
Ii) Show That The P.d V Across The Capacitor When It
Is Charging Is Given By V=V0V0et/RC Where V0 Is

Ii) Show That The P.d V Across The Capacitor When It Is Charging Is Given By V=V0V0et/RC Where V0 Is

---

Understanding the Voltage Across a Charging Capacitor

In electrical circuits, capacitors are fundamental components used to store electrical energy. When a
capacitor charges through a resistor from a voltage source, the voltage across the capacitor doesn't
increase instantaneously but follows a specific exponential behavior. This article aims to derive and explain
the formula:

\[ V(t) = V_0 \left(1 - e^{-\frac{t}{RC}}\right) \]

where \(V_0\) is the initial voltage of the source, \(R\) is the resistance, \(C\) is the capacitance, and \(t\) is
the time elapsed. We'll explore the physics behind this behavior, derive the mathematical expression step-by-step,
and discuss its implications.

---

Section 1: The Basics of Capacitor Charging

What is a Capacitor?

A capacitor is a two-terminal electronic component capable of storing electrical energy in an electric field. It
consists of two conductive plates separated by an insulating material called a dielectric.

Charging a Capacitor Through a Resistor

When a capacitor is connected to a voltage source \(V_0\) through a resistor \(R\), the charging process
involves the flow of current, which gradually decreases as the capacitor accumulates charge. The key points
include:

- Initially, the capacitor is uncharged.
- Current flows from the source through the resistor into the capacitor.
- As charge builds up, the voltage across the capacitor increases.
- The process continues until the capacitor's voltage equals the source voltage, at which point the current
stops.

Section 2: Mathematical Modeling of Charging Process



Applying Kirchhoff's Voltage Law (KVL)

To analyze the charging process, consider the circuit with a voltage source \(V_0\), a resistor \(R\), and a
capacitor \(C\). Applying KVL:

\[ V_0 = V_R + V_C \]

where:

- \(V_R\) is the voltage across the resistor.
- \(V_C\) is the voltage across the capacitor at time \(t\).

Since the current \(i(t)\) flows into the capacitor, the relation between the current and the capacitor
voltage is:

\[ i(t) = C \frac{dV_C}{dt} \]

The voltage across the resistor is:

\[ V_R = i(t) R = R C \frac{dV_C}{dt} \]

Substituting into KVL:

\[ V_0 = R C \frac{dV_C}{dt} + V_C \]

This differential equation governs the behavior of \(V_C(t)\).

Deriving the Voltage Equation

Rearranged, the differential equation is:

\[ R C \frac{dV_C}{dt} + V_C = V_0 \]

Dividing both sides by \(R C\):

\[ \frac{dV_C}{dt} + \frac{1}{R C} V_C = \frac{V_0}{R C} \]

This is a first-order linear differential equation. To solve it, we use integrating factors.

---

Section 3: Solving the Differential Equation

Integrating Factor Method

The integrating factor (\(\mu(t)\)) is:

\[ \mu(t) = e^{\int \frac{1}{R C} dt} = e^{\frac{t}{R C}} \]

Multiplying both sides of the differential equation by \(\mu(t)\):

\[ e^{\frac{t}{R C}} \frac{dV_C}{dt} + \frac{1}{R C} e^{\frac{t}{R C}} V_C = \frac{V_0}{R C}



e^{\frac{t}{R C}} \]

Recognizing the left side as the derivative of \(V_C e^{\frac{t}{R C}}\):

\[ \frac{d}{dt} \left( V_C e^{\frac{t}{R C}} \right) = \frac{V_0}{R C} e^{\frac{t}{R C}} \]

Integrate both sides with respect to \(t\):

\[ V_C e^{\frac{t}{R C}} = \int \frac{V_0}{R C} e^{\frac{t}{R C}} dt + K \]

where \(K\) is the constant of integration.

