowing might be necessary.
- Sensitivity to Parameter Variations: Changes in K or message bandwidth affect spectral properties
significantly.
- Hardware Constraints: Generating precise sinc-based signals requires high-fidelity oscillators and filters.

6.3 Potential Enhancements

- Digital Signal Processing: Implementing sinc functions digitally allows for precise control.
- Adaptive Modulation: Adjusting K dynamically based on channel conditions can optimize performance.
- Bandwidth Optimization: Balancing bandwidth and fidelity ensures efficient spectrum use.

Conclusion

The generation of an FM signal with a message M(t) modeled as sinc(2πf_m t) and a modulator sensitivity K of
10 Hz per unit amplitude exemplifies the intricate interplay between mathematical signal properties and
practical communication system design. By understanding the spectral characteristics—narrow band, sideband
structure, and phase modulation—engineers can tailor their systems for optimal performance, ensuring clarity
and efficiency. As digital and analog communication technologies evolve, such detailed insights into signal
behavior remain vital for innovation and reliability in transmitting information across the vast landscape of
wireless and wired networks.

In summary, the specific parameters—sinc message signal and modulation sensitivity—result in a highly
controlled, narrowband FM signal with predictable spectral features. This foundational understanding paves
the way for advanced modulation techniques, efficient spectrum management, and robust communication
infrastructure.
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