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IF THIS MATRIX WERE THE AUGMENTED MATRIX FOR A SYsTEM OF LINEAR EQUATIONS, WouLb THe SysTemM HAVE No, IT IS
A FUNDAMENTAL QUESTION IN LINEAR ALGEBRA THAT HELPS DETERMINE THE SOLVABILITY OF A SYSTEM OF EQUATIONS.
UNDERSTANDING WHETHER A SYSTEM HAS SOLUTIONS, NO SOLUTIONS, OR INFINITELY MANY SOLUTIONS IS ESSENTIAL IN
VARIOUS FIELDS, INCLUDING ENGINEERING, COMPUTER SCIENCE, ECONOMICS, AND PHYSICS. THE KEY TO ANSWERING THIS
QUESTION LIES IN ANALYZING THE PROPERTIES OF THE AUGMENTED MATRIX ASSOCIATED WITH THE SYSTEM. THIS ARTICLE
EXPLORES THE CRITERIA USED TO ASSESS WHETHER A SYSTEM HAS NO SOLUTIONS, AND HOW THE STRUCTURE OF THE
AUGMENTED MATRIX GUIDES THIS DETERMINATION.

UNDERSTANDING THE AUGMENTED MATRIX AND ITS ROLE IN SOLVING LINEAR
SYSTEMS

WHAT Is AN AUGMENTED MATRIX?

AN AUGMENTED MATRIX IS A COMPACT REPRESENTATION OF A SYSTEM OF LINEAR EQUATIONS. |T COMBINES THE COEFFICIENTS OF
THE VARIABLES AND THE CONSTANTS FROM EACH EQUATION INTO A SINGLE MATRIX. FOR EXAMPLE, CONSIDER THE SYSTEM:

1.2x+3vy-z=5
2.-Xx+4vy+22=6
3.3x-vy+z=4

THE AUGMENTED MATRIX FOR THIS SYSTEM IS:

|123-1]5]|
|-142]6
|3-1114]|

THIS MATRIX ENCAPSULATES ALL THE INFORMATION NEEDED TO ANALYZE THE SYSTEM'S SOLUTIONS.

WHY Is THE AUGMENTED MATRIX IMPORTANT?

THE AUGMENTED MATRIX SIMPLIFIES THE PROCESS OF APPLYING VARIOUS ALGEBRAIC TECHNIQUES SUCH AS GAUSSIAN
ELIMINATION, GAUSS‘JORDAN ELIMINATION, AND MATRIX RANK ANALYSIS. THESE TECHNIQUES HELP DETERMINE WHETHER THE
SYSTEM:

- HAS A UNIQUE SOLUTION
- HAS INFINITELY MANY SOLUTIONS

- HAS NO soLUTION

THE STRUCTURE AND PROPERTIES OF THE MATRIX—PARTICULARLY ITS RANK AND CONSISTENCY—ARE CENTRAL TO THESE
DETERMINATIONS.

DETERMINING SYSTEM SOLVABILITY USING THE AUGMENTED MATRIX



Key ConcerTs: Rank, CONSISTENCY, AND THE RoucH] —CAPELLI THEOREM

THE MAIN TOOLS FOR ANALYZING WHETHER A SYSTEM HAS SOLUTIONS INVOLVE THE CONCEPTS OF RANK AND CONSISTENCY.
THe RoucHP] —CAPELLI THEOREM STATES:

- A SYSTEM OF LINEAR EQUATIONS IS CONSISTENT (HAS AT LEAST ONE SOLUTION) IF AND ONLY IF THE RANK OF THE
COEFFICIENT MATRIX IS EQUAL TO THE RANK OF THE AUGMENTED MATRIX.

- THE SYSTEM HAS NO SOLUTION IF THE RANK OF THE AUGMENTED MATRIX IS GREATER THAN THE RANK OF THE COEFFICIENT
MATRIX.

- THE SYSTEM HAS INFINITELY MANY SOLUTIONS IF THE RANKS ARE EQUAL BUT LESS THAN THE NUMBER OF VARIABLES.

THIS THEOREM PROVIDES A STRAIGHTFORWARD CRITERION TO DETERMINE WHETHER A SYSTEM IS SOLVABLE, BASED SOLELY ON
MATRIX ANALYSIS.

STEPS TO ANALYZE THE AUGMENTED MATRIX

ToO DECIDE IF A SYSTEM HAS NO SOLUTIONS, FOLLOW THESE STEPS:

1. CONSTRUCT THE AUGMENTED MATRIX FROM THE SYSTEM.

2. Use Row oPERATIONS (GAUSSIAN ELIMINATION) TO REDUCE THE MATRIX TO ROW ECHELON FORM.
3. IDENTIFY THE RANK OF THE COEFFICIENT MATRIX AND THE AUGMENTED MATRIX.

- THE RANK CORRESPONDS TO THE NUMBER OF NON-ZERO ROWS IN THE ROW ECHELON FORM.

4. COMPARE THE RANKS:

- |F RANK OF COEFFICIENT MATRIX = RANK OF AUGMENTED MATRIX SYSTEM IS CONSISTENT.
- |F RANK OF AUGMENTED MATRIX > RANK OF COEFFICIENT MATRIX SYSTEM HAS NO SOLUTIONS.

\¥/HeN DoEes THE SYsTeEM HAVE No SoLUTIONS?

INCONSISTENT SYSTEMS AND THEIR MATRIX REPRESENTATION

A SYSTEM HAS NO SOLUTIONS IF IT IS INCONSISTENT. THIS INCONSISTENCY IS OFTEN REVEALED DURING MATRIX REDUCTION
WHEN A ROW REDUCES TO A FORM LIKE:

000|e, wHere g # 0
THIS INDICATES AN EQUATION OF THE FORM:
Ox+0y+0z=8

WHICH IS IMPOSSIBLE UNLESS B IS ZERO. WHEN B # O, THE SYSTEM CANNOT BE SATISFIED, MEANING NO SOLUTIONS EXIST.

ExAMPLES oF MATRICES INDICATING No SoLUTIONS

CONSIDER THE FOLLOWING AUGMENTED MATRIX:
[1-21]4]

|2-42]9]

Row REDUCING:

- MULTIPLY ROW 1 BY 2 AND SUBTRACT FROM ROW 2:

Row 2:2-21=0,-4-2(-2)=0,2-21=0]9-24=1



RESULTING MATRIX:

|1-2114]
1000 1]

THE SECOND ROW INDICATES Ox + Oy + Oz = 1, WHICH IS IMPOSSIBLE. THEREFORE, THE SYSTEM HAS NO SOLUTIONS.

IMPLICATIONS OF THE AUGMENTED MATRIX STRUCTURE

Key INDICATORS OF No SOLUTION

W/HEN ANALYZING AN AUGMENTED MATRIX, LOOK FOR THESE CRITICAL INDICATORS!

- A ROW WITH ALL ZEROS IN THE COEFFICIENT PART BUT A NON-ZERO CONSTANT.
- A DISCREPANCY BETWEEN THE RANK OF THE AUGMENTED MATRIX AND THE COEFFICIENT MATRIX.
- THE PRESENCE OF CONTRADICTORY EQUATIONS AFTER ROW REDUCTION.

IMPACT OF MATRIX RANK ON SYSTEM SOLVABILITY

THE RANK COMPARISON PROVIDES A QUICK WAY TO ASSESS WHETHER THE SYSTEM IS SOLVABLE:

- EQUAL RANKS (LESS THAN NUMBER OF VARIABLES) INFINITELY MANY SOLUTIONS.
- EQUAL rANKS (EQUAL TO NUMBER OF VARIABLES) UNIQUE SOLUTION.
- DIFFERENT RANKS NO SOLUTIONS.

PRACTICAL TECHNIQUES FOR ANALYZING THE AUGMENTED MATRIX

GAUSSIAN AND GAUSS-JORDAN ELIMINATION

APPLYING THESE ELIMINATION METHODS SIMPLIFIES THE MATRIX TO A FORM WHERE INCONSISTENCIES BECOME APPARENT. KEY
STEPS INCLUDE!:

- SWAPPING ROWS TO POSITION NON-ZERO PIVOTS.
- SCALING ROWS TO GET LEADING 15.
- ELIMINATING VARIABLES TO REACH ROW ECHELON OR REDUCED ROW ECHELON FORM.

