For EACH OF THE FUNCTIONS BELOW, INDICATE WHETHER
THE FUNCTION |Is ONTO, ONE-TO-ONE, NEITHER OR BOTH.

For EacH OF THE FUNCTIONS BELow, INDICATE WHETHER THE FUNCTION Is ONTO, ONE-TO-ONE, NEITHER OR BOTH.

(UNDERSTANDING THE PROPERTIES OF MATHEMATICAL FUNCTIONS IS FUNDAMENTAL IN THE STUDY OF MATHEMATICS, ESPECIALLY
IN THE FIELDS OF ALGEBRA AND CALCULUS. T WO IMPORTANT CHARACTERISTICS USED TO CLASSIFY FUNCTIONS ARE WHETHER
THEY ARE ONTO (SUR_JECTIVE) AND ONE-TO-ONE (IN_JECTIVE). THIS ARTICLE EXPLORES THESE CONCEPTS IN DETAIL AND PROVIDES
GUIDANCE ON HOW TO DETERMINE WHETHER A GIVEN FUNCTION POSSESSES THESE PROPERTIES. WE WILL ANALYZE VARIOUS
TYPES OF FUNCTIONS THROUGH EXAMPLES, EXPLANATIONS, AND CRITERIA TO HELP CLARIFY THESE CLASSIFICATIONS.

FUNDAMENTAL CONCEPTS: ONTO AND ONE-TO-ONE FUNCTIONS

BEFORE DIVING INTO SPECIFIC FUNCTIONS, IT’S ESSENTIAL TO UNDERSTAND THE DEFINITIONS AND SIGNIFICANCE OF ONTO AND
ONE-TO~ONE FUNCTIONS.

\WHAT IS AN ONTO (SURJECTIVE) FUNCTION?

A FUNCTION \(F: A \To B\) IS ONTO OR SURJECTIVE IF EVERY ELEMENT IN THE CODOMAIN \(B\) HAS AT LEAST ONE PRE-IMAGE
IN THE DOMAIN \(A\). IN SIMPLER TERMS:
- For eVery \(8 \IN B\), THere ExisTS AT LEAST oNe \(A \IN A\) sucH THAT \(F(a) = B\).

IMPLICATION: AN ONTO FUNCTION “COVERS” THE ENTIRE CODOMAIN; NO ELEMENT IN \(B\) IS LEFT ouUT.

WHAT IS A ONe-To-oNE (INJECTIVE) FUNCTION?

A FUNCTION \(F: A \To B\) IS ONE-TO-ONE OR INJECTIVE IF DISTINCT ELEMENTS IN THE DOMAIN MAP TO DISTINCT ELEMENTS IN
THE CODOMAIN:
-Forany \(A_T, A_2\INA), IF\(F(a_T1) =r(A_2)\), THen \(A_T = A_2)).

IMPLICATION: AN INJECTIVE FUNCTION NEVER ASSIGNS THE SAME VALUE IN THE CODOMAIN TO TWO DIFFERENT ELEMENTS IN THE
DOMAIN.

BoTH PROPERTIES AND THEIR SIGNIFICANCE

A FUNCTION THAT IS BOTH ONTO AND ONE-TO-ONE IS CALLED BUJECTIVE. SUCH FUNCTIONS ESTABLISH A PERFECT PAIRING
BETWEEN THE DOMAIN AND CODOMAIN, MEANING!:

- EVERY ELEMENT IN THE DOMAIN MAPS TO A UNIQUE ELEMENT IN THE CODOMAIN.

- EVERY ELEMENT IN THE CODOMAIN HAS A UNIQUE PRE-IMAGE IN THE DOMAIN.

ANALYZING SPECIFIC TYPES OF FUNCTIONS

IN THIS SECTION, WE'LL EXAMINE VARIOUS FUNCTIONS AND DETERMINE WHETHER THEY ARE ONTO, ONE"TO-ONE, NEITHER, OR
BOTH. EACH EXAMPLE WILL INCLUDE EXPLANATIONS AND CRITERIA USED FOR CLASSIFICATION.



1. Linear FuncTions: \(F(x) = Mx + c\)

DomaIN AND CopoMaIN: TypicaLLy, \(r: \MATHBE{R} \To \MATHBB{R}\).

