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Introduction
For A Sampling Rate Of 8000 Hz, Determine The Frequency Response At 2000 Hz For The System
Specified is a fundamental problem in digital signal processing that involves analyzing how a system
responds to a specific frequency component when sampled at a given rate. Understanding the frequency
response at a particular frequency allows engineers and scientists to evaluate the system’s fidelity,
bandwidth, and potential distortions introduced during the sampling and processing stages. This article
provides a comprehensive exploration of the concepts, mathematical foundations, and practical procedures
involved in determining the frequency response at 2000 Hz for a system sampled at 8000 Hz.

Understanding the Sampling Rate and Its Implications

The Nyquist Theorem and Nyquist Frequency
The sampling rate, often denoted as \(f_s\), is the frequency at which a continuous-time signal is converted
into a discrete-time signal. For a sampling rate of 8000 Hz, the Nyquist theorem states that to avoid aliasing,
the maximum frequency that can be accurately represented without distortion is half of the sampling rate,
known as the Nyquist frequency:

Nyquist frequency, \(f_N = \frac{f_s}{2} = \frac{8000\,\text{Hz}}{2} = 4000\,\text{Hz}\)

Any frequency component above 4000 Hz will fold back into the spectrum, causing aliasing and distortion.
Therefore, when analyzing the frequency response at 2000 Hz, it is well within the Nyquist limit, making
accurate determination straightforward in theory.

Implications for System Analysis
Sampling at 8000 Hz provides a bandwidth suitable for many audio and communication applications. When
analyzing the system's response at 2000 Hz, it is essential to consider whether the system is ideal or
includes filters, attenuation, or phase shifts that modify the response at that frequency. The sampling rate
also influences the resolution and accuracy of digital Fourier transforms used to analyze the frequency



response.

Mathematical Foundations of Frequency Response

System Representation in the Frequency Domain
In digital systems, the frequency response \(H(e^{j\omega})\) describes how a system processes signals of
different frequencies. It is derived from the system's transfer function or impulse response, often
represented as:

\[
H(e^{j\omega}) = \sum_{n=0}^{N-1} h[n] e^{-j \omega n}
\]
where:

\(h[n]\) is the discrete-time impulse response

\(\omega\) is the normalized angular frequency, related to the actual frequency \(f\) by \(\omega = 2
\pi \frac{f}{f_s}\)

Evaluating \(H(e^{j\omega})\) at the specific normalized frequency corresponding to 2000 Hz allows us to
determine the system's gain and phase shift at that frequency.

Converting Actual Frequency to Digital Frequency
To analyze the system’s response at 2000 Hz, convert this frequency to a normalized digital frequency
\(\omega\):

\[
\omega = 2 \pi \frac{f}{f_s} = 2 \pi \frac{2000}{8000} = 2 \pi \times 0.25 = \frac{\pi}{2}
\]
This normalized digital frequency is crucial for evaluating the system's transfer function at the desired
frequency point.

Determining the Frequency Response at 2000 Hz

Step 1: Obtain the System’s Transfer Function
The first step involves identifying or defining the system's transfer function in the z-domain, \(H(z)\).



Depending on whether the system is an FIR filter, IIR filter, or an arbitrary system, the transfer function
will take different forms. For example:

FIR Filter: \(H(z) = \sum_{k=0}^{N-1} h[k] z^{-k}\)

IIR Filter: \(H(z) = \frac{\sum_{k=0}^{M} b_k z^{-k}}{1 + \sum_{k=1}^{N} a_k z^{-k}}\)

Assuming the system is characterized by a known transfer function, the next step is to evaluate this
function at \(z = e^{j \omega}\) with \(\omega = \frac{\pi}{2}\).

Step 2: Calculate \(H(e^{j\omega})\) at \(\omega = \frac{\pi}{2}\)
Substitute \(z = e^{j \frac{\pi}{2}}\) into the transfer function to compute the frequency response at 2000
Hz:

\[
H(e^{j \frac{\pi}{2}}) = \text{Evaluate } H(z) \text{ at } z = e^{j \frac{\pi}{2}}
\]

This involves plugging in the complex exponential into the transfer function and performing algebraic or
numerical evaluation.