Performing the integral:

\[ \int e^{\frac{t}{R C}} dt = R C e^{\frac{t}{R C}} + C_1 \]

Thus,

\[ V_C e^{\frac{t}{R C}} = V_0 R C \times \frac{1}{R C} e^{\frac{t}{R C}} + K \]
\[ V_C e^{\frac{t}{R C}} = V_0 e^{\frac{t}{R C}} + K \]

Dividing both sides by \(e^{\frac{t}{R C}}\):

\[ V_C = V_0 + K e^{-\frac{t}{R C}} \]

Applying initial conditions to determine \(K\):

- At \(t=0\), the capacitor is uncharged: \(V_C(0) = 0\)

Substitute \(t=0\):

\[ 0 = V_0 + K \times 1 \Rightarrow K = -V_0 \]

Hence, the voltage across the capacitor as a function of time:

\[ V_C(t) = V_0 \left(1 - e^{-\frac{t}{R C}}\right) \]

This is the standard exponential charging formula, showing that the capacitor voltage approaches \(V_0\)
exponentially over time with a time constant \(\tau = R C\).

---

Section 4: Understanding the Resulting Voltage Expression

Final Expression for Capacitor Voltage During Charging

The derived expression:

\[ V(t) = V_0 \left(1 - e^{-\frac{t}{R C}}\right) \]

indicates:

- At \(t=0\), the voltage across the capacitor is zero.
- As \(t \to \infty\), \(V(t) \to V_0\), meaning the capacitor fully charges to the supply voltage.
- The rate at which the voltage approaches \(V_0\) is governed by the time constant \(\tau = R C\).



Significance of the Exponential Behavior

This exponential behavior is characteristic of first-order RC circuits. The capacitor's voltage increases
rapidly at first and then gradually levels off as it nears the supply voltage.

---

Section 5: Variations and Special Cases

Charging from a Different Initial Voltage

If the capacitor initially has a voltage \(V_{initial}\), the general form becomes:

\[ V(t) = V_0 - (V_0 - V_{initial}) e^{-\frac{t}{R C}} \]

which reduces to the earlier expression when \(V_{initial} = 0\).

Discharging a Capacitor

When discharging through a resistor, the voltage decreases exponentially:

\[ V(t) = V_{initial} e^{-\frac{t}{R C}} \]

highlighting the symmetry in charging and discharging behaviors.

---

Section 6: Practical Implications and Applications

Designing RC Circuits

Understanding the voltage across a charging capacitor is vital for:

- Timing circuits (e.g., timers, oscillators)
- Filtering applications (e.g., low-pass filters)
- Signal processing

Estimating Time Constants

Knowing that the voltage approaches within about 63.2% of \(V_0\) after one time constant \(\tau=RC\),
engineers can design circuits with desired response times.



Real-World Measurements

In practical scenarios, measuring the voltage across a capacitor over time can validate the theoretical
exponential behavior, ensuring circuit accuracy.

---

Conclusion

In this comprehensive analysis, we've shown that the voltage \(V(t)\) across a capacitor during the charging
process is governed by the exponential relation:

\[ V(t) = V_0 \left(1 - e^{-\frac{t}{R C}}\right) \]

This fundamental formula underscores the importance of the RC time constant in electrical circuit design and
analysis. Recognizing this exponential behavior allows engineers and students to predict circuit performance,
optimize timing applications, and understand transient phenomena in RC circuits.
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Frequently Asked Questions

What is the expression for the voltage across a capacitor during its
charging process?

The voltage across the capacitor during charging is given by V = V₀ (1 - e^(-t/RC)), where V₀ is the supply
voltage, R is the resistance, C is the capacitance, and t is the time.

How do we derive the formula V = V₀ V₀ e^(t/RC) for the capacitor's
voltage during charging?

This appears to be a misinterpretation; the correct formula is V = V₀ (1 - e^(-t/RC)). The derivation involves
solving the differential equation for the charging circuit, considering the initial conditions and applying
Kirchhoff's laws.

What is the significance of the term V₀ e^(t/RC) in the voltage expression
across the capacitor?

Actually, the correct exponential term during charging is V₀ (1 - e^(-t/RC)). The term V₀ e^(t/RC) is not used



in the standard charging voltage formula; it appears in discharging scenarios with a negative exponent.

Can the formula V = V₀ V₀ e^(t/RC) be correct for the charging of a
capacitor?

No, the standard and correct formula for charging voltage is V = V₀ (1 - e^(-t/RC)). The expression V₀ V₀
e^(t/RC) is not correct; it might be a typographical error or misinterpretation.

What boundary conditions are used to derive the voltage across the
capacitor during charging?

The boundary condition is that at t=0, the capacitor voltage V=0 (initially uncharged), and as t approaches
infinity, V approaches V₀ (the supply voltage). These conditions help derive the exponential charging formula.

How does the time constant RC influence the voltage across the capacitor
during charging?

The time constant τ = RC determines how quickly the capacitor charges; after a time equal to τ, the voltage
reaches approximately 63.2% of V₀. The exponential term e^(-t/RC) governs the rate of charging.

Why is the exponential function e^(-t/RC) used in the formula for capacitor
charging?

The exponential function arises from solving the first-order differential equation governing the RC circuit. It
describes how the voltage approaches its final value asymptotically over time.

What is the correct formula for the voltage across a capacitor when it is
charging in an RC circuit?

The correct formula is V = V₀ (1 - e^(-t/RC)), where V₀ is the supply voltage, R is resistance, C is
capacitance, and t is time since charging began.

Additional Resources
Voltage Across a Charging Capacitor: Derivation and Analysis of V = V₀(1 - e^{−t/RC})

In the realm of electrical engineering and physics, understanding the behavior of capacitors during the charging
process is fundamental to grasping how a wide array of electronic circuits operate. One of the most critical
parameters in this context is the voltage across the capacitor as it charges over time. The classic expression
describing this voltage is given by:

\[ V(t) = V_0 \left(1 - e^{-\frac{t}{RC}}\right) \]

where:

- \( V_0 \) is the supply voltage,
- \( R \) is the resistance in the circuit,
- \( C \) is the capacitance,
- \( t \) is the time elapsed since the start of charging, and
- \( e \) is the base of the natural logarithm.

This formula encapsulates the exponential nature of the charging process, which is pivotal in designing and
analyzing circuits involving capacitors. This article aims to provide a comprehensive, detailed, and analytical



exploration of this expression, elucidating its derivation, physical significance, and implications.

---

Understanding the Context: Capacitors in Electric Circuits

The Role of Capacitors

Capacitors are passive two-terminal electronic components capable of storing electrical energy in an electric
field. They are widely used in electronic circuits for functions such as filtering, energy storage, timing, and
signal coupling. When connected to a voltage source through a resistor, the capacitor begins to accumulate
charge, and the voltage across it increases over time until it reaches the supply voltage.

Charging and Discharging Phenomena

The process of charging a capacitor involves an initial rapid influx of charge, gradually slowing as the
capacitor voltage approaches the supply voltage. Conversely, discharging involves a decrease in stored
charge through a resistor. The mathematical descriptions of these processes are essential in predicting circuit
behavior, especially in transient analysis.

---

Theoretical Foundations: Circuit Setup and Basic Principles

Basic Circuit Configuration

The classic circuit for studying capacitor charging consists of:

- A voltage source \( V_0 \),
- A resistor \( R \),
- A capacitor \( C \),
- A switch (to initiate charging at \( t=0 \)).

When the switch is closed at \( t=0 \), current begins to flow, and the capacitor starts to accumulate
charge.

Key Assumptions

- The circuit components are ideal (no parasitic resistance or inductance).
- The initial capacitor voltage at \( t=0 \) is zero (\( V_{C}(0) = 0 \)).
- The voltage source remains constant during the process.
- The circuit is considered in the transient state, ignoring steady-state DC behavior for the moment.

---



Derivation of the Voltage Across the Capacitor During Charging

The Fundamental Differential Equation

Applying Kirchhoff’s Voltage Law (KVL) around the circuit loop yields:

\[ V_0 = V_{R}(t) + V_{C}(t) \]

where:

- \( V_{R}(t) \) is the voltage across the resistor,
- \( V_{C}(t) \) is the voltage across the capacitor.

Since \( V_{R}(t) = R \cdot I(t) \), and the current \( I(t) \) relates to the rate of change of charge \( Q(t)
\):

\[ I(t) = \frac{dQ(t)}{dt} \]

And the capacitor voltage relates to charge:

\[ V_{C}(t) = \frac{Q(t)}{C} \]

Thus, combining these:

\[ V_0 = R \frac{dQ(t)}{dt} + \frac{Q(t)}{C} \]

Dividing through by \( C \):

\[ \frac{V_0}{C} = R \frac{1}{C} \frac{dQ(t)}{dt} + \frac{Q(t)}{C^2} \]

But it's more straightforward to write the differential equation directly in terms of \( V_{C}(t) \):

\[ V_0 = R C \frac{dV_{C}(t)}{dt} + V_{C}(t) \]

which simplifies to:

\[ R C \frac{dV_{C}(t)}{dt} + V_{C}(t) = V_0 \]

This is a first-order linear differential equation describing the charging process.

Solving the Differential Equation

Rearranged:

\[ \frac{dV_{C}(t)}{dt} + \frac{1}{R C} V_{C}(t) = \frac{V_0}{R C} \]

This standard form can be solved using integrating factors.

- The integrating factor:

\[ \mu(t) = e^{\int \frac{1}{R C} dt} = e^{t/(R C)} \]

- Multiplying through by \( \mu(t) \):



\[ e^{t/(R C)} \frac{dV_{C}(t)}{dt} + \frac{1}{R C} e^{t/(R C)} V_{C}(t) = \frac{V_0}{R C} e^{t/(R C)} \]

- Recognizing the left side as a derivative:

\[ \frac{d}{dt}\left( e^{t/(R C)} V_{C}(t) \right) = \frac{V_0}{R C} e^{t/(R C)} \]

Integrate both sides with respect to \( t \):

\[ e^{t/(R C)} V_{C}(t) = \int \frac{V_0}{R C} e^{t/(R C)} dt + K \]

where \( K \) is the constant of integration.

- Computing the integral:

\[ \int e^{t/(R C)} dt = R C e^{t/(R C)} + C' \]

Substituting back:

\[ e^{t/(R C)} V_{C}(t) = V_0 R C e^{t/(R C)} + K \]

Dividing through by \( e^{t/(R C)} \):

\[ V_{C}(t) = V_0 R C + K e^{-t/(R C)} \]

But the earlier step contains an inconsistency; a more precise integration involves:

\[ \int e^{t/(R C)} dt = R C e^{t/(R C)} + C' \]

Hence, the general solution:

\[ e^{t/(R C)} V_{C}(t) = V_0 R C e^{t/(R C)} + K \]

Dividing through:

\[ V_{C}(t) = V_0 R C + K e^{-t/(R C)} \]

But this indicates a misstep; the key is to correctly integrate the differential equation:

\[ \frac{dV_{C}}{dt} + \frac{1}{R C} V_{C} = \frac{V_0}{R C} \]

The integrating factor is:

\[ \mu(t) = e^{t/(R C)} \]

Multiply through:

\[ e^{t/(R C)} \frac{dV_{C}}{dt} + \frac{1}{R C} e^{t/(R C)} V_{C} = \frac{V_0}{R C} e^{t/(R C)} \]

Left side is:

\[ \frac{d}{dt} \left( e^{t/(R C)} V_{C}(t) \right) \]

Integrate both sides:

\[ e^{t/(R C)} V_{C}(t) = \int \frac{V_0}{R C} e^{t/(R C)} dt + K \]

Compute the integral:

\[ \int e^{t/(R C)} dt = R C e^{t/(R C)} + C' \]



Thus,

\[ e^{t/(R C)} V_{C}(t) = V_0 R C e^{t/(R C)} + K \]

Divide both sides by \( e^{t/(R C)} \):

\[ V_{C}(t) = V_0 R C + K e^{-t/(R C)} \]

But notice that \( V_{C}(t) \) should have units of volts, and the term \( V_0 R C \) has units of volts
times resistance times capacitance, which doesn't make sense physically. The correct solution aligns with the
standard form:

\[ V_{C}(t) = V_0 \left( 1 - e^{-\frac{t}{RC}} \right) \]

Final Step: Applying Initial Conditions

At \( t=0 \), the capacitor voltage is zero:

\[ V_{C}(0) = 0 = V_0 \left(1 - e^{0}\right) = V_0 (1 - 1) = 0 \]

which satisfies the initial condition.

Thus, the complete solution is:

\[ V_{C}(t) = V_0 \left( 1 - e^{-\frac{t}{RC}} \right) \]

---

Physical Interpretation of the Derived Expression

Exponential Charging Behavior

The
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