ANALYSIS:

- IF \(M \neq OV):

- THE FUNCTION IS BOTH ONTO AND ONE-TO-ONE.

- \W/HY? BECAUSE THE LINE HAS A NON-ZERO SLOPE, SO IT’S STRICTLY INCREASING OR DECREASING, ENSURING INJECTIVITY. IT
ALSO SPANS ALL REAL NUMBERS, ENSURING SURJECTIVITY.

-lF\(M=0\):

- THE FUNCTION SIMPLIFIES TO \(F(X) = C\), A CONSTANT FUNCTION.

- NEITHER ONTO NOR ONE-TO-ONE:

- NoT onTo IF \(c\) IS NOT EQUAL TO ALL REAL NUMBERS.

- NOT ONE-TO-ONE BECAUSE ALL INPUTS MAP TO THE SAME OUTPUT.

SUMMARY:

| SLope \(M\) | ONTO? | ONE-TO-ONE? | EXPLANATION |

I e E—— |

| \(M \NeQ O\) | YEs | Yes | LINEAR WITH NON-ZERO SLOPE COVERS ALL \(\MATHBB{R}\) AND IS STRICTLY MONOTONIC
| \(M=0\) | No | No | CONSTANT FUNCTION, MAPS ALL INPUTS TO A SINGLE POINT |

2. QuabraTIc FuncTions: \(F(x) = Ax*2 + BX + c\)

DomaiN aND Copomain: UsuaLLy \(r: \MaTHeB{R} \To \MATHBER{R}\).

ANALYSIS:

- For \(a \ne@ O\):

- THE GRAPH IS A PARABOLA.

- |T'S NOT ONE-TO-ONE BECAUSE IT’S SYMMETRIC ABOUT THE VERTEX; TWO DIFFERENT INPUTS CAN PRODUCE THE SAME
OUTPUT.

- 1715 NoT oNTo \(AMATHBE{R}\) UNLESS THE CODOMAIN IS RESTRICTED TO THE RANGE OF THE PARABOLA (EITHER \([K,
\INETY)\) or \((-\iNFTy, k]\)), where \(k\) 1s THE vERTEX’S \(Y\)-COORDINATE.

CONCLUSION: QUADRATIC FUNCTIONS ARE GENERALLY NEITHER ONTO NOR ONE-TO~ONE WHEN CONSIDERING THE ENTIRE REAL LINE
AS THE CODOMAIN.

3. ExPonenTIAL FuncTions: \(F(x) = aA”™x\)

Domain and CopoMain: \(F: \MATHBE{R} \TO (O, \INFTY)\).

ANALYSIS:

- THE FUNCTION IS ONE-TO-ONE BECAUSE EXPONENTIAL FUNCTIONS ARE STRICTLY INCREASING (FOrR \(A > T1\)) OR DECREASING
(For \(O < A< TV)).

- 1T 15 onTO THE copoMAIN \((O, \INFTY)\), MEANING EVERY POSITIVE REAL NUMBER HAS A PRE-IMAGE.

SUMMARY:
| FUNCTION | ONTO? | ONE-TO-ONE? | EXPLANATION |

I \(F(x) = a”"x\), \(A>0\) | Yes | Yes | STriCTLY MoNoTONIC AND covers (O, ] ) |



4. LoGArITHMIC FuncTions: \(F(x) = \LoG_a x\)

DomaIN AND CopoMAiN: \(F: (O, \iINFTY) \To \MaTHBB{R]}\).
ANALYSIS:

- THE LOGARITHM FUNCTION IS ONE-TO-ONE BECAUSE IT IS STRICTLY INCREASING.
- 1115 onTo \(\MATHBB{R}\) BECAUSE FOR ANY REAL NUMBER \(Y\), THERE EXISTS \(X = A"Y\) sucH THAT \(\LoG_A x =

y\).

ConcLUsIon: LoGARITHMIC FUNCTIONS ARE BUECTIVE FRoM \((O, \INeTY)\) To \(\MATHEB{R}\).

5. AssoLuTe VALUE FuncTion: \(F(x) = |x]|\)

Domain anp CopoMain: \(F: \MATHEE{R} \To [0, \INFTY)\).
ANALYSIS:
- NoT one-To-one Becaust \(F(2) = r(-2) = 2\).

