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Understanding the behavior of production functions is fundamental in economics, especially when
analyzing how inputs contribute to output. When examining a specific production function such as Q
= K™~ {0.5}L"{0.5}, where capital (K) is fixed at 1 unit, it becomes crucial to determine the Average
Product (AP) of labor. This article delves into the concept of the production function, explores the
impact of fixing capital, calculates the Average Product of labor, and discusses its significance in
production analysis.

Understanding the Production Function Q =
K~{0.5}L.7{0.5}

What Is a Production Function?

A production function describes the relationship between inputs used in production and the
resulting output. It shows how different combinations of inputs contribute to the total output
produced. In mathematical terms, it expresses the maximum output attainable with given quantities
of inputs.

Specifics of the Function Q = K~ {0.5}L"{0.5}

The given production function is a Cobb-Douglas type, characterized by the exponents 0.5 for both
capital (K) and labor (L). These exponents represent the output elasticity of each input, indicating
the percentage change in output resulting from a 1% change in the input, holding other inputs
constant.

- The exponents sum to 1, indicating constant returns to scale.
- The function exhibits diminishing marginal returns to each input individually.

Impact of Fixing Capital at 1 Unit

Why Fix Capital?

In certain analyses, particularly short-term production or specific case studies, capital is held
constant to focus on how labor input affects output. Fixing capital simplifies the model and allows



for a precise evaluation of the relationship between labor and output.

Effect of Capital Fixed at 1

When K = 1, the production function reduces to:
Q=(1)~{0.5} L~{0.5} =1 L~{0.5} = L"~{0.5}

This simplifies the analysis, enabling direct exploration of how varying labor input impacts output
and average product.

Calculating the Average Product of Labor

Definition of Average Product (AP)

Average Product of labor is defined as:
AP L = Total Output (Q) / Quantity of Labor (L)

It measures the output produced per unit of labor employed.

Deriving AP When Capital Is Fixed at 1

Given the simplified production function:

Q =L"~{0.5}

The Average Product of labor, AP L, is:

APL=Q/L=L"{05}/L

Recall that L™~{0.5} = VL. Therefore:

AP L=vL/L

Simplify the expression:

AP L =(L~{0.5})/L=L"{0.5} /L~{1} =L~{0.5-1} =L~{-0.5} =1/VL

Result:
AP L=1/VL

This formula indicates that the average product of labor decreases as labor increases, exhibiting the
law of diminishing returns.



Interpreting the Result

- When L is small, AP L is high because 1 / VL is large.

- As L increases, AP L declines because the denominator increases.

- The relationship shows that adding more labor beyond a certain point results in lower average
output per worker.

Graphical Representation of AP

Plotting AP Against Labor
Plotting AP_L = 1/ VL reveals a hyperbolic decline:

-AtL=1,APL=1
-AtL=4,APL=1/2=0.5
-AtL=9,APL=1/3=0.33

- As L approaches infinity, AP L approaches zero.

This illustrates that the average product diminishes continuously with increased labor input.

Implications for Production and Efficiency

- Optimal Labor Use: The highest average product occurs at low levels of labor input.

- Diminishing Returns: Increasing labor beyond a certain point leads to less efficient production per
worker.

- Decision Making: Firms should consider the level of labor where AP is maximized to optimize
productivity.

Additional Concepts Related to the Production
Function

Marginal Product of Labor (MP L)

The marginal product of labor measures the additional output produced by employing one more unit
of labor:

MP L =dQ/dL
Given Q = L™{0.5}, differentiate with respect to L:
MP L =0.5L"{-0.5} =0.5/VL

This also declines as L increases, indicating diminishing marginal returns.



Relationship Between AP and MP

- When MP > AP, the average product is increasing.
- When MP = AP, AP reaches its maximum.
- When MP < AP, AP is decreasing.

In this case:

“MP L=05/VL
AP L=1/VL

Since MP L = 0.5 AP L, MP is always half of AP, confirming the typical relationship where marginal
product is below average product when both are positive and diminishing.

Practical Applications and Implications

Production Planning

Understanding how AP varies with labor input helps managers determine the optimal workforce size
that maximizes efficiency.

Cost Analysis

Since the average product relates to output per worker, it impacts cost per unit of output, informing
decisions about labor hiring and resource allocation.

Limitations of Fixed Capital Assumption

While fixing capital simplifies analysis, real-world production involves variable capital inputs.
Therefore, for comprehensive planning, varying both capital and labor inputs provides a more
complete picture.

Summary of Key Points

e With the production function Q = K~ {0.5}L"~{0.5} and K fixed at 1, the simplified function
becomes Q = L™ {0.5}.

» The Average Product of labor at this fixed capital level is AP L. = 1/ VL.

e As labor increases, the AP decreases, illustrating diminishing returns to labor when capital is
held constant.

e Understanding AP and MP helps in optimizing input usage and improving production
efficiency.



e This analysis emphasizes the importance of balancing input levels to achieve maximum
productivity.

Conclusion

In conclusion, fixing capital at 1 unit in the production function Q = K~ {0.5}L"~{0.5} simplifies the
model to Q = L™{0.5}. The resulting average product of labor, AP L = 1/ VL, decreases as labor
input increases, reflecting the law of diminishing returns. This insight assists firms and economists
in making informed decisions about resource allocation, workforce management, and production
efficiency. While the fixed capital assumption provides clarity, real-world applications often require
analyzing variable capital inputs for comprehensive strategic planning.
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Frequently Asked Questions

What is the production function given in the problem?
The production function is Q = K~{0.5} L~ {1.5}.

If capital (K) is fixed at 1 unit, how does the production
function simplify?
It simplifies to Q = 1°{0.5} L~{1.5} = L~ {1.5}.

How do you calculate the Average Product of labor (APL) when
capital is fixed at 1?

APL is calculated as Q divided by L, so APL = L~ {1.5} /L = L~{0.5}.

What is the expression for the Average Product of labor in this
case?

The Average Product of labor is APL = L™ {0.5}.

How does the Average Product of labor change as L increases?

Since APL = L™ {0.5}, it increases at a decreasing rate as L increases.

What is the behavior of APL at very small and very large values



of L?

At very small L, APL approaches zero; at very large L, APL increases but at a decreasing rate.

Is the average product increasing, decreasing, or constant
when capital is fixed at 1?

It is increasing as L increases because APL = L™ {0.5}.

What does this imply about the productivity of additional labor
units in this scenario?

It implies that each additional unit of labor adds to output, but at a diminishing rate of marginal
increase.

Additional Resources

Production Function Analysis: Understanding Average Product with Fixed Capital

When delving into the intricacies of production theory, the form and behavior of the production
function play a pivotal role in assessing efficiency, productivity, and decision-making. Today, we
explore a specific production function: Q = K~0.5 L™0.5, with the added condition that capital K is
fixed at 1 unit. This scenario offers valuable insights into how labor contributes to output under
constant capital conditions and how the average product of labor behaves.

In this article, we will provide an in-depth analysis of this production function, interpret the
implications of fixing capital at 1 unit, and examine what this means for the average product of
labor. We'll break down the concepts methodically, ensuring clarity for both students and
professionals interested in production analysis.

Understanding the Production Function Q = K~0.5
L~0.5

What is a Production Function?

A production function mathematically describes the relationship between inputs and the maximum
output achievable from those inputs. It encapsulates how different resources are combined to
produce goods or services. The general form can vary widely, but the Cobb-Douglas production
function, like the one under examination, is among the most commonly used due to its properties
and interpretability.

The Cobb-Douglas Form



The function Q = K™« L™B, where o and P are positive constants, is known as a Cobb-Douglas
production function. In our case:

- Q: Total output
- K: Capital input
- L: Labour input
-a=0.5p=0.5

This form indicates constant returns to scale when both inputs are increased proportionally, and it
showcases the typical diminishing returns of inputs when considered individually.

Significance of the Exponents

-a = 0.5 (Capital exponent): Reflects the output elasticity with respect to capital. Here, increasing
capital by 1% increases output by approximately 0.5%.

- B = 0.5 (Labor exponent): Reflects the output elasticity with respect to labor. Increasing labor by

1% increases output by approximately 0.5%.

This balanced exponents imply that both inputs have equal importance in the production process.

Fixed Capital at 1 Unit: Implications and Simplification

Why Fix Capital?

In certain analytical scenarios, capital is held constant to focus on the contribution of labor, which
simplifies analysis and isolates specific effects. Fixing capital at K = 1 allows us to examine how
changes in labor input alone influence output and productivity measures.

Simplification of the Production Function
Substituting K = 1 into the original function:

\[
Q=(1)"{0.5} \times L~{0.5} =1 \times L~{0.5} = L~{0.5}
\]

Thus, with capital fixed at 1, the production function reduces to:

\[
Q=L"{0.5}
\]

This simplified form makes it easier to analyze the relationship between labor input and output,
focusing solely on the effect of labor.



Analyzing the Average Product of Labour (APL)

Definition of Average Product (AP)
Average Product of Labour (APL) is defined as:

\[
APL = \frac{Q}{L}

\]

It measures the average output produced per unit of labor employed. It is an important metric for
assessing labor efficiency at various levels of employment.

Calculating APL for Our Fixed Capital Scenario
Using the simplified production function:

\[
Q=L"{0.5}
\]

the average product becomes:

\[
APL = \frac{L~{0.5} }{L} = \frac{L~{0.5}}{L"~{1}} =L~{0.5-1} =L~{-0.5}
\]

which simplifies to:

\[
APL = \frac{1}{\sqrt{L}}
\]

This formula provides a clear view of how the average product of labor behaves as labor input
varies.

Behavior of the Average Product of Labour

Key Characteristics
- Decreasing Function: Since APL = 1/ VL, as L increases, APL decreases.
- Diminishing Returns to Labour: The decreasing nature of APL signifies diminishing returns to labor

— each additional unit of labor adds less to total output than the previous one, given fixed capital.

Graphical Interpretation



Imagine plotting APL against L:

- When L is small (approaching zero), APL is very high — theoretically tending towards infinity as L
approaches zero.
- As L increases, APL declines gradually, approaching zero but never quite reaching it.

This demonstrates that initially, adding a small amount of labor significantly increases output on an
average basis. However, beyond a certain point, additional labor contributes less and less to output
per worker.

Practical Implication

This behavior suggests that:

- Optimal employment level occurs where APL is maximized — which, in this case, is at the lowest
feasible L (approaching zero), but practically, firms aim for a balance.

- Once L becomes large, the average product diminishes, indicating less efficient labor use at high
employment levels under fixed capital.

Understanding the Marginal Product of Labour (MPL)

Definition of MPL

The Marginal Product of Labour (MPL) is the additional output generated by employing an
additional unit of labor, holding other inputs constant:

\[
MPL = \frac{\partial Q}{\partial L}

\]
Calculating MPL for Our Function

From the simplified Q = L~ {0.5}, the derivative is:

\[
MPL = \frac{\partial} {\partial L} (L~{0.5}) = 0.5 \times L™ {-0.5} = \frac{0.5}{\sqrt{L}}
\]

Relationship Between MPL and APL

- Both decrease as L increases.
- MPL is exactly half of APL at any point:

\[
MPL = 0.5 \times APL

\]



This proportional relationship underscores the diminishing marginal returns to labor depicted in the
model.

Summary of Key Insights

- Production Function Simplification: When capital is fixed at 1, the production function reduces to Q
= L"~{0.5}.

- Average Product of Labour: APL = 1/ VL, indicating a decreasing trend as labor increases.

- Marginal Product of Labour: MPL = 0.5 / VL, also decreasing with more labor.

- Diminishing Returns: Both APL and MPL decline as L increases, reflecting diminishing returns to
labor under fixed capital.

- Efficiency Implications: The maximum average product occurs at the smallest feasible level of
labor, but practical considerations limit employment at zero.

Practical Applications and Broader Context

Business Decision-Making

Understanding how the average product behaves with fixed capital helps managers determine
optimal labor employment levels. Since APL diminishes as L grows, firms might seek to balance
labor costs with productivity gains, avoiding overemployment that leads to inefficiency.

Policy Implications

For policymakers, insights into the diminishing returns to labor under fixed capital conditions
underscore the importance of investing in capital accumulation to sustain productivity growth.
Solely increasing labor without corresponding capital investments may lead to declining average
productivity.

Limitations and Assumptions

- Fixed Capital: Real-world scenarios often involve variable capital, so this model simplifies the
complex dynamics.

- Constant Returns to Scale: The exponents summing to 1 suggest constant returns, but actual
production may experience increasing or decreasing returns at different scales.

- Neglect of Technological Change: The model assumes static technology, whereas technological
progress can shift productivity curves.



Conclusion

The analysis of a Cobb-Douglas production function Q = K~0.5 L™0.5 with fixed capital at one unit
reveals fundamental insights into the nature of productivity and diminishing returns. When capital is
held constant at K=1, the output simplifies to Q = L™ {0.5}, making the calculation of average
product straightforward: APL = 1 / VL.

This relationship vividly illustrates how, as labor input increases, the average product declines,
highlighting the principle of diminishing returns. It emphasizes the importance for firms and
policymakers to consider optimal input levels and the role of capital investment in enhancing
productivity.

Through this detailed exploration, we see that even a simple mathematical model can yield profound
implications for understanding production efficiency, guiding strategic decisions, and framing
economic policies focused on sustainable growth.

In essence, the fixed capital scenario provides a clear, intuitive view of labor productivity dynamics,
reinforcing core concepts in production theory while serving as a practical guide for optimizing
resource utilization in real-world economic activities.
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