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Introduction to Plane Stress State

Understanding the concept of plane stress is fundamental in the field of solid mechanics and
structural analysis. Plane stress occurs in thin structures where the thickness is small compared to
other dimensions, such as metal sheets or thin plates. In such conditions, the stress component
perpendicular to the plane (usually denoted as \(\sigma z\)) and the shear stresses involving the
thickness direction (\(\tau_{xz}\) and \(\tau {yz}\)) are assumed to be negligible or zero. This
simplifies the three-dimensional stress state into a two-dimensional problem, allowing engineers and
scientists to analyze and predict the behavior of the material under various loading conditions
effectively.

In this article, we aim to provide a comprehensive approach to determine the principal planes and
principal stresses for a given state of plane stress. These are critical parameters in failure analysis,

stress transformation, and structural design, as they reveal the maximum and minimum normal
stresses and their orientations.

Understanding the Stress Components in Plane Stress

Stress Components in the Plane

In a plane stress condition, the stress components are typically represented as:
- Normal stresses: \(\sigma_x\) and \(\sigma_y\), acting perpendicular to the x and y axes,
respectively.

- Shear stress: \(\tau {xy}\), acting parallel to the plane, causing shear deformation.

The out-of-plane stresses \(\sigma z\), \(\tau_{xz}\), and \(\tau_{yz}\) are assumed to be zero because
of the thinness of the structure.

This simplifies the stress tensor to:



\[

\boldsymbol{\sigma} =
\begin{bmatrix}
\sigma x & \tau_{xy} \\
\tau {xy} & \sigma y
\end {bmatrix}

\]

Step-by-Step Approach to Determine Principal Stresses
and Planes

1. Understanding the Significance of Principal Stresses and
Planes

Principal stresses are the maximum and minimum normal stresses at a point, occurring on specific
planes called principal planes. These stresses are critical because:

- They are normal stresses, free of shear.

- They often dictate failure modes according to various failure theories.

- Knowing the orientation of principal planes helps in designing components that avoid critical stress
orientations.

2. Mathematical Formulation of the Problem

Given the stress components \(\sigma x\), \(\sigma y\), and \(\tau_{xy}\), the goal is to find:

- The principal stresses, \(\sigma 1\) and \(\sigma_2\),
- The angles \(\theta p\) corresponding to the principal planes where these stresses act.

3. Deriving the Principal Stresses

The principal stresses are the eigenvalues of the stress tensor:

\[

\boldsymbol{\sigma} =
\begin{bmatrix}
\sigma x & \tau_{xy} \\
\tau {xy} & \sigma y
\end{bmatrix}

\]



The eigenvalues, which are the principal stresses, are obtained by solving the characteristic
equation:

\[
\det(\boldsymbol{\sigma} - \sigma I) = 0
\]

Expanding this determinant:

\[

\left|

\begin{bmatrix}

\sigma _x - \sigma & \tau_{xy} \\
\tau {xy} & \sigma y - \sigma

\end{bmatrix}
\right| = 0
\]

which simplifies to:

\[
(\sigma_x - \sigma)(\sigma _y - \sigma) - \tau_{xy}"2 =0
\]

Expanding further:

\[
\sigma”2 - (\sigma x + \sigma y)\sigma + (\sigma x \sigma y - \tau {xy}~2) =0
\]

This quadratic equation yields the two principal stresses:

\[

\sigma {1,2} = \frac{\sigma x + \sigma y}{2} \pm \sqrt{\left(\frac{\sigma x -
\sigma y}{2}\right)~2 + \tau {xy}"2}

\]

where:

-\(\sigma 1)) is the maximum principal stress,
-\(\sigma_2\) is the minimum principal stress.

4, Determining the Orientation of Principal Planes

The angles \(\theta p\) at which the principal stresses act are found using the following relation:

\[
\tan 2\theta p = \frac{2 \tau_{xy}}{\sigma x - \sigma y}
\]



This equation yields two angles corresponding to the principal planes:

\[
\theta p = \frac{1}{2} \arctan \left( \frac{2 \tau {xy}}{\sigma x - \sigma y} \right)
\]

The principal planes are oriented at \(\theta p\) and \(\theta p + 90" \circ\), corresponding to the
maximum and minimum normal stresses.