Step 3: Compute the Magnitude and Phase Response
The magnitude response \(|H(e^{j \frac{\pi}{2}})|\) indicates how much the system amplifies or attenuates
signals at 2000 Hz, while the phase response \(\arg(H(e^{j \frac{\pi}{2}}))\) shows the phase shift introduced
at that frequency.

Magnitude: \(|H(e^{j \frac{\pi}{2}})| = \sqrt{\Re(H)^2 + \Im(H)^2}\)

Phase: \(\arg(H(e^{j \frac{\pi}{2}})) = \arctan\left(\frac{\Im(H)}{\Re(H)}\right)\)

Practical Example: Analyzing a Simple Filter

System Description
Consider a simple low-pass FIR filter with the following impulse response:

\[



h[n] = \frac{1}{3} \left[1, 1, 1\right], \quad n = 0,1,2
\]
This filter is a moving average filter, commonly used in smoothing applications.

Calculating the Frequency Response

Express the transfer function:1.

\[
H(z) = \frac{1}{3} (1 + z^{-1} + z^{-2})
\]
Evaluate at \(z = e^{j \frac{\pi}{2}}\):1.
\[
H(e^{j \frac{\pi}{2}}) = \frac{1}{3} \left(1 + e^{-j \frac{\pi}{2}} + e^{-j \pi}\right)
\]

Compute each term:3.

\[
e^{-j \frac{\pi}{2}} = \cos\left(\frac{\pi}{2}\right) - j \sin\left(\frac{\pi}{2}\right) = 0 - j \times 1 = -j
\]
\[
e^{-j \pi} = \cos(\pi) - j \sin(\pi) = -1 - j \times 0 = -1
\]

Sum the terms:4.

\[
H(e^{j \frac{\pi}{2}}) = \frac{1}{3} (1 - j - 1) = \frac{1}{3} (0 - j) = -\frac{j}{3}
\]

Determine magnitude and phase:5.

\[
|H| = \frac{1}{3}
\]
\[
\arg(H) = -\frac{\pi}{2}
\]



This indicates that at 2000 Hz, the filter attenuates the signal by a factor of \(\frac{1}{3}\) and introduces a
phase shift of \(-90^\circ\).

Considerations and Limitations

Effects of Filter Design
The specific design of the system's filter or transfer function greatly influences the frequency response. For
instance, high-pass or band-pass filters will respond differently at 2000 Hz. Understanding the filter’s
characteristics is essential for accurate analysis.

Aliasing and Signal Distortion
While analyzing the response at 2000 Hz within the Nyquist limit is straightforward, it's crucial to ensure
the sampled data accurately represents the original signal. Aliasing can distort the response if higher
frequencies fold into the band of interest.

Numerical Methods and Software Tools
In practical scenarios, tools like MATLAB, Python (with SciPy), or dedicated DSP software are employed
to compute the frequency response numerically.

Frequently Asked Questions

What is the significance of the sampling rate being 8000 Hz in analyzing
the system's frequency response at 2000 Hz?
The sampling rate of 8000 Hz determines the Nyquist frequency (4000 Hz), which sets the maximum
frequency that can be accurately represented. Since 2000 Hz is below the Nyquist frequency, the system
can reliably analyze its response at this frequency without aliasing.

How do you calculate the frequency response at 2000 Hz for a system
sampled at 8000 Hz?
You typically evaluate the system's transfer function or impulse response at the normalized frequency
corresponding to 2000 Hz, which is (2000/8000) = 0.25 of the sampling rate. Using this, you analyze the
system's response at this normalized frequency to determine the response at 2000 Hz.



What role does the system's transfer function play in determining its
frequency response at 2000 Hz?
The transfer function characterizes how the system processes different frequencies. By evaluating the
transfer function at 2000 Hz, you can determine the magnitude and phase response of the system at that
specific frequency.

Are there any limitations when analyzing the frequency response at
2000 Hz with a sampling rate of 8000 Hz?
Since 2000 Hz is well below the Nyquist frequency of 4000 Hz, there are minimal aliasing issues.
However, the accuracy depends on the system's sampling and whether the transfer function is correctly
modeled. If the system has high-frequency components near the Nyquist limit, aliasing or distortion could
still occur.