UsING MATRIX RANKS

CALCULATE THE RANKS USING ROW ECHELON FORM OR THROUGH ALGORITHMS LIKE THE RANK FUNCTION IN COMPUTATIONAL
TOOLS:

- IF rRANK(A) # RANK([A[R]), THE SYSTEM HAS NO SOLUTION.
- IF rANK(A) = RANK([A[B]) < NUMBER OF VARIABLES, INFINITELY MANY SOLUTIONS.
- IF RANK(A) = raNK([AlB]) = NUMBER OF VARIABLES, A UNIQUE SOLUTION EXISTS.

ReAL-\/ ORLD APPLICATIONS AND SIGNIFICANCE



ENGINEERING AND PHYSICS

IN ENGINEERING, SYSTEMS OF LINEAR EQUATIONS MODEL CIRCUITS, STRUCTURAL ANALYSIS, AND CONTROL SYSTEMS. KNowING
WHETHER A SYSTEM HAS NO SOLUTIONS HELPS IDENTIFY IMPOSSIBLE CONFIGURATIONS OR ERRORS IN MODELS.

CoMPUTER ScieNce AND DATA ScIENCE

ALGORITHMS THAT SOLVE LARGE SYSTEMS OF EQUATIONS RELY ON MATRIX ANALYSIS. DETECTING INCONSISTENT DATA OR
MODEL PARAMETERS IS CRUCIAL FOR ACCURATE RESULTS.

EconoMics AND SocCIAL SCIENCES

MODELS INVOLVING MULTIPLE VARIABLES OFTEN LEAD TO SYSTEMS WHERE DETERMINING SOLUTION FEASIBILITY IS ESSENTIAL FOR
POLICY ANALYSIS AND PREDICTION.

SUMMARY AND KEY T AKEAWAYS

- THE STRUCTURE OF THE AUGMENTED MATRIX REVEALS WHETHER A SYSTEM OF LINEAR EQUATIONS HAS SOLUTIONS.

- AN INCONSISTENCY INDICATING NO SOLUTIONS MANIFESTS AS A ROW WITH ZEROS IN THE COEFFICIENT PART BUT A NON-ZERO
CONSTANT.

- COMPARING THE RANKS OF THE COEFFICIENT AND AUGMENTED MATRICES IS AN EFFICIENT WAY TO DETERMINE SOLVABILITY.

- TECHNIQUES LIKE GAUSSIAN ELIMINATION ARE ESSENTIAL TOOLS FOR ANALYZING THE MATRIX AND IDENTIFYING
CONTRADICTIONS.

CONCLUSION

UNDERSTANDING WHETHER A SYSTEM OF LINEAR EQUATIONS HAS NO SOLUTIONS BASED ON ITS AUGMENTED MATRIX IS A
POWERFUL SKILL IN LINEAR ALGEBRA. BY ANALYZING THE MATRIX'S STRUCTURE, PERFORMING ROW OPERATIONS, AND APPLYING
THE ROUCH —CAPELLI THEOREM, YOU CAN QUICKLY DETERMINE THE NATURE OF THE SOLUTIONS. RECOGNIZING THE SIGNS OF
INCONSISTENCY—SUCH AS CONTRADICTORY ROWS—IS CRUCIAL IN FIELDS THAT RELY ON SOLVING SYSTEMS OF EQUATIONS,
ENSURING ACCURATE MODELING, COMPUTATION, AND DECISION-MAKING.

Keyworbs FOR SEO OPTIMIZATION: AUGMENTED MATRIX, LINEAR EQUATIONS, SYSTEM OF EQUATIONS, MATRIX RANK,

INCONSISTENCY, NO SOLUTIONS, GAUSSIAN ELIMINATION, GAUSS‘JOEDAN ELIMINATION, LINEAR ALGEBRA, SYSTEM SOLVABILITY,
MATRIX ANALYSIS, RANK THEOREM, INCONSISTENT SYSTEM, SOLUTION SET.

FREQUENTLY AskeD QUESTIONS

IF THE AUGMENTED MATRIX HAS A ROW WITH ALL ZEROS IN THE COEFFICIENT PART BUT
A NON-ZERO VALUE IN THE AUGMENTED PART, DOES THE SYSTEM HAVE NO SOLUTIONS?

YES/ SUCH A ROW INDICATES AN INCONSISTENCY, SO THE SYSTEM HAS NO SOLUTIONS.

\WHAT DOES IT MEAN IF THE AUGMENTED MATRIX REDUCES TO A FORM WITH A ROW LIKE
[0 0 0| c] wHere c # O?

[T MEANS THE SYSTEM IS INCONSISTENT AND THEREFORE HAS NO SOLUTIONS,



CAN THE SYSTEM HAVE INFINITELY MANY SOLUTIONS IF THE AUGMENTED MATRIX HAS A
ROW OF ZEROS IN BOTH COEFFICIENTS AND AUGMENTED PART?

YES, IF THE ROW IS ALL ZEROS, IT INDICATES A FREE VARIABLE, LEADING TO INFINITELY MANY SOLUTIONS, PROVIDED THERE ARE
NO CONTRADICTORY ROWS.

IF THE AUGMENTED MATRIX IS IN ROW ECHELON FORM WITH A Row [0 O O | 0], poes
THAT NECESSARILY MEAN THE SYSTEM HAS SOLUTIONS?

NoT NECESSARILY; IT INDICATES A DEPENDENT EQUATION, WHICH COULD LEAD TO INFINITELY MANY SOLUTIONS OR NO
SOLUTIONS DEPENDING ON OTHER ROWS.

How DOES THE PRESENCE OF A PIVOT IN THE LAST COLUMN OF THE AUGMENTED MATRIX
AFFECT THE SOLUTIONS?

A PIVOT IN THE LAST COLUMN (AUGMENTED PAET) INDICATES AN INCONSISTENCY, MEANING THE SYSTEM HAS NO SOLUTIONS.

\WHAT IS THE SIGNIFICANCE OF THE RANK OF THE COEFFICIENT MATRIX VERSUS THE
AUGMENTED MATRIX IN DETERMINING THE SYSTEM'S SOLUTIONS?

IF THE RANKS ARE EQUAL, THE SYSTEM IS CONSISTENT, IF THE RANK OF THE AUGMENTED MATRIX EXCEEDS THAT OF THE
COEFFICIENT MATRIX, THE SYSTEM HAS NO SOLUTIONS.

CAN AN AUGMENTED MATRIX WITH A ROW LIKE [0 O O | O] IMPLY THE SYSTEM IS
UNDERDETERMINED?

YES, SUCH A ROW SUGGESTS AT LEAST ONE FREE VARIABLE, TYPICALLY INDICATING INFINITELY MANY SOLUTIONS, HENCE
UNDERDETERMINED.

\WHAT DOES IT IMPLY IF , AFTER ROW REDUCTION, THE AUGMENTED MATRIX HAS A ROW
WITH A LEADING 1 IN THE AUGMENTED PART BUT ZEROS ELSEWHERE?

THIS SITUATION INDICATES AN INCONSISTENCY, LEADING TO NO SOLUTIONS FOR THE SYSTEM.

IF THE AUGMENTED MATRIX INDICATES A UNIQUE SOLUTION, WHAT DOES ITS REDUCED
FORM LOOK LIKE?

[T HAS A LEADING 1 IN EACH PIVOT POSITION WITH ZEROS BELOW AND ABOVE, AND THE AUGMENTED PART CONSISTENT WITH
THESE PIVOTS, WITH NO CONTRADICTORY ROWS.

ADDITIONAL RESOURCES

MATRIX ANALYSIS: DECIPHERING THE SYSTEM'S SOLVABILITY FROM THE AUGMENTED MATRIX

W/HEN WORKING WITH SYSTEMS OF LINEAR EQUATIONS, THE AUGMENTED MATRIX IS ONE OF THE MOST POWERFUL TOOLS AT
YOUR DISPOSAL. |T ENCAPSULATES ALL THE INFORMATION ABOUT THE SYSTEM—COEFFICIENTS, CONSTANTS, AND,
ULTIMATELY, THE SOLUTIONS. BUT WHAT IF YOU'RE PRESENTED WITH AN AUGMENTED MATRIX AND ASKED: W OULD THE SYSTEM
HAVE NO SOLUTION? THIS QUESTION PROBES THE CORE OF LINEAR ALGEBRA’S PRACTICAL APPLICATIONS. UNDERSTANDING THIS
INVOLVES DELVING INTO THE STRUCTURE OF THE MATRIX, THE PROCESS OF ROW OPERATIONS, AND THE IMPLICATIONS OF THE



RESULTING ROW ECHELON FORMS.

IN THIS ARTICLE, | WwiLL ANALYZE, STEP BY STEP, HOW TO INTERPRET AN AUGMENTED MATRIX TO DETERMINE WHETHER THE
ASSOCIATED SYSTEM OF EQUATIONS IS INCONSISTENT (HAS NO SOLUTIONS), CONSISTENT WITH A UNIQUE SOLUTION, OR HAS
INFINITELY MANY SOLUTIONS. WE'LL APPROACH THIS LIKE A METICULOUS PRODUCT REVIEW—EVALUATING EACH COMPONENT,
FEATURE, AND ITS CONTRIBUTION TO THE OVERALL FUNCTIONALITY.

UNDERSTANDING THE AUGMENTED MATRIX: THE CORE FEATURES

BEFORE JUMPING INTO THE DIAGNOSTIC PROCESS, IT’S ESSENTIAL TO UNDERSTAND WHAT AN AUGMENTED MATRIX IS AND WHAT
INFORMATION IT CONTAINS.

DEFINITION AND STRUCTURE

AN AUGMENTED MATRIX IS A RECTANGULAR ARRAY THAT COMBINES THE COEFFICIENTS OF VARIABLES FROM A SYSTEM OF LINEAR
EQUATIONS AND THE CONSTANTS (OR RIGHT-HAND SIDE VALUES). For EXAMPLE, CONSIDER THE SYSTEM:

\[

\BeGIN{ CASES}

A {1IIx 1+a {12}x 2+ \pots+a_{IN}x N=8_T1\\
A {213x 1+a {22}x 2+ \poTs +a_{2n}x N=8_2\\
\vooTs \\

A {MIIx 1+a {M2Ix 2+ \poTs+ A {M}x N=B M
\eno{cAses}

\]

TS AUGMENTED MATRIX IS:

\[

\Lert[\eecIn{ arrAY }{cccclc)

A {11}qga {12} \pots g A {IN g8 T\\
A {2139 A {22} \poTs G A {283 §8 2 \\
\vboTs § \vooTs § § \vboTs & \vooTs \\

A {M1}§ A (M2} § \poTs § A_{MN} § B M
\eno{ ARRAY J\RIGHT]

\]

THIS MATRIX CONSOLIDATES ALL THE DATA, MAKING IT EASIER TO PERFORM SYSTEMATIC OPERATIONS.

FEATURES AND COMPONENTS

- COEFFICIENT RowS: EACH ROW CORRESPONDS TO AN EQUATION.

- VARIABLES COLUMNS: EACH COLUMN (EXCEPT THE LAST) CORRESPONDS TO A VARIABLE.

- ConsTANTS COLUMN: THE LAST COLUMN CONTAINS THE CONSTANTS \(8_1\).

- LEADING ENTRIES: THE FIRST NON-ZERO ELEMENT IN A ROW, CRUCIAL FOR REDUCTION.

- PIvoT PosITIONS: THE LOCATIONS OF LEADING ENTRIES AFTER ROW OPERATIONS, CRUCIAL FOR DETERMINING THE RANK AND
SOLUTION TYPE.



Row OPERATIONS AND RebucCeD ForMs: THE DiAGNosTIC TooLs

THE KEY TO INTERPRETING WHETHER A SYSTEM HAS NO SOLUTIONS, ONE SOLUTION, OR INFINITELY MANY RELIES ON
TRANSFORMING THE AUGMENTED MATRIX INTO A SIMPLIFIED FORM—TYPICALLY ROW ECHELON FORM OR REDUCED ROW ECHELON
FORM—USING ELEMENTARY ROW OPERATIONS.

ELEMENTARY Row OPERATIONS

THESE ARE THE OPERATIONS ALLOWED WITHOUT CHANGING THE SOLUTION SET:
- Row sWAPPING: EXCHANGING TWO ROWS.
- Row SCALING: MULTIPLYING A ROW BY A NON-ZERO SCALAR.

- Row ADDITION: ADDING A MULTIPLE OF ONE ROW TO ANOTHER.

THROUGH THESE OPERATIONS, THE MATRIX IS SIMPLIFIED TO REVEAL THE STRUCTURE OF THE SOLUTIONS.

Row EcHeLoN AND Repucep Row ECHELON FOrMS

- Row EcHeLoN Form (REF): ALL NON-ZERO ROWS ARE ABOVE ROWS OF ZEROS, AND THE LEADING COEFFICIENT (PIVOT) IN
EACH NON-ZERO ROW IS TO THE RIGHT OF THE PIVOT IN THE ROW ABOVE.

- Repucep Row EcHeLoN ForM (RREF): ADDITIONALLY, EACH PIVOT IS 1, AND THE PIVOT IS THE ONLY NON-ZERO ENTRY IN
ITS COLUMN.

ACHIEVING THESE FORMS ALLOWS A CLEAR VISUAL OF THE SYSTEM’S PROPERTIES.

INTERPRETING THE REDUCED FORM: W/HEN DOES THE SYSTEM HAVE No
SOLUTION?

ONCE THE AUGMENTED MATRIX IS IN REF or RREF, THE CRITICAL QUESTION BECOMES: DOES THE MATRIX INDICATE AN
INCONSISTENCY?

INDICATORS OF No SoLUTION

A SYSTEM HAS NO SOLUTION IF AND ONLY IF THE AUGMENTED MATRIX CONTAINS A ROW THAT IMPLIES A
CONTRADICTION—SPECIFICALLY, A ROW \WHERE:

- ALL coerrIcienTs ARe zero: \(O, O, \poTs, 0\)
- THE CONSTANT TERM IS NON-zErO: \(B \NEQ O\)

THIS ROW REPRESENTS AN EQUATION LIKE:

\[
Ox_1+0x_2+\poTs+0x N=cC

\]

wHERE \(c \NEQ O\). THIS TRANSLATES TO:



\[
0 = c \quap (\texT{wITH } c \Neq O)
\]

WHICH IS A CONTRADICTION—AN IMPOSSIBLE STATEMENT—IMPLYING THAT THE ORIGINAL SYSTEM CANNOT BE SATISFIED BY
ANY SET OF VARIABLE VALUES.

ExXAMPLE:

\[
\LerT[\BEGIN{ ARRAY }{CCC|C}
192g-193\\
0§00 5\\

\eno{ ARRAY J\RIGHT]

\]

Here, THE SECOND ROW INDICATES \(Ox + Oy + 0z = 5\). SINCE THIS IS IMPOSSIBLE, THE SYSTEM HAS NO SOLUTIONS.

WHY Does THis INDICATE No SoLUTION?

SUCH A ROW SIGNIFIES THAT THE EQUATIONS ARE INCONSISTENT. NO MATTER WHAT VALUES ARE ASSIGNED TO THE VARIABLES,
THE SYSTEM CANNOT SATISFY THAT CONTRADICTORY EQUATION.

OTHER CAsSES: WHEN Does THE SYsTEM HAVE SOLUTIONS?

W/HILE THE FOCUS HERE IS ON SYSTEMS WITH NO SOLUTIONS, IT'S INSTRUCTIVE TO CONTRAST WITH THE OTHER POSSIBILITIES:

- UNIQUE SOLUTION: THE MATRIX HAS A PIVOT IN EVERY VARIABLE COLUMN, AND NO CONTRADICTORY ROWS.
- INFINITELY MANY SOLUTIONS: THERE ARE FREE VARIABLES (COLUMNS WITHOUT PIVOTS), BUT NO CONTRADICTORY ROWS.

STeEP-BY-STEP GUIDE TO ANALYZING THE AUGMENTED MATRIX

ToO DETERMINE IF THE SYSTEM HAS NO SOLUTIONS, FOLLOW THIS DETAILED PROCEDURE:

1. CoNVERT To Row ECHELON or Repuced Row ECHELON FoOrRM

PERFORM ELEMENT ARY ROW OPERATIONS SYSTEMATICALLY TO REACH AN ECHELON FORM. FOcuUs on:
- CREATING LEADING ONES (PIVOTS).

- ELIMINATING ENTRIES BELOW AND ABOVE PIVOTS.
- MAINTAINING CLARITY IN THE CONSTANTS COLUMN.

2. IDenNTIFY CONTRADICTORY Rows



SCAN THE FINAL FORM FOR ROWS WHERE:

- ALL VARIABLE COEFFICIENTS ARE ZEROS.
- THE CONSTANTS COLUMN IS NON-ZERO.

[F SUCH A ROW EXISTS, THE SYSTEM IS INCONSISTENT.

3. DETERMINE THE T YPE OF SOLUTION BASED ON THE FINAL FORM

- CONTRADICTORY ROW PRESENT: NO SOLUTIONS.
- NO CONTRADICTORY ROW AND PIVOT IN EVERY VARIABLE COLUMN: UNIQUE SOLUTION.
- CONTRADICTORY ROW ABSENT, BUT SOME VARIABLES LACK PIVOTS: INFINITELY MANY SOLUTIONS.

PrRACTICAL EXAMPLE: APPLYING THE ANALYSIS

SUPPOSE AN AUGMENTED MATRIX:

\[
\Lert[\geaIN{ ARRAY }H{ cCCc}
19-26194\\
061§365\\
06004 7\\

\eno{ ARRAY J\RIGHT]

\]
ANALYSIS:

- THE THIRD ROW HAS ALL ZEROS IN THE VARIABLE COLUMNS BUT A 7 IN THE CONSTANTS COLUMN, INDICATING \(0=7\)—A
CONTRADICTION.
- ReEsuLT: THE SYSTEM HAS NO SOLUTIONS.

IN CONTRAST, IF THE LAST ROoW WAS \(O\, 0\, 0\, 0\), THEN THE SYSTEM COULD BE CONSISTENT, POTENTIALLY WITH
INFINITELY MANY SOLUTIONS DEPENDING ON THE OTHER PIVOTS.

EXPERT TIPS FOR ACCURATE INTERPRETATION

- ALWAYS PERFORM ROW OPERATIONS CAREFULLY TO AVOID ERRORS IN THE REDUCTION PROCESS.

- PAY CLOSE ATTENTION TO THE LAST ROW; CONTRADICTIONS ARE OFTEN SUBTLE.

- REMEMBER THAT THE PRESENCE OF FREE VARIABLES AFFECTS THE NATURE OF SOLUTIONS BUT DOES NOT NECESSARILY IMPLY
INCONSISTENCY.

- Use SOFTWARE TooLs LIKE MATLAB, OCTAVE, OR SYMBOLIC ALGEBRA SYSTEMS FOR LARGE MATRICES TO AVOID MANUAL
ERRORS.



CoNcrusioN; THE VERDICT ON THE SYSTEM’S SOLVABILITY

IN SUMMARY, ANALYZING WHETHER A SYSTEM HAS NO SOLUTIONS BASED ON ITS AUGMENTED MATRIX HINGES ON IDENTIFYING
ROWS THAT REFLECT LOGICAL CONTRADICTIONS. THE KEY INDICATOR IS A ROW WITH ALL ZERO COEFFICIENTS BUT A NON-ZERO
CONSTANT TERM. W/HEN SUCH A ROW APPEARS IN THE ROW ECHELON FORM, IT CONCLUSIVELY SIGNALS THAT THE SYSTEM IS
INCONSISTENT—NO SOLUTIONS EXIST.

UNDERSTANDING THIS PROCESS ENHANCES YOUR ABILITY TO QUICKLY DIAGNOSE THE NATURE OF LINEAR SYSTEMS AND DEEPENS
YOUR GRASP OF LINEAR ALGEBRA'S FOUNDATIONAL PRINCIPLES. \WHETHER YOU'RE SOLVING A SMALL PROBLEM BY HAND OR
ANALYZING COMPLEX SYSTEMS COMPUTATIONALLY , RECOGNIZING THE TELLTALE SIGNS IN THE AUGMENTED MATRIX IS AN
INVALUABLE SKILL—AKIN TO EVALUATING A PRODUCT'S FEATURES TO DETERMINE ITS SUITABILITY FOR YOUR NEEDS.

IN ESSENCE, IF THIS MATRIX, AS AN AUGMENTED MATRIX FOR A SYSTEM OF LINEAR EQUATIONS, CONTAINS A Row LIKE \([0),
0\, \poTs\, 0| c]\) with \(c \NeQ O\), THEN THE SYSTEM HAS NO SOLUTION. OTHERWISE, THE SOLUTION SET DEPENDS ON
THE STRUCTURE OF PIVOTS AND FREE VARIABLES, GUIDING YOU TOWARDS THE COMPLETE UNDERSTANDING OF THE
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