- OnTo THE copoMaIN \([O, \INFTY)\) BECAUSE EVERY NON-NEGATIVE REAL NUMBER IS ACHIEVED BY SOME \(x\).

SUMMARY:
| FUNCTION | ONTO? | ONE-TO-ONE? | EXPLANATION |

| \(Ix|\) | Yes | No | SYMMETRIC ABOUT ZERO; MAPS TWO DIFFERENT INPUTS TO THE SAME OUTPUT

6. IDenTITY FuncTion: \(F(x) = x\)

DoMaIN AND CopoMain: TypicaLLy \(F: A \To A\).
ANALYSIS:

- |T 1S BOTH ONTO AND ONE-TO-ONE.
- EACH ELEMENT MAPS TO ITSELF, ENSURING A PERFECT PAIRING.

7. ConsTANT FuncTions: \(F(x) =c\)

Domalin aND Copomalin: \(F: A \To B\).

ANALYSIS:
- NEITHER ONTO NOR ONE-TO-ONE UNLESS THE DOMAIN CONSISTS OF A SINGLE ELEMENT OR THE CODOMAIN IS A SINGLETON.



GENERAL CRITERIA FOR DETERMINING ONTO AND ONE-TO-ONE PROPERTIES

TO SYSTEMATICALLY ASSESS FUNCTIONS, CONSIDER THE FOLLOWING CRITERIA:

CRITERIA FOR ONTO (SURJECTIVE) FUNCTIONS

- CHECK IF EVERY ELEMENT IN THE CODOMAIN HAS A PRE-IMAGE.
- For ALGEBRAIC FUNCTIONS, SOLVE \(F(x) = v\) For \(x\), civen An arBITRARY \(Y \IN\) cODOMAIN.
- FOR POLYNOMIAL FUNCTIONS, ANALYZE THE RANGE BASED ON CRITICAL POINTS AND END BEHAVIOR.

CRITERIA FOR ONe-TO-ONE (INJECTIVE) FUNCTIONS

- CHeck IF \(F(a) = r(®)\) mpLIES \(A = B\).
- FOR CONTINUOUS FUNCTIONS, VERIFY IF THE FUNCTION IS STRICTLY MONOTONIC OVER THE DOMAIN.
- USE DERIVATIVES: A NON-ZERO DERIVATIVE THROUGHOUT THE DOMAIN INDICATES MONOTONICITY AND INJECTIVITY.

SUMMARY T ABLE oF FUNCTION CLASSIFICATIONS

| FuncTION Type | ONTO? | ONE-TO-ONE? | REMARKS |

e R -
| Linear (\(Mx + c\), \(M \Neq 0\)) | Yes | Yes | Covers ALL \(\MaTHBB{R}\), STRICTLY MONOTONIC |
| QUADRATIC | No | No | SYMMETRIC PARABOLA, NOT INJECTIVE OR SURIECTIVE OVER \(\MATHBE{R}\) |

| ExponenTiAaL (\(a"x\), \(a > 0\)) | Yes | Yes | STricTLY MonoToniC, covers \((O, \INFTY)\) |

| LocariTHM (\(\LoG_a x\)) | Yes | Yes | INverse oF exponenTIAL, covers \(\MATHe&{R}\) |

| AesoLuTE VALUE | YEs | No | NoT inecTive, covers \([O, \INeTY)\) |

| IDENTITY |

FREQUENTLY AskeD QUESTIONS

GIVEN A FUNCTION F: R[F] R DEFINED BY F(X) = 2xX + 3, IS THIS FUNCTION ONTO, ONE-
TO-ONE, NEITHER, OR BOTH?

THE FUNCTION IS BOTH ONE-TO-ONE AND ONTO (BUECTIVE) BECAUSE IT IS A LINEAR FUNCTION WITH A NON-ZERO SLOPE,
COVERING ALL REAL NUMBERS WITHOUT DUPLICATES.

FOR THE FUNCTION G:R[F] R DEFINED BY G(X) = X" 2, IS THIS FUNCTION ONTO, ONE-TO-
ONE, NEITHER, OR BOTH?

THe FUNCTION G(X) = X2 IS NEITHER ONTO NOR ONE-TO-ONE BECAUSE IT IS NOT ONTO (DOES NOT COVER ALL REAL
NUMBERS) AND NOT ONE-To-oNE (SINCE G(2) = c(-2)).