What is the importance of knowing the frequency response at 2000 Hz in
practical applications?
Understanding the frequency response at 2000 Hz helps in designing filters, audio processing systems, and
communication systems to ensure signals at that frequency are processed correctly, with desired gain and
phase characteristics.

Can you use the discrete Fourier transform (DFT) to determine the
frequency response at 2000 Hz for this system?
Yes, by computing the DFT of the system's impulse response or input signal, you can analyze the
magnitude and phase at the frequency bin corresponding to 2000 Hz, thus determining the system's
frequency response at that frequency.

Additional Resources
For A Sampling Rate Of 8000 Hz, Determine The Frequency Response At 2000 Hz For The System
Specified

In the realm of digital signal processing, understanding how a system responds to various frequencies is
fundamental for designing effective communication, audio, and data systems. When dealing with sampled
data, the sampling rate plays a crucial role in determining the fidelity and accuracy of the reconstructed
signals. Specifically, for a system sampled at 8000 Hz, it’s vital to analyze how the system responds at
particular frequencies, such as 2000 Hz, to ensure the system operates as intended without distortion or loss
of information. This article delves into the principles, calculations, and implications involved in



determining the frequency response at 2000 Hz for a system with an 8000 Hz sampling rate, equipping
engineers and enthusiasts with the knowledge to evaluate and optimize their digital systems effectively.

---

Understanding Sampling Rate and Its Significance

The Nyquist Theorem and Its Implications

At the core of digital signal processing lies the Nyquist-Shannon sampling theorem, which states that a
continuous signal can be perfectly reconstructed from its samples if it is band-limited and sampled at a rate
greater than twice its highest frequency component. This critical threshold is known as the Nyquist rate.

- Sampling Rate (Fs): The rate at which analog signals are sampled, measured in Hertz (Hz).
- Nyquist Frequency (Fn): Half of the sampling rate, beyond which aliasing occurs.

For the given sampling rate:

- Fs = 8000 Hz
- Nyquist Frequency (Fn) = Fs / 2 = 4000 Hz

This means any frequency component up to 4000 Hz can be accurately represented without aliasing.

Significance for System Analysis at 2000 Hz

Given that 2000 Hz is well below the Nyquist frequency, the system can theoretically accurately capture
and process this frequency component. However, the actual frequency response—how the system’s gain
and phase vary at 2000 Hz—depends on the system's transfer function, filtering characteristics, and the
nature of the system (e.g., filters, amplifiers).

---

What Is the Frequency Response?

Definition and Importance

The frequency response of a system describes how it reacts to sinusoidal inputs at different frequencies. It
encompasses two key aspects:

- Magnitude Response: How much the system amplifies or attenuates the input signal at each frequency.
- Phase Response: How the system shifts the phase of the input signal at each frequency.

Understanding the response at 2000 Hz involves evaluating both these aspects, but often the magnitude



response is of primary concern when considering signal strength and fidelity.

Mathematical Representation

For a linear time-invariant (LTI) system, the frequency response \(H(f)\) is obtained by evaluating the
system's transfer function \(H(s)\) or \(H(z)\) at specific frequencies.

In the digital domain, the frequency response at a normalized digital frequency \(\omega\) (in radians per
sample) relates to the transfer function as:

\[
H(e^{j\omega}) = \text{frequency response at } \omega
\]

where:

\[
\omega = 2\pi \frac{f}{F_s}
\]

and \(f\) is the frequency of interest (here, 2000 Hz).

---

Calculating the Frequency Response at 2000 Hz

Step 1: Determine the Digital Frequency \(\omega\)

Given:

- \(f = 2000\, \text{Hz}\)
- \(F_s = 8000\, \text{Hz}\)

We calculate:

\[
\omega = 2\pi \frac{f}{F_s} = 2\pi \times \frac{2000}{8000} = 2\pi \times 0.25 = \frac{\pi}{2}
\]

This means the digital frequency corresponding to 2000 Hz is \(\frac{\pi}{2}\) radians per sample.

