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Idential Red Balls And 10 Identical Blue
Balls Into 4 Distinct Urns
In How Many Ways Can We Place 10 Idential Red Balls And 10 Identical Blue Balls
Into 4 Distinct Urns is a classic combinatorial problem that explores the fascinating world
of distributing identical objects into distinct containers. This problem is not only interesting
from a mathematical perspective but also has practical applications in fields such as
logistics, computer science, and probability theory. In this comprehensive article, we will
delve into the concepts, methods, and calculations needed to determine the total number
of arrangements for this scenario.

Understanding the Problem

Before jumping into the mathematical details, it’s essential to understand the core
elements of the problem:

- Objects: Two types of identical balls — 10 red balls and 10 blue balls.
- Containers: 4 distinct urns (or containers) into which the balls are to be placed.
- Constraints: The balls of each color are identical, meaning that permuting balls of the
same color within the same urn does not produce a new arrangement.

The primary objective is to find the total number of possible arrangements where all balls
are distributed among the four urns, respecting the constraints of object identity and
container distinguishability.

Key Concepts in Combinatorics

To solve this problem, several fundamental combinatorial principles are employed:

1. Distributing Identical Objects

When distributing identical objects into distinct bins, the problem is often modeled using
the "stars and bars" theorem (also known as "balls and urns"). This theorem simplifies the
counting process by representing the objects and separators as symbols, allowing us to
compute the total number of arrangements.

2. The Stars and Bars Theorem



The theorem states that the number of ways to place n identical objects into k distinct bins
(where bins can be empty) is:

\[
\binom{n + k - 1}{k - 1}
\]

This formula counts the number of non-negative integer solutions to the equation:

\[
x_1 + x_2 + \dots + x_k = n
\]

where each \( x_i \) represents the number of objects placed into the \( i^\text{th} \) bin.

3. Applying the Theorem to Multiple Colors

Since the balls are of two different colors, and their distributions are independent, we can
compute the arrangements for each color separately and multiply the results to obtain the
total number of arrangements.

Step-by-Step Solution

Let’s now work through the problem systematically.

Step 1: Distribute Red Balls

- Number of red balls: 10
- Number of urns: 4

Using the stars and bars theorem, the number of ways to distribute 10 identical red balls
into 4 urns is:

\[
\text{Red arrangements} = \binom{10 + 4 - 1}{4 - 1} = \binom{13}{3}
\]

Calculating this:

\[
\binom{13}{3} = \frac{13 \times 12 \times 11}{3 \times 2 \times 1} = 286
\]



Step 2: Distribute Blue Balls

- Number of blue balls: 10
- Number of urns: 4

Similarly, the arrangements for the blue balls are:

\[
\text{Blue arrangements} = \binom{10 + 4 - 1}{4 - 1} = \binom{13}{3} = 286
\]

Step 3: Calculate the Total Number of Arrangements

Since the placement of red and blue balls are independent, the total number of
arrangements is the product of the individual distributions:

\[
\text{Total arrangements} = \text{Red arrangements} \times \text{Blue arrangements} =
286 \times 286 = 81796
\]

Thus, there are 81,796 ways to place 10 identical red balls and 10 identical blue balls into 4
distinct urns.

Additional Considerations and Variations

While the above calculation provides the total number of arrangements under the given
constraints, several variations and additional factors can influence the problem:

1. Allowing Empty Urns

The current approach assumes that urns can be empty, which is typical in such problems. If
the problem specified that each urn must contain at least one ball, the calculations would
change:

- Number of red balls to distribute: 10
- Minimum per urn: 1 (for each urn)

In such a case, the distribution problem becomes:

\[
x_1 + x_2 + x_3 + x_4 = 10
\]
with each \( x_i \geq 1 \).



Using the stars and bars theorem with the adjusted constraints:

\[
\binom{10 - 1 \times 4 + 4 - 1}{4 - 1} = \binom{10 - 4 + 3}{3} = \binom{9}{3} = 84
\]

Similarly for blue balls.

Total arrangements:

\[
84 \times 84 = 7056
\]

2. Distinguishable Balls

If the balls were distinguishable, the counting would be significantly different, involving
permutations rather than combinations.

3. Combining Multiple Conditions

Additional constraints, such as maximum balls per urn or specific placement rules, would
require more advanced combinatorial techniques or generating functions.

Practical Applications of the Problem

Understanding how to count arrangements of identical objects into distinct containers has
numerous practical applications:

Logistics and Supply Chain Management: Optimizing the distribution of identical
items across warehouses or delivery routes.

Computer Science: Allocating resources or tasks to servers or processors, especially
when resources are identical.

Statistical Modeling and Probability: Calculating the likelihood of various
outcomes in experiments involving identical particles.

Manufacturing: Planning how to distribute components or products into different
assembly lines or packaging units.



Summary

To summarize, the problem of distributing 10 identical red balls and 10 identical blue balls
into 4 distinct urns involves the use of the stars and bars theorem, which simplifies the
counting process by translating the problem into combinations of non-negative integer
solutions. Calculating for each color separately and then multiplying the results yields the
total number of arrangements.