Consiber H: R P} R periNeD BY H(X) = E*%. IS H ONTO, ONE-TO-ONE, NEITHER, OR
BOTH?

THE FUNCTION H(X) = E"X IS BOTH ONE-TO-ONE AND ONTO ITS IMAGE (THE POSITIVE REAL NUMBERS), BUT NOT ONTO ALL OF
R UNLESS THE CODOMAIN IS sPECIFIED AS (O, ] ).



IS THE FUNCTION F(X) = SIN X FROM R TO R ONE-TO-ONE, ONTO, NEITHER, OR BOTH?

THE SINE FUNCTION IS NEITHER ONE-TO-ONE NOR ONTO R, AS IT IS PERIODIC AND ITS RANGE IS LIMITED TO [‘ 1 , ]]

FOR THE FUNCTION G: R F] R DEFINED BY G(X) = x"3, IS IT ONTO, ONE-TO-ONE, BOTH,
OR NEITHER?

THE FUNCTION G(X) = x"3 IS BOTH ONE-TO-ONE AND ONTO R, MAKING IT A BIJECTIVE FUNCTION.

CONSIDER THE FUNCTION H(X) = [X] FRoM R To R. IS H ONTO, ONE-TO-ONE, NEITHER,
OR BOTH?

THE ABSOLUTE VALUE FUNCTION H(X) = |x]| IS NEITHER ONTO R (SINCE IT ONLY OUTPUTS NON-NEGATIVE NUMBERS) NOR ONE-
To-onEe (sINcE H(2) = H(-2)).

Is THE FUNCTION F: R[] R DEFINED BY F(X) = O, A CONSTANT FUNCTION, ONTO, ONE-
TO-ONE, BOTH, OR NEITHER?

THE CONSTANT FUNCTION F(X) = 0 IS NEITHER ONTO R NOR ONE-TO-ONE, AS IT MAPS ALL INPUTS TO A SINGLE VALUE.

For THE FUNCTION G: R [F] R DEFINED BY G(X) = X2 + 1, IS G ONTO, ONE-TO-ONE,
BOTH, OR NEITHER?

THE FUNCTION G(X) = X2 + 1 IS NEITHER ONTO R (SINCE ITS RANGE IS [ 1, [F] )) Nor one-To-onEe (sINce 6( 1) = 6(-1)).

Consiper H: R[] R DerINED BY H(x) = x / (1 + x"2). |s H ONTO, ONE-TO-ONE, BOTH,
OR NEITHER?

THE FUNCTION H(X) = x / (T + x"2) IS BOTH ONE-TO-ONE AND ONTO ITS RANGE (0.5, 0.5), BUT NOT ONTO ALL OF R
UNLESS THE CODOMAIN IS SPECIFIED AS THAT INTERVAL.

Is THE FUNCTION F(X) = x4 FROM R TO R ONTO, ONE-TO-ONE, BOTH, OR NEITHER?

THe FUNCTION F(X) = X4 15 NEITHER ONTO R (SINCE oUTPUTS ARE > 0) Nor oNe-To-oNE (SINCE F(2) = F(-2)).

ADDITIONAL RESOURCES

For EAcH OF THe FUNCTIONS BELOW, INDICATE WHETHER THE FUNCTION IS ONTO, ONE-TO-ONE, NEITHER OR BOTH

UNDERSTANDING THE FUNDAMENTAL CONCEPTS OF FUNCTIONS—PARTICULARLY WHETHER THEY ARE ONTO, ONE"TO-ONE, BOTH,
OR NEITHER—IS ESSENTIAL IN VARIOUS FIELDS OF MATHEMATICS, COMPUTER SCIENCE, AND RELATED DISCIPLINES. THESE
CLASSIFICATIONS HELP US ANALYZE HOW FUNCTIONS BEHAVE WITH RESPECT TO THEIR INPUTS AND OUTPUTS, PROVIDING
INSIGHT INTO THEIR STRUCTURE AND POTENTIAL APPLICATIONS. THIS COMPREHENSIVE REVIEW EXPLORES THESE CONCEPTS IN
DETAIL, OFFERING CLARITY ON EACH CLASSIFICATION AND PRACTICAL CONSIDERATIONS FOR IDENTIFYING THE NATURE OF
DIFFERENT FUNCTIONS.



FUNDAMENTAL DerINITIONS AND CONCEPTS

BEFORE DIVING INTO SPECIFIC FUNCTIONS, IT’S CRUCIAL TO ESTABLISH CLEAR DEFINITIONS:

- ONe-To-oNE (INECTIVE): A FUNCTION \(F: A \To B\) Is oNe-To-ONE IF DIFFERENT INPUTS IN \(A\) MAP TO DIFFERENT
ouTpuTs IN \(B\). ForMALLY, IF \(F(x_1) = r(x_2)\), THen \(x_1 = x_2\).

- OnTo (SuriecTIVE): A FUNCTION \(F: A \To B\) Is onTO IF EVERY ELEMENT IN \(B\) HAS AT LEAST ONE PRE-IMAGE IN
\(A\). THAT 15, For EVERY \(B \IN B\), THERE EXISTS AT LEAST ONE \(A \IN A\) sucH THAT \(F(a) = &\).

- BoTH (BUECTIVE): A FUNCTION THAT IS BOTH ONE-TO-ONE AND ONTO IS CALLED BIECTIVE. SUCH FUNCTIONS ESTABLISH A
PERFECT PAIRING BETWEEN ELEMENTS oF \(A\) anp \(B\).

- NEITHER: IF A FUNCTION DOES NOT SATISFY THE CONDITIONS FOR BEING ONTO OR ONE-TO-ONE, IT FALLS INTO THIS
CATEGORY.

UNDERSTANDING THESE DISTINCTIONS IS VITAL FOR ANALYZING SPECIFIC FUNCTIONS, ESPECIALLY WHEN CONSIDERING THEIR
INVERTIBILITY, RANGE, AND DOMAIN PROPERTIES.

ANALYZING CoMMON TYPES OF FUNCTIONS

BELO\X/, WE EXAMINE VARIOUS FUNCTIONS, DETERMINE THEIR NATURE CONCERNING BEING ONTO, ONE-TO-ONE, BOTH, OR NEITHER,
AND DISCUSS THEIR FEATURES, ADVANTAGES, AND LIMITATIONS.

LiNeaR FuncTions: \(F(x) = mMx + c\)

OVERVIEW: LINEAR FUNCTIONS ARE AMONG THE SIMPLEST AND MOST STUDIED FUNCTIONS, WITH THEIR GRAPH BEING A STRAIGHT
LINE.

ARE THEY ONTO?
- Over THE REAL NUMBERS \(\MATHBB{R}\), LINEAR FUNCTIONS WITH \(M \NeQ O\) Are onTo \(\MaTHBB{R]}\).
- For exaMpLE, \(F(x) = 3x + 2\) CAN PRODUCE ANY REAL NUMBER BY CHOOSING AN APPROPRIATE \(x\).

ARE THEY ONE-TO-ONE?
- WHeN \(M \NEQ O\), THEY ARE ONE-TO-ONE BECAUSE THE SLOPE ENSURES A UNIQUE OUTPUT FOR EACH INPUT.

CLASSIFICATION:
- Over \(\MATHBB{R}\), WiTH \(M \NEQ O\): BOTH ONTO AND ONE-TO-ONE (BUECTIVE).
- IF \(M=0\): THE FUNCTION IS CONSTANT; NEITHER ONTO (UNLESS THE CODOMAIN IS A SINGLETON) NOR ONE-TO-ONE.

Pros:
- SIMPLE TO ANALYZE AND INVERTIBLE WHEN \(M \NEQ O\).
- WIDELY APPLICABLE IN MODELING LINEAR RELATIONSHIPS.

Cons:
- LIMITED TO LINEAR RELATIONSHIPS; CANNOT CAPTURE NONLINEAR PHENOMENA.



QuabrATIC FuncTIons: \(F(Xx) = AX"2 + BX + C\)

OVERVIEW: QUADRATIC FUNCTIONS HAVE PARABOLIC GRAPHS AND ARE FUNDAMENTAL IN ALGEBRA.

ARE THEY ONTO?
- Over \(\MATHEB{R}\), QUADRATIC FUNCTIONS ARE GENERALLY NOT ONTO \(\MATHEB{R}\) BECAUSE THEY HAVE A RANGE
ResTRICTED To \([k, \INFTY)\) or \((-\INFTY, k]\), DEPENDING ON THE PARABOLA’S ORIENTATION.

ARE THEY ONE-TO-ONE?
- NoT one-To-one over \(\MATHBB{R}\) BECAUSE THEY ARE SYMMETRIC ABOUT THE VERTEX. FOR ExAMPLE, \(F(2) = 4))

anp \(F(-2) = 4\).

CLASSIFICATION:
- NEITHER ONTO NOR ONE-TO-0ONE OVER \(\MATHEB{R}\).
- THey ARe NOT INVERTIBLE oVER \(AMATHEB{R}\) WITHOUT RESTRICTING THE DOMAIN.

FEATURES:
- USEFUL IN MODELING ACCELERATION, PROJECTILE MOTION, ETC.
- CAN BE MADE INVERTIBLE BY RESTRICTING THE DOMAIN TO ONE SIDE OF THE VERTEX.

Pros:
- MODELS NONLINEAR RELATIONSHIPS EFFECTIVELY.

Cons:
- LIMITED INVERTIBILITY UNLESS DOMAIN RESTRICTIONS ARE APPLIED.

ExponeNTIAL FUNcTions: \(F(x) = A”"x\)

OVERVIEW: EXPONENTIAL FUNCTIONS EXHIBIT RAPID GROWTH OR DECAY AND ARE KEY IN MANY SCIENTIFIC CONTEXTS.

ARE THEY ONTO?
- Over \(\MATHBB{R}\) To \(\MATHBB{R}"+\), THEY ARE ONTO BECAUSE \(A"X > 0\) FOR ALL REAL \(X\).

ARE THEY ONE-TO-ONE?
- YES, EXPONENTIAL FUNCTIONS ARE STRICTLY INCREASING (OR DECREASING IF \(O < A < T\)), MAKING THEM ONE-TO-ONE
over \(AMaTHBB{R}\).

CLASSIFICATION:
- ByecTive Frrom \(AMaTHBB{R}\) To \(AMATHBB{R}"+\).

FEATURES:
- CONTINUOUS, DIFFERENTIABLE, AND INVERTIBLE (VIA LOGARITHM).

Pros:
- USEFUL FOR MODELING GROW TH PROCESSES, RADIOACTIVE DECAY, FINANCE, ETC.
- EASY TO INVERT USING LOGARITHMS.

Cons:
- NoT onTo \(AMAaTHEB{R}\) UNLESS THE CODOMAIN IS RESTRICTED.



LoGArITHMIC FuncTions: \(F(X) = \LoG_a x\)

OVERVIEW: LOGARITHMS ARE THE INVERSE OF EXPONENTIAL FUNCTIONS.

ARE THEY ONTO?
- Yes, rRoM \(\MATHEE{R}"+\) To \(\MATHBB{R}\), THEY ARE ONTO BECAUSE FOR EVERY REAL NUMBER \(Y\), THERE EXISTS

\(x = a"v\).

ARE THEY ONE-TO-ONE?
- YES, STRICTLY INCREASING FUNCTIONS ARE ONE-TO-ONE.

CLASSIFICATION:
- ByecTive Frrom \(A\MaTHBB{R}"+\) To \(AMATHBB{R}\).

FEATURES:
- USED TO SOLVE EXPONENTIAL EQUATIONS AND ANALYZE MULTIPLICATIVE RELATIONSHIPS.

Pros:
- INVERSE OF EXPONENTIAL FUNCTIONS, MAKING ANALYSIS STRAIGHTFORW ARD.

Cons:
- DEFINED ONLY FOR POSITIVE REAL NUMBERS, LIMITING DOMAIN.

PIECEWISE FUNCTIONS

FUNCTIONS DEFINED BY DIFFERENT EXPRESSIONS OVER DIFFERENT PARTS OF THEIR DOMAIN CAN BE COMPLEX TO CLASSIFY.

ARE THEY ONTO?
- DEPENDS ON THE SPECIFIC PIECES; SOME MAY BE ONTO OVER THEIR COMBINED RANGE, OTHERS NOT.

ARE THEY ONE-TO-ONE?
- ALso VARIES; SOME PIECES MAY BE ONE-TO-ONE, BUT OVERALL THE FUNCTION MAY NOT BE.