Step 2: Identify or Derive the System’s Transfer Function



The frequency response depends on the specific system’s transfer function, which could be, for example, a
filter or an amplifier characterized by a transfer function \(H(z)\).

- If the system is a simple filter: For example, a low-pass filter defined by its transfer function.
- If the system is unspecified: We may assume a generic filter or an ideal system for illustration.

Suppose we are analyzing a simple digital filter, such as a first-order low-pass filter with transfer function:

\[
H(z) = \frac{1 - a}{1 - a z^{-1}}
\]

where \(a\) determines the cutoff frequency.

Step 3: Compute the Response \(H(e^{j\omega})\)

The frequency response at \(\omega = \frac{\pi}{2}\) is:

\[
H(e^{j\omega}) = \frac{1 - a}{1 - a e^{-j\omega}}
\]

Substituting \(\omega = \frac{\pi}{2}\):

\[
H\left(e^{j \frac{\pi}{2}}\right) = \frac{1 - a}{1 - a e^{-j \frac{\pi}{2}}}
\]

Calculating the denominator:

\[
e^{-j \frac{\pi}{2}} = \cos \left(\frac{\pi}{2}\right) - j \sin \left(\frac{\pi}{2}\right) = 0 - j \times 1 = -j
\]

Thus:

\[
H\left(e^{j \frac{\pi}{2}}\right) = \frac{1 - a}{1 - a (-j)} = \frac{1 - a}{1 + j a}
\]

The magnitude of the response:

\[



|H| = \frac{|1 - a|}{|1 + j a|} = \frac{\sqrt{(1 - a)^2}}{\sqrt{1 + a^2}} = \frac{|1 - a|}{\sqrt{1 + a^2}}
\]

And the phase:

\[
\angle H = \arg \left(\frac{1 - a}{1 + j a}\right) = \arg (1 - a) - \arg (1 + j a)
\]

This example demonstrates how the response at 2000 Hz depends on the filter parameters.

---

Practical Considerations and Real-World Implications

Aliasing and Signal Integrity

Since 2000 Hz is below the Nyquist frequency, aliasing is not a concern at this frequency, provided the
system adheres to the sampling theorem and is free of aliasing artifacts. However, in real-world systems,
anti-aliasing filters are typically used before sampling to attenuate frequencies above the Nyquist limit,
ensuring that the sampled data accurately represents the original signal.

Filter Design and System Response

- Ideal Filters: Would provide flat magnitude response up to the cutoff frequency with a sharp transition.
- Practical Filters: Have a gradual roll-off, meaning the response at 2000 Hz may be slightly attenuated
depending on the filter design.

The system's frequency response at 2000 Hz influences applications like:

- Audio processing: Ensuring vocals and instruments are preserved without distortion.
- Communication systems: Maintaining signal integrity over transmission channels.
- Data acquisition: Accurate measurement and analysis of signals at specific frequencies.

---

Summary and Key Takeaways

- The sampling rate of 8000 Hz establishes a Nyquist frequency of 4000 Hz, allowing accurate
representation of signals up to this frequency.
- To determine the frequency response at 2000 Hz, convert the analog frequency to digital frequency:

\[



\omega = 2\pi \times \frac{2000}{8000} = \frac{\pi}{2}
\]

- The response depends on the system’s transfer function, which can be evaluated at \(e^{j \frac{\pi}{2}}\).
- For a typical filter, the magnitude and phase at 2000 Hz can be derived from the transfer function,
informing us how signals at this frequency are amplified, attenuated, or phase-shifted.
- Practical systems incorporate anti-aliasing filters and are designed to ensure the frequency response aligns
with the system’s intended purpose, preserving signal quality at the targeted frequencies.

---

Final Thoughts

Understanding the frequency response of a digital system at specific frequencies like 2000 Hz is essential
for optimizing system performance in various applications. By combining fundamental concepts like the
Nyquist theorem, digital frequency calculation, and transfer function analysis, engineers can predict and
manipulate how systems behave under different conditions. As digital systems continue to permeate every
aspect of technology, mastering these principles ensures that signals are processed accurately, efficiently,
and reliably, paving the way for innovative solutions in communications, audio engineering, and beyond.
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