Final Result:

\[
\boxed{
\text{Total arrangements} = \binom{13}{3} \times \binom{13}{3} = 286 \times 286 =
81,796
}
\]

Key Takeaways:

- The problem leverages fundamental principles of combinatorics.
- Identical objects are distributed independently across distinguishable containers.
- Variations in constraints can significantly alter the counting methods and results.
- Such combinatorial problems have broad applications across multiple disciplines.

By mastering these concepts, you can approach a wide range of distribution problems with
confidence and mathematical rigor.

Frequently Asked Questions

What is the total number of ways to distribute 10
identical red balls and 10 identical blue balls into 4
distinct urns?
The total number of ways is calculated by considering the distributions of each color
separately. For each color, the number of ways to place n identical balls into k distinct urns
is given by the combination (n + k - 1) choose (k - 1). Therefore, total arrangements = [(10
+ 4 - 1) choose (4 - 1)] squared, which is 13 choose 3 squared, i.e., 286 squared = 81,796.

How do we calculate the number of ways to distribute
identical balls into urns?
The problem is modeled using stars and bars theorem, where the number of ways to
distribute n identical balls into k distinct urns is (n + k - 1) choose (k - 1). This accounts for
all possible distributions, including cases where some urns may be empty.



Can the distributions of red and blue balls be
considered independently?
Yes, since the balls are identical within each color and distinguishable across colors, the
distributions of red and blue balls are independent. Thus, the total arrangements are the
product of the number of distributions for each color.

What is the formula used to find the number of ways to
place 10 identical red balls into 4 urns?
The formula is (10 + 4 - 1) choose (4 - 1), which simplifies to 13 choose 3, equaling 286
ways.

Are arrangements with some urns empty included in
the total count?
Yes, since the stars and bars method counts all distributions, including those where some
urns are empty, unless restrictions are specified to exclude empty urns.

If the balls were distinguishable instead of identical,
how would the counting change?
If the balls were distinguishable, the problem would involve arrangements with
permutations, leading to a vastly larger number of arrangements. Each ball would have 4
choices, so for 20 balls, total arrangements would be 4^20, assuming no restrictions.

How does the problem change if the urns are identical
instead of distinct?
If the urns are identical, the problem becomes a partition problem rather than a stars and
bars problem, which is significantly more complex. The counting would involve partitioning
the balls into indistinguishable subsets, requiring different combinatorial methods.

Additional Resources
Combinatorial Distribution of Identical Balls into Distinct Urns: An Expert Analysis

When exploring the fascinating world of combinatorics, one problem often surfaces that
elegantly illustrates the principles of counting and arrangements: distributing identical
objects into distinct containers. Specifically, consider the scenario where we have 10
identical red balls and 10 identical blue balls to be placed into 4 distinct urns. This problem
not only intrigues mathematicians but also finds applications in fields like computer
science, logistics, and statistical mechanics.

In this detailed exploration, we will analyze the problem thoroughly—breaking down the
combinatorial principles involved, deriving formulas, and discussing various perspectives



that can deepen your understanding.

---

Understanding the Core Problem

At first glance, the problem appears straightforward: how many different ways can we
distribute the balls? However, the key lies in understanding the constraints and nature of
the objects involved.

The Key Elements

- Objects:
- 10 identical red balls
- 10 identical blue balls

- Containers:
- 4 distinct urns

The Constraints

- Identical objects: The balls of the same color are indistinguishable. This means
arrangements where only the distribution counts, not which specific ball is placed where.
- Distinct containers: The urns are labeled or distinguishable, so swapping the contents of
two urns results in a different arrangement.

---

Fundamental Principles of Counting

Before diving into the specific problem, it's essential to recall two fundamental
combinatorial concepts:

1. Stars and Bars Theorem (or Balls and Urns method)

This theorem provides a way to count the number of ways to place identical objects into
distinguishable boxes, given certain constraints.

2. Separable Distributions for Multiple Object Types

When multiple types of objects are involved, the total arrangements are often calculated as
the product of arrangements for each type, assuming independence.

---



Calculating the Number of Ways for Each Color

Because the red and blue balls are identical within their respective colors and placed into
the urns independently, the total number of arrangements is the product of arrangements
for red balls and blue balls.

Red Balls Distribution

- Number of red balls: 10
- Number of urns: 4

Using the stars and bars method, the problem reduces to:

> How many ways can we partition 10 identical red balls into 4 urns?

This is equivalent to finding the number of non-negative integer solutions to:

\[
r_1 + r_2 + r_3 + r_4 = 10
\]

where \( r_i \) represents the number of red balls in urn \( i \).

The number of solutions is given by the combinatorial formula:

\[
\binom{n + k - 1}{k - 1}
\]

where:
- \( n \) = total objects (here, 10 red balls)
- \( k \) = number of containers (here, 4 urns)

Applying the formula:

\[
\binom{10 + 4 - 1}{4 - 1} = \binom{13}{3}
\]

Calculating:

\[
\binom{13}{3} = \frac{13 \times 12 \times 11}{3 \times 2 \times 1} = 286
\]

Blