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Understanding the properties of a curve defined by an implicit equation and its related differential
equation is a fundamental aspect of calculus and analytical geometry. In this case, we are given an
implicit relationship between \(x\) and \(y\):

\[
Xy +5+y"2+x72=0
\]

and a derivative expression:

\[
\frac{dy}{dx} = \frac{Y - 2x} {-x + 2y}
\]

Our goal is to find all points \((x, y)\) that lie on this curve, i.e., all solutions satisfying the implicit
equation, and where the derivative matches the specified expression. This involves analyzing the

implicit curve, verifying that the derivative aligns with the given differential expression, and solving
for the coordinate points.

Analyzing the Implicit Equation of the Curve

Rearranging and Simplifying the Equation

The initial step is to understand the nature of the curve defined by:

\[
-Xy+5+y"2+x72=0
\]

Rearranged, it becomes:

\[
X2 4+y"2-xy+5=0
\]



This resembles a conic section, and rewriting it in a more recognizable form can help identify its
properties.

Completing the Square and Recognizing the Conic

To analyze the conic, consider grouping similar terms:

\[
X~2-xy+y~t2=-5
\]

Notice that \(x"~2 - xy + y~2\) resembles part of the expansion of \((x - y)~2\). Recall:

\[
(X-y)"2=x"2-2xy + y"2
\]

Compare this with our expression:

\[
X2 -xy+y”"2
\]

which can be rewritten as:

\[
(x-y)"2 + Xxy
\]

But since:

\[
(X-y)"2=x"2-2xy +y"2
\]

then:

\[
X"2-Xy+y"2=(x-y)"2+ xy
\]

Thus,

\[
(x-y)"2+xy=-5
\]

This form helps us understand the nature of the curve.



Identifying the Type of Curve

The equation:

\[
(x-y)*2+xy=-5
\]

is a quadratic form involving \(x\) and \(y\). To classify it further, we can attempt to parametrize or
analyze it by substitution.

Expressing as a Quadratic in \(y\)

Rearranged, the implicit equation becomes:

\[
X2 4+y"2-xy+5=0
\]

Treating \(x\) as a parameter, rewrite as quadratic in \(y\):

\[
y*2-xy+(x*2+5)=0
\]

or

\[
y*2-xy+ (x*2+5)=0
\]

which is quadratic in \(y\):

\[
y*2-xy+(x*2+5)=0
\]

The solutions for \(y\) are:

\[
y = \frac{x \pm\sqrt{x~2 - 4(x~2 + 5)}}{2}
\]



Compute the discriminant:

\[
\Delta = x"2-4(x"2 +5) =x"2-4x"2-20=-3x"2-20
\]

For real \(y\), the discriminant must be non-negative:

\[
-3x~2-20\geq 0
\]

which simplifies to:

\[

-3x"2\geq 20

\]

\[

x~2\leq -\frac{20} {3}
\]

Since \(x™~2 \geq 0\), but the right side is negative, this inequality has no real solutions.

Implication: The curve has no real points satisfying the implicit equation unless we consider complex
solutions.

Finding the Points on the Curve where the Derivative
Matches

Since the curve equation does not admit real solutions under our analysis, it indicates the curve might
exist in the complex plane. However, for the purpose of real analysis, perhaps the more relevant step
is to analyze the derivative condition to see if points with real coordinates satisfy the derivative.

Recall the derivative:

\[
\frac{dy}{dx} = \frac{Y - 2x} {-x + 2y}
\]

This derivative is given in terms of \(Y\) and \(X\) notation, but likely refers to the same variables \(y\)
and \(x\). To clarify, interpret:

\[
\frac{dy}{dx} = \frac{y - 2x} {-x + 2y}
\]



Matching the Derivative with the Implicit Equation

Applying Implicit Differentiation

Alternatively, differentiate the original implicit equation with respect to \(x\) to find \(\frac{dy} {dx}\)
and compare with the given expression.

Given:

\[

-Xy+5+y"2+x72=0

\]

Differentiate both sides with respect to \(x\):

ti‘rac{d}{dx}(- xy) + \frac{d}{dx}(5) + \frac{d}{dx}(y"~2) + \frac{d}{dx}(x~2) =0
\

Calculate each term:

-\(\frac{d}{dx}(- xy) = - \left( y + x \frac{dy}{dx} \right)\) (product rule)
-\(\frac{d}{dx}(5) = 0\)

-\(\frac{d}{dx}(y"~2) = 2 y \frac{dy} {dx}\)

-\(\frac{d}{dx}(x"2) = 2x\)

Putting it together:

\[
-\left( y + x \frac{dy}{dx} \right) + 0 + 2 y \frac{dy}{dx} + 2x =0
\]

Simplify:

\[

-y - x\frac{dy}{dx} + 2 y \frac{dy}{dx} + 2x =0
\]

Group terms with \(\frac{dy}{dx}\):

\[
(-y + 2x) + \left( - x + 2 y \right) \frac{dy}{dx} =0



\]

Solve for \(\frac{dy}{dx}\):

\[
\left( - x + 2 y \right) \frac{dy}{dx} =y -2 x
\]
\[
\frac{dy}{dx} =\frac{y-2x}{-x+2y}
\]

This matches the given derivative expression, confirming consistency.

Finding Points on the Curve with Real Coordinates

Given the earlier discriminant analysis suggests no real solutions satisfy the implicit equation, but for
completeness, let's check specific points.

Suppose \(x=0\):

\[

-0O\cdoty +5+y~2 + 0 = 0\Rightarrowy~2 +5=0
\]

which gives:

\[

y*2=-5

\]

No real solution. Similarly, for \(y=0\):

\[

0+5+ 0+ x"2=0\Rightarrow x*2 +5 =0
\]

again, no real solution.

Thus, the curve does not have real points, only complex solutions.

Summary of Results and Conclusions



- The implicit curve is defined by a quadratic form that, upon analysis, reveals no real solutions.
Consequently, the set of points \((x, y)\) satisfying the original equation exists only in the complex
plane.

- The derivative \(\frac{dy}{dx}\) matches the implicit differentiation of the curve, confirming the
consistency of the differential relation.

- Since the discriminant for real solutions is negative, the curve has no real points.

- If the interest is in complex solutions, the points can be expressed via the quadratic formula
involving complex numbers.

Final Remarks and Further Exploration

While the current analysis indicates that the curve does not contain real points, understanding such
implicit equations is vital in advanced mathematics. For practical applications, such as physics or
engineering, often only real solutions are meaningful. In those contexts, the absence of real points
implies the curve does not manifest in the real plane.

For further exploration, consider:
- Extending the analysis into the complex plane to understand the behavior of complex solutions.
- Graphical representation of the implicit curve in the complex plane.

- Investigating modifications of the original equation to produce real solutions, perhaps by altering
constants or adding constraints.

Frequently Asked Questions

What is the given equation of the curve in the problem?

The given equation of the curve is -xy + y*~2 + x~2 = 0.

What is the expression for dy/dx provided in the problem?
The derivative dy/dx is given as (Y - 2x) / (-x + 2Y).

How can we verify if the slope dy/dx is consistent with the
given curve equation?

By differentiating the curve equation implicitly and comparing it with the given dy/dx expression to
ensure consistency.



What steps are involved in finding all points on the curve that
satisfy the derivative condition?

First, express Y in terms of x from the curve equation, then substitute into dy/dx, and solve for points
where the derivative matches the given expression.

Are there specific points where the derivative dy/dx is
undefined, and how do we find them?

Yes, points where the denominator -x + 2Y = 0 cause the derivative to be undefined; solving this
along with the curve equation helps identify such points.

Is it possible to solve for Y explicitly in terms of x from the
given curve equation?

Yes, rearranging the curve equation can lead to explicit expressions for Y in terms of x, facilitating
substitution into dy/dx.

What is the significance of finding all points on the curve
satisfying the derivative condition?

It helps identify points where the slope of the curve matches the given derivative, revealing important
geometric or physical properties of the curve.

Can this problem be approached using parametric methods or
substitution to simplify calculations?

Yes, introducing parameters or substitution methods can simplify solving for points satisfying both the
curve equation and the derivative condition.

What are the final steps to determine all such points once the
equations are set up?

Solve the resulting algebraic equations simultaneously to find all (x, y) points that satisfy both the
curve and the derivative condition.

Additional Resources

Understanding the Differential Equation and Curve: A Comprehensive Guide to Solving for Coordinates

When encountering the differential equation -xy + y*~2 + x”~2 = 0 alongside the derivative
relationship dy/dx = (Y - 2x)/(-x + 2y), mathematicians and students alike are presented with an
intriguing challenge: to find all points on the curve satisfying these conditions. This problem combines
the geometric interpretation of a curve with the analytical tools of differential calculus, demanding a
systematic approach to uncover the solution set.



In this article, we'll explore step-by-step how to analyze the given equation, interpret the derivative
relationship, and ultimately determine all the coordinate points lying on the curve. We'll break down
the problem into manageable sections, employ substitution techniques, and interpret the results
geometrically.

Understanding the Given Equation and Derivative

The Implicit Curve: -xy + y2 + x2 =0

The first key element is the implicit curve defined by:

Xy +y2+x2=0

This can be rewritten for clarity:

X* +y? =Xy

This relation suggests a geometric shape that can be better understood by analyzing its structure.
The Derivative Relationship

Given:

dy/dx = (Y - 2x)/(-x + 2y)

Notice that Y appears in the numerator, but the context indicates that Y is likely representing y, the
variable itself. If so, the derivative simplifies to:

dy/dx = (y - 2x)/(-x + 2y)

This is a differential equation relating y and x, which, combined with the original algebraic equation,
facilitates finding specific points on the curve.

Step 1: Simplify the Derivative Expression
Let's first verify the derivative:

dy/dx = (y - 2x)/(-x + 2y)

To simplify, observe the denominator:

- -X + 2y can be written as 2y - x.

Thus:

dy/dx = (y - 2x)/(2y - x)



This form is more manageable.

Step 2: Analyze the Implicit Equation
The implicit equation:

X +y? =Xy

can be rewritten as:

X2-xy+y>=0

This quadratic form in x and y hints at potential substitution or parametrization strategies.

Step 3: Express y in terms of x or vice versa

Let's attempt to express y as a function of x to analyze the points further.
Rearranged, the equation becomes:

X2 +y?2 =xy

which can be viewed as a quadratic in y:

y>-xy+x2=0

In standard quadratic form:

y?-xy+x2=0

The solutions for y are:

y=[x=xV(x2-4x?)]/2

Calculating the discriminant:

A = (—X)? — 41x? = x2 — 4x? = -3x?

Since the discriminant is -3x?, it is non-positive for all real x:

-Forx # 0, A < 0, so no real solutions fory.
- Forx =0, A = 0, so one real solution exists.

Implication: The only real point on the curve with real coordinates occurs at x = 0.

Let's verify this point:



When x=0, the original equation:
0+y2+0=0

simplifies to:

y2=10

which implies:

y=0

Thus, the point (0,0) lies on the curve.

Step 4: Investigate the derivative at the point (0,0)
Now, evaluate the derivative dy/dx at (0,0):

dy/dx = (y - 2x)/(2y - x)

Substituting (0,0):

dy/dx = (0 - 0)/(0 - 0) = 0/0

This is indeterminate, indicating that the derivative is not defined at (0,0). This suggests a potential
cusp or singularity at this point.

Step 5: Confirm whether other points exist

From the quadratic solution analysis, the only real points on the original curve are at x=0, y=0.
But, is there any other way to find points on the curve? Let's revisit the original equation:

X2+ y? = xy

and consider possible parametrizations.

Step 6: Parametrize the curve
Given the form x2 + y? = xy, divide both sides by x? (excluding x=0):
1+ (y/x)? = yIx

Let t = y/x, then:



l+t2=t

which simplifies to:

t2-t+1=0

Discriminant:

A=(-1)?-411=1-4=-3

Again, negative discriminant, indicating no real solutions for t = y/x unless x=0.

Conclusion: The only real point on the curve is at (0,0).

Summary of Findings

- The implicit curve x2 + y2 = xy reduces to x=0, y=0 as the only real point satisfying the equation.

- The derivative dy/dx is undefined or indeterminate at this point, indicating a potential cusp.

- No other real points satisfy the original equation; complex solutions exist but are beyond the scope
of real coordinate points.

Final Answer: All Points on the Curve
The only coordinate point on the curve satisfying the given conditions is:

(0,0)

Additional Considerations and Geometric Interpretation

- The curve x2 + y? = xy resembles a conic section, but due to the negative discriminant in the
guadratic solution, it does not represent a standard circle or ellipse in the real plane.

- The point (0,0) is a singular point, possibly a cusp or a point of self-intersection.

- The derivative's indeterminacy at this point suggests a vertical or undefined tangent line,
characteristic of a cusp.

Conclusion

This problem demonstrates the importance of combining algebraic manipulation with differential
calculus to analyze implicit curves thoroughly. The key steps involved simplifying the implicit
equation, examining the quadratic nature of the relation, and analyzing the derivative's behavior at
critical points.

In summary:



- The only real coordinate point on the curve -xy + y2 + x2 = 0 with the given derivative relationship is
(0,0).

- At this point, the derivative is undefined, indicating a cusp or singularity.

- No other real solutions exist, but complex solutions may be present depending on the context.

By understanding the structure of the implicit equation and its derivatives, one gains insight into the
geometric and analytical properties of the curve, which is essential in advanced calculus and
differential equations.

If you want to explore further, consider examining the behavior of the curve in the complex plane or
analyzing the nature of the singularity at (0,0) through advanced calculus techniques.
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