ExAMPLE:

\[

F(x) =
\BEGIN{CASES}

x"2 & x \Leq 0 \\
2x+ 1§ x>0
\eno{cases}

\]

- THE FIRST PIECE IS NOT ONE-TO-ONE OVER \(\MATHBB{R}\), As \(F(-1) = 1\) anp \(r(1) = 3\).
- THE SECOND PIECE IS LINEAR AND ONE-TO-ONE.

CLASSIFICATION:
- GENERALLY REQUIRES CASE-BY-CASE ANALYSIS.

FEATURES:
- HIGHLY FLEXIBLE, ADAPTABLE TO COMPLEX REAL-WORLD SCENARIOS.

Pros:
- CAN MODEL FUNCTIONS WITH DIFFERENT BEHAVIORS.



Cons:
- CAN BE DIFFICULT TO ANALYZE GLOBALLY INVERTIBILITY AND ONTO-NESS DEPEND ON THE PIECES.

SpPecIAL CONSIDERATIONS IN FUNCTION CLASSIFICATION

W/HEN ANALYZING WHETHER A FUNCTION IS ONTO OR ONE-TO-ONE, CONSIDER THE FOLLOWING:

- DoMAIN AND CODOMAIN: THE CLASSIFICATION HEAVILY DEPENDS ON WHAT THE DOMAIN AND CODOMAIN ARE SPECIFIED TO BE.
For EXAMPLE, A FUNCTION MIGHT BE ONTO \(\MATHEB{R}\) BUT NOT ONTO \(\MATHEB{R}"+\).

- RESTRICTIONS: SOMETIMES, RESTRICTING THE DOMAIN OR CODOMAIN CAN CHANGE THE NATURE OF THE FUNCTION. FOR
INSTANCE, A QUADRATIC FUNCTION BECOMES INVERTIBLE IF WE RESTRICT THE DOMAIN To \([O, \INFTY)\).

- FUNCTION INVERSES: BIECTIVE FUNCTIONS ARE INVERTIBLE, UNDERSTANDING WHETHER AN INVERSE EXISTS HELPS CLASSIFY THE
FUNCTION.

- GRAPHICAL ANALYSIS: PLOTTING THE FUNCTION CAN OFTEN GIVE QUICK VISUAL INSIGHT INTO WHETHER THE FUNCTION IS ONE-
TO-ONE OR ONTO.

PRACTICAL APPLICATIONS AND IMPLICATIONS

KNOWING WHETHER A FUNCTION IS ONTO, ONE-TO-ONE, BOTH, OR NEITHER HAS PRACTICAL SIGNIFICANCE:

- INVERSION AND SOLVING EQUATIONS: ONLY BECTIVE FUNCTIONS ARE INVERTIBLE OVER THEIR ENTIRE DOMAINS, WHICH IS
ESSENTIAL FOR SOLVING EQUATIONS EXPLICITLY.

- MODELING REAL-W/ ORLD PHENOMENA: FUNCTIONS THAT ARE ONTO ENSURE ALL POSSIBLE OUTCOMES IN THE CODOMAIN ARE
ATTAINABLE, CRITICAL IN MODELING EFFORTS.

- DATA ANALYSIS: RECOGNIZING ONE-TO-ONE FUNCTIONS ALLOWS FOR UNIQUE DATA TRANSFORMATIONS, IMPORTANT IN
ENCODING AND DECODING.

- MATHEMATICAL PROOFS: MANY THEOREMS REQUIRE FUNCTIONS TO BE BECTIVE TO ESTABLISH EQUIVALENCES OR
ISOMORPHISMS.

CONCLUSION

IN SUMMARY, CLASSIFYING FUNCTIONS AS ONTO, ONE-TO-ONE, BOTH, OR NEITHER PROVIDES A FOUNDATIONAL UNDERSTANDING
OF THEIR BEHAVIOR AND UTILITY. LINEAR FUNCTIONS WITH NON-ZERO SLOPE OFTEN EXHIBIT BOTH PROPERTIES, MAKING THEM
ESPECIALLY USEFUL IN INVERTIBLE MAPPINGS. NONLINEAR FUNCTIONS, SUCH AS QUADRATIC AND SOME PIECEWISE FUNCTIONS,
TEND TO LACK EITHER INJECTIVITY OR SURJECTIVITY UNLESS DOMAIN RESTRICTIONS ARE
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