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Simultaneously.f(x,y) = is a fundamental problem in multivariable calculus, often
encountered when analyzing the critical points of a function. These critical points are
essential for understanding the behavior of functions, such as identifying local maxima,
minima, and saddle points. By solving the system of equations where the partial
derivatives \( F_x(x,y) \) and \( F_y(x,y) \) simultaneously equal zero, mathematicians and
students can determine the points where the function's rate of change in both directions is
zero. This process forms the foundation of many applications across physics, engineering,
economics, and data science, making it a crucial topic of study.

In this comprehensive guide, we will explore the methods and strategies to find all pairs
\((x,y)\) that satisfy the simultaneous conditions \( F x(x,y) = 0\) and \( F_y(x,y) = 0\). We
will delve into the theoretical aspects, step-by-step procedures, and practical examples to
ensure a clear understanding of this important calculus problem.

Understanding the Problem: Critical Points in
Multivariable Functions

What Are Critical Points?

Critical points of a function \( F(x,y) \) are points where the function's gradient vector is
zero. The gradient vector is composed of the partial derivatives:

tLabIa F(x,y) = \left( F_x(x,y), F _y(x,y) \right)

1\61 critical point occurs when:

}J[_X(x,y) = 0 \quad \text{and} \quad F y(x,y) =0

ginding these points involves solving the system of equations simultaneously.

Why Are Critical Points Important?

Critical points help in:

- Locating potential maxima, minima, or saddle points.

- Analyzing the shape and behavior of the function.

- Optimizing functions in various applications like economics, engineering, and machine



learning.

Mathematical Foundations for Finding Critical
Points

Partial Derivatives and Gradient Vector

Understanding how to compute the partial derivatives \( F x\) and \( F_y ) is crucial.
These derivatives measure how the function changes as \( x\) and \( y \) vary
independently.

Setting Up the System of Equations

The key step involves setting:

\[
\begin{cases}
F x(x,y) = 0\\
F y(xy)=0
\end{cases}
\]

and solving for \( x\) and \(y \).

Methods for Solving the System

- Substitution Method: Solve one equation for one variable and substitute into the other.
- Elimination Method: Combine equations to eliminate one variable.

- Graphical Method: Plot the equations and identify intersection points.

- Numerical Methods: Use computational algorithms for complex functions.

Step-by-Step Approach to Find Critical Points

Step 1: Compute Partial Derivatives

Given the function \( F(x,y) \), find \( F x\) and \( F_y\). This involves differentiating with
respect to each variable while treating the other as a constant.



Step 2: Set Partial Derivatives Equal to Zero

Form the system:

\[
\begin{cases}
F x(x,y) = 0 \\
F yxy) =0
\end{cases}
\]

and write down these equations explicitly.

Step 3: Solve the System of Equations

Use appropriate algebraic techniques to find all solutions:

- For simple functions, algebraic manipulation suffices.

- For complex functions, numerical algorithms or software tools like WolframAlpha,
MATLAB, or Wolfram Mathematica can be used.

Step 4: Verify and Classify Critical Points

Once potential critical points are identified, analyze each to determine whether it is a
maximum, minimum, or saddle point using second derivative tests or other criteria.

Practical Examples of Finding Critical Points

Example 1: Simple Polynomial Function
Consider \( F(x,y) =x"2 +y™2)

- Compute derivatives:

\[
F x =2x,\quad F y = 2y
\]
- Set derivatives to zero:
\[

2x = 0 \Rightarrow x=0 \\
2y = 0 \Rightarrow y=0
\]

- Critical point: \((0,0)\)

Example 2: A More Complex Function
Let \( F(x,y) =x73-3xy"™2\)



- Derivatives:

\[

F x=3x"2-3y"2,\quad F y = -6xy
\]

- Set to zero:

\[

3x72 - 3y”™2=0 \Rightarrow x~2 = y~2 \\

-6xy=0 \Rightarrow xy=0

\]

- Solve:

- If \( xy=0), then either \( x=0\) or \( y=0).

-If\( x=0)), then from \( x"~2=y"2\), \( 0=y~ 2 \Rightarrow y=0\).
-If\(y=0)), then \( x~2=0 \Rightarrow x=0\).

- Critical point: \((0,0)\)

Advanced Techniques for Finding Critical Points

Using Lagrange Multipliers

When critical points are constrained by an additional condition \( G(x,y)=0\), the method
of Lagrange multipliers helps find points that optimize \( F \) subject to the constraint.

Employing Software Tools

For complex functions where manual solving is infeasible, computational tools are
invaluable:

- WolframAlpha

- MATLAB

- Mathematica

- Python libraries (SymPy, NumPy)

Analyzing the Nature of Critical Points

After finding potential points, apply the second derivative test:
- Compute the Hessian matrix:

\[

H = \begin{bmatrix}

F {xx} & F {xy} \\

F {yx} &F_{yy}

\end {bmatrix}

\]
- Determine the definiteness of \( H\) at each critical point.



Applications of Finding Critical Points

Optimization in Economics

Maximize profit functions or minimize costs by identifying critical points.

Engineering Design

Determine optimal parameters for systems to achieve desired performance.

Physics and Natural Sciences

Find equilibrium points in physical systems modeled by functions of multiple variables.

Machine Learning and Data Science

Identify minima of loss functions to improve model performance.

Summary and Key Takeaways

- Finding all pairs \((x,y)\) such that \( F x(x,y)=0\) and \( F_y(x,y)=0) involves solving a
system of equations derived from the partial derivatives.

- The process includes calculating derivatives, setting them equal to zero, and solving
algebraically or numerically.

- Critical points are essential for understanding the behavior and optimizing multivariable
functions.

- Practical tools and techniques, including second derivative tests and computational
software, facilitate analysis of complex functions.

- Mastery of these methods is vital across various scientific and engineering disciplines.

Final Thoughts

Mastering the process of finding all values of \( x \) and \( y \) such that \( F_x(x,y)=0\) and
\( F y(x,y)=0) is a cornerstone skill in multivariable calculus. Whether dealing with
simple polynomial functions or complex real-world models, understanding these
techniques allows for deeper insight into the function's behavior, enabling effective
optimization and analysis. As you continue to explore this topic, practice with diverse
functions and leverage computational tools to enhance your proficiency.
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Frequently Asked Questions

How do I find all values of x and y such that the partial
derivatives Fx(x,y) and Fy(x,y) are both zero for a given
function f(x,y)?

To find all (x, y) where Fx(x,y) = 0 and Fy(x,y) = 0 simultaneously, first compute the
partial derivatives of f with respect to x and y, then solve the system of equations Fx(x,y) =
0 and Fy(x,y) = 0 together. The solutions will be the critical points where the gradient is
Zero.

What is the significance of solving Fx(x,y) = 0 and
Fy(x,y) = 0 simultaneously in multivariable calculus?

Solving Fx(x,y) = 0 and Fy(x,y) = 0 simultaneously helps identify critical points of the
function f(x,y), which are potential locations of local maxima, minima, or saddle points.
These points are essential for understanding the function's behavior.

Can you provide an example of finding all (x,y) such that
Fx(x,y) = 0 and Fy(x,y) = O for a specific function?

Sure! For example, if f(x,y) = x~2 + y”~2, then Fx = 2x and Fy = 2y. Setting both equal to
zero gives 2x = 0 and 2y = 0, so the only critical point is at (0,0).

What strategies can I use to solve the system of
equations Fx(x,y) = 0 and Fy(x,y) = 0 when they are
nonlinear?

For nonlinear systems, methods include substitution, elimination, or using substitution to
reduce the system to a single variable. Alternatively, graphical methods or numerical
solvers can help find solutions when algebraic solutions are difficult.



How do these critical points relate to the second
derivative test or classification of points on the surface?

Once critical points are identified by solving Fx(x,y) = 0 and Fy(x,y) = 0, the second
derivative test (involving second partial derivatives) can be used to classify these points as
local maxima, minima, or saddle points, helping understand the surface's shape.

Additional Resources

For F(x,y), Find All Values Of X And Y Such That Fx(x,y) = 0 And Fy(x,y) = 0
Simultaneously.

In the realm of multivariable calculus, understanding the behavior of a function of two
variables—denoted as \(f(x,y)\)—is fundamental to many branches of mathematics, physics,
engineering, and beyond. A core aspect of this analysis involves the investigation of the
function's critical points, which are points where the function's rate of change vanishes in
all directions. These points are characterized precisely by the simultaneous nullification of
the partial derivatives \(f x\) and \(f y\). This article offers a comprehensive exploration of
the problem: Given a function \(f(x,y)\), find all points \((x,y)\) such that \(f x(x,y) = 0\) and
\(f y(x,y) = 0\) simultaneously. We will delve into the theoretical foundations, practical
methods, illustrative examples, and the significance of these critical points in various
applications.

Understanding Critical Points in Multivariable
Functions

Definition and Significance

In single-variable calculus, critical points occur where the first derivative \(f'(x)\) equals
zero or does not exist, indicating potential maxima, minima, or saddle points. Extending
this to functions of two variables, \(f(x,y)\), the concept involves the gradient vector:

\[
\nabla f(x,y) = \left( \frac{\partial f} {\partial x}, \frac{\partial f} {\partial y} \right) = (f x,

fy).
\]

Critical points are precisely those points where the gradient vector is the zero vector:

\[
f x(x,y) = 0, \quad f y(x,y) = 0.
\]



These points are significant because they often mark locations where the function attains
local extrema (maximum or minimum) or saddle points—points that are neither maxima
nor minima but where the surface changes concavity.

Mathematical Context

The set of points \(\{(x,y) \mid f x(x,y) = 0, \quad f y(x,y) = O\}\) is known as the critical
set of \(f\). Detecting and analyzing this set forms the foundation for techniques such as:

- Optimization problems: Finding absolute or local extrema within certain domains.

- Differential topology: Classifying points based on the nature of the critical points.
- Economics and physics: Identifying equilibrium states and potential energy minima.

Methodology: Finding Critical Points
\(\mathbf{(x,y) }\)

Step 1: Compute Partial Derivatives

Given a specific function \(f(x,y)\), the first step is to find its partial derivatives with
respect to \(x\) and \(y\):

\[

f x(x,y) = \frac{\partial f}{\partial x}, \quad f y(x,y) = \frac{\partial f} {\partial y}.
\]

This involves differentiating \(f\) treating the other variable as a constant.

Step 2: Set Partial Derivatives Equal to Zero

Next, establish the system of equations:

\[
\begin{cases}
f x(x,y) =0, \\
f y(x,y) = 0.
\end{cases}
\]

Solving this system yields potential critical points.



Step 3: Solve the System of Equations

Depending on the form of \(f\), solving these equations may involve:

- Algebraic manipulation

- Substitution

- Factoring

- Use of numerical methods for complex or transcendental functions

The solutions \((x,y)\) are candidates for critical points.

Step 4: Classify Critical Points

Once critical points are identified, the next step is to determine their nature—whether
they correspond to maxima, minima, or saddle points. This is typically achieved via the
second derivative test for functions of two variables.

Second Derivative Test and Critical Point
Classification

Hessian Determinant and Discriminant

The second derivative test involves computing the second-order partial derivatives:

\[

f {xx} = \frac{\partial™~2 f}{\partial x~2}, \quad f {yy} = \frac{\partial~2 f}{\partial
y~2},\quad f {xy} = \frac{\partial™2 f} {\partial x \partial y}.

\]

Define the Hessian determinant:

\[
D =f {xx} \cdot f {yy} - (f {xy})"~2.
\]

-If\(D > 0\) and \(f {xx} > 0\), then \(\text{critical point}\) is a local minimum.
-If\(D > 0\) and \(f {xx} < 0\), then the critical point is a local maximum.

- If \(D < 0\), the critical point is a saddle point.

- If \(D = 0\), the test is inconclusive, and further analysis is needed.



Illustrative Examples of Finding Critical Points

Example 1: A Polynomial Function

Suppose:

\[

fxy) =x"2 +y"2.
\]

Step 1: Compute partial derivatives:

\[
f x = 2x, \quad f y = 2y.
\]

Step 2: Set equal to zero:

\[

2x = 0 \Rightarrow x=0, \quad 2y= 0 \Rightarrow y=0.
\l

Solution: The only critical point is \((0,0)\).

Step 3: Second derivatives:

\[
f {xx} =2,\quad f {yy} =2, \quad f {xy} = 0.
\]

Hessian determinant:
\[

D=2\times2-0"2=4 >0,
\]

and \(f {xx} > 0\), indicating a local minimum at \((0,0)\).

Example 2: A Trigonometric Function

Let:

\[
f(x,y) = \sin x \cdot \cos y.



\]

Step 1: Partial derivatives:

\[
f x = \cos x \cdot \cos y, \quad f y = -\sin x \cdot \sin y.
\]

Step 2: Set to zero:

\[
\cos x \cdot \cos y = 0, \quad -\sin x \cdot \sin y= 0.
\]

This leads to two equations:

\[

\cos x = 0 \quad \text{or} \quad \cos y=0,
\]

and

\[
\sin x= 0 \quad \text{or} \quad \sin y= 0.
\]

Step 3: Find solutions:

-\(\cos x=0 \Rightarrow x = \frac{\pi}{2} + k\pi,\quad k \in \mathbb{Z}\).
-\(\cos y=0 \Rightarrow y= \frac{\pi} {2} + m\pi,\quad m \in \mathbb{Z}\).
-\(\sin x= 0 \Rightarrow x= k\pi,\quad k \in \mathbb{Z}\).
-\(\sin y= 0 \Rightarrow y= n\pi,\quad n \in \mathbb{Z}\).

The critical points are all points where these conditions intersect, leading to a lattice of
solutions.

Applications and Implications of Critical Point
Analysis

Optimization and Economics

In economics, multivariable functions often represent cost, utility, or profit surfaces.
Critical points determine optimal strategies, maximum profit, or minimal costs. For
example, a company might analyze a profit function \(f(x,y)\) representing profit based on
two input variables, seeking critical points to identify ideal production levels.



Physics and Energy Landscapes

Potential energy functions in physics often depend on multiple coordinates. Critical points
correspond to equilibrium states—stable, unstable, or saddle points—dictating the stability
of physical systems.

Engineering and Design

Design optimization involves finding critical points that maximize efficiency or minimize
material use. For example, in structural engineering, stress and strain functions depend
on multiple parameters, and identifying critical points ensures safe and efficient designs.

Mathematical and Scientific Research

Critical point analysis underpins theories in differential topology, Morse theory, and
bifurcation analysis, providing insights into the qualitative behavior of complex systems.

Challenges and Considerations in Finding Critical
Points

Complexity of Equations

The primary challenge is solving the system:

\[
f x(x,y) =0, \quad f y(x,y) =0,
\]

which may involve nonlinear, transcendental, or complicated algebraic equations. In such
cases, analytical solutions might be infeasible, necessitating numerical methods such as
Newton-Raphson or
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