Practical Example and Calculation

Given Data

Suppose the stress components are:

-\(\sigma x = 50\, \text{MPa}\),
-\(\sigma_y = 20\, \text{MPa}\),
-\(\tau_{xy} = 30\, \text{MPa}\).

Calculating Principal Stresses

1. Compute the average:

\[
\frac{\sigma x + \sigma y}{2} = \frac{50 + 20} {2} = 35\, \text{MPa}
\]

2. Calculate the difference:

\[
\frac{\sigma x - \sigma y}{2} = \frac{50 - 20}{2} = 15\, \text{MPa}
\]

3. Calculate the square root term:

\[
\sqrt{(15)~2 + (30)"2} = \sqrt{225 + 900} = \sqrt{1125} \approx 33.54\, \text{MPa}
\]

4. Determine the principal stresses:

\[
\sigma 1 = 35 + 33.54 \approx 68.54\, \text{MPa}



\]
\[
\sigma 2 = 35 - 33.54 \approx 1.46\, \text{MPa}

\]

Finding the Principal Plane Angles

Use the relation:

\[
\tan 2\theta p = \frac{2 \times 30}{50 - 20} = \frac{60}{30} = 2
\]

\[
2\theta p = \arctan(2) \approx 63.43"\circ

\]

\[
\theta p \approx 31.72"\circ

\]

This indicates that the principal stresses occur on planes oriented approximately \(31.72"\circ\)
from the x-axis. The other principal plane is at:

\[
31.72™\circ + 90" \circ = 121.72"\circ

\]

Summary and Significance of Results

- Principal Stresses: The maximum stress (\(\sigma 1 \approx 68.54\, \text{MPa}\)) and the minimum
stress (\(\sigma 2 \approx 1.46\, \text{MPa}\)) provide critical information about the potential failure
modes. Structures should be designed to withstand these maximum stresses to ensure safety and
durability.

- Principal Planes: The orientations at approximately \(31.72"\circ\) and \(121.72"\circ\) from the x-
axis are the planes where these principal stresses act. Understanding these orientations helps in
aligning structural elements and applying reinforcement where needed.



Additional Considerations and Advanced Topics

1. Mohr's Circle for Plane Stress

Mohr's circle provides a graphical method to visualize the transformation of stresses and locate
principal stresses and their orientations. It simplifies complex calculations and offers intuitive
insights into the stress state.

2. Stress Transformation Equations

The general transformation equations for normal and shear stresses at any angle \(\theta\) are:

\[

\sigma \theta = \frac{\sigma x + \sigma y}{2} + \frac{\sigma x - \sigma y}{2} \cos 2\theta +
\tau {xy} \sin 2\theta

\]

\[
\tau \theta = -\frac{\sigma x - \sigma y}{2} \sin 2\theta + \tau {xy} \cos 2\theta
\]

These equations are useful in evaluating the stresses on arbitrary planes.

3. Failure Criteria Based on Principal Stresses

Design codes and failure theories such as the Maximum Normal Stress Theory, Mohr-Coulomb, and
Drucker-Prager utilize principal stresses to predict failure modes.

Conclusion

Determining the principal planes and principal stresses in a plane stress state is an essential process
that combines fundamental principles of mechanics with mathematical methods. By solving the
eigenvalue problem of the stress tensor, engineers can identify the maximum and minimum normal
stresses and their orientations, which are crucial for ensuring structural safety, optimizing designs,

Frequently Asked Questions



What are the steps to determine the principal planes in a state
of plane stress?

To determine the principal planes, first identify the normal and shear stresses acting on the element.
Then, use the stress transformation equations to find the angles at which shear stress is zero, which
correspond to the principal planes. This involves calculating the angle 6 where the shear stress
component becomes zero using the formula tan(20) = 2T xy / (0 x- 0_y).

How do you calculate the principal stresses in a plane stress
condition?

Principal stresses are found using the normal stress components and shear stress. The maximum
and minimum principal stresses are given by 0 {1,2} = (0 x + 0 y)/2 £ V[((0 x- 0 y)/2)"2 +
T xy” 2], which are derived from Mohr's circle or stress transformation equations.

Why is it important to identify the principal planes and
stresses in plane stress analysis?

Identifying principal planes and stresses simplifies the analysis of stress states by eliminating shear
stress components. This helps in understanding failure criteria, designing safer structures, and
analyzing material behavior under complex loading conditions.

Can the principal stresses occur at the same point as the
maximum shear stress? Why or why not?

No, principal stresses occur at the orientations where shear stress is zero, which are generally
different from the orientations where maximum shear stress occurs. The maximum shear stress
typically occurs at angles 45° from the principal planes, where shear stress reaches its peak value.

What is the significance of the principal stresses and planes in
failure analysis?

Principal stresses and planes are critical in failure analysis because many failure theories, like
maximum normal stress and maximum shear stress criteria, are based on principal stress values.
Knowing these helps predict failure modes and determine safe loading conditions for materials and
structures.

Additional Resources

Plane Stress Analysis: A Comprehensive Guide to Principal Planes and Principal Stresses

Understanding the behavior of materials under stress is fundamental in mechanical and structural
engineering. When dealing with thin, flat components—such as metal sheets, plates, or other
structures where stresses are predominantly in the plane of the material—the concept of plane
stress becomes particularly relevant. Accurate determination of principal planes and principal
stresses in such scenarios is critical for ensuring the safety, durability, and optimal performance of



engineering designs.

In this detailed exploration, we delve into the core principles of plane stress, elucidate methods to
identify principal planes, and systematically determine principal stresses. Whether you're a seasoned
engineer or a student aiming to master stress analysis, this comprehensive guide will serve as an
authoritative reference.

Understanding Plane Stress: The Foundation

Before embarking on the determination of principal planes and stresses, it is essential to establish a
clear understanding of what plane stress entails.

What Is Plane Stress?

Plane stress is a two-dimensional state of stress where the stress component perpendicular to the
plane (say, the z-direction in a Cartesian coordinate system) is negligible or zero. This situation
commonly occurs in thin, flat structures where the thickness is small relative to other dimensions,
and the stresses normal to the plane are insignificant.

In a typical plane stress condition, the stress components are:

- Normal stresses: \(\sigma x\) and \(\sigma y\)
- Shear stress: \(\tau_{xy}\)

The out-of-plane normal stress \(\sigma z\) and the out-of-plane shear stresses \(\tau {xz}\) and
\(\tau_{yz}\) are assumed to be zero.

Mathematically, this is represented as:

\[
\sigma z = 0, \quad \tau_{xz} = 0, \quad \tau {yz} =0
\]

This simplification allows engineers to analyze complex stress states effectively within two
dimensions, enabling easier determination of principal stresses and orientations.

Significance in Engineering

Plane stress analysis is vital in designing thin structures like:

- Metal sheets and foils
- Automotive panels
- Membranes and films



- Thin-walled pressure vessels

Understanding the principal stresses and their orientations helps in predicting failure modes,
optimizing material usage, and enhancing safety margins.

Part (a): Determining Principal Planes

The principal planes are the orientations within the material where shear stresses vanish, and the
normal stresses reach their maximum and minimum values. Identifying these planes is crucial
because they reveal the directions along which the material experiences pure normal stress,
simplifying failure analysis and design considerations.

Mathematical Background

Given the plane stress state characterized by \(\sigma x\), \(\sigma y\), and \(\tau_{xy}\), the goal is
to find the angle \(\theta p\) (the orientation of the principal plane relative to the x-axis) such that on
this plane, the shear stress component \(\tau {x'y'}\) becomes zero.

The transformation of stresses from the original coordinate axes to a rotated coordinate system is
governed by the stress transformation equations:

\[

\sigma {x'} = \frac{\sigma x + \sigma y}{2} + \frac{\sigma x - \sigma y}{2} \cos 2\theta +
\tau {xy} \sin 2\theta

\]

\[

\sigma {y'} = \frac{\sigma x + \sigma y}{2} - \frac{\sigma x - \sigma y}{2} \cos 2\theta -
\tau {xy} \sin 2\theta

\]

\[

\tau {x'y'} = -\frac{\sigma x - \sigma y}{2} \sin 2\theta + \tau {xy} \cos 2\theta

\]

Here, \(\theta\) is the angle between the original x-axis and the principal plane.

Finding the Principal Planes

The principal planes are characterized by the condition:



\[
\tau {x'y'} =0
\]

Applying the transformation:

\[
A\frac{\sigma x - \sigma y}{2} \sin 2\theta + \tau {xy} \cos 2\theta = 0
\]

Rearranged:

\[

\tan 2\theta p = \frac{2 \tau_{xy}}{\sigma_x - \sigma y}

\]

where:

-\(\theta p\) is the angle of principal plane orientation relative to the original x-axis.

Key Points:

- The angles \(\theta p\) give the directions of principal planes.
- The principal planes are orthogonal; the second principal plane is rotated by 90° from the first.

Procedure to find \(\theta p\):

1. Calculate \(\tan 2\theta p\) using the above formula.
2. Find the two angles:

\[
\theta {pl} =\frac{1}{2} \arctan \left( \frac{2 \tau {xy}}{\sigma x - \sigma y} \right)
\]

\[
\theta {p2} = \theta {pl} + 90" \circ
\]

3. These angles specify the orientations where shear stress is zero, and normal stresses are principal
stresses.

Part (b): Determining Principal Stresses

Once the principal planes are identified, the next step is to compute the principal stresses—the
maximum and minimum normal stresses acting on these planes.



The Principal Stress Equations

The principal stresses \(\sigma 1\) and \(\sigma 2\) are derived from the stress transformation
equations, evaluated at the principal plane angles:

\[

\sigma {1,2} = \frac{\sigma x + \sigma y}{2} \pm \sqrt{\left( \frac{\sigma x - \sigma y}{2}
\right)~2 + \tau {xy}"~2}

\]

-\(\sigma_1\) is the maximum principal stress.
-\(\sigma_2\) is the minimum principal stress.

These are often called eigenvalues of the stress tensor, representing the extremal normal stresses in
the plane.

Alternative formulation:

\[

\sigma {1,2} = \frac{\sigma x + \sigma y}{2} \pm R

\]

where

\[

R = \sqrt{\left( \frac{\sigma x - \sigma y}{2} \right)~2 + \tau {xy}~2}
\]

Interpretation:

- The difference between the principal stresses is \(2R\).
- The principal stresses depend solely on the known applied stresses.

Visualizing Principal Stresses

Plotting the principal stresses on a Mohr’s circle provides a powerful visualization:

- The circle is constructed with the center at \((\sigma x + \sigma y)/2\) on the normal stress axis.
- The radius is \(R\).
- The points where the circle intersects the horizontal axis represent \(\sigma 1\) and \(\sigma 2\).

The Mohr’s circle not only confirms the principal stresses but also helps in understanding the stress
state at any angle \(\theta\).



Practical Example

Given Data:

-\(\sigma x = 80\, \text{MPa}\)
-\(\sigma y = 20\, \text{MPa}\)
-\(\tau_{xy} = 30\, \text{MPa}\)

Step 1: Find the principal plane angles

\[
\tan 2\theta p = \frac{2 \times 30}{80 - 20} = \frac{60}{60} =1

\]

\[

2\theta p = \arctan(1) = 45" \circ
\]

\[

\theta p = 22.5"\circ

\]

and the orthogonal plane at

\[
\theta {p2} = 22.5"\circ + 90" \circ = 112.5"\circ

\]

Step 2: Calculate principal stresses

\[

R = \sqrt{\left( \frac{80 - 20} {2} \right)~2 + 3072} = \sqrt{(30)"~2 + 900} = \sqrt{900 + 900} =
\sqrt{1800} \approx 42.43\, \text{MPa}

\]

\[

\sigma 1 = \frac{80 + 20} {2} + R =50 + 42.43 = 92.43)\, \text{MPa}
\]

\[

\sigma 2 = 50-42.43 = 7.57\, \text{MPa}

\]

Summary:

- Principal planes are oriented at approximately \(22.5"\circ\) and \(112.5"\circ\).
- Principal stresses are approximately \(92.43\, \text{MPa}\) and \(7.57\, \text{MPa}\).



Conclusion

The analysis of plane stress states to determine principal planes and principal stresses is a
fundamental aspect of stress analysis, offering invaluable insights into the material's behavior under
load. By applying the stress transformation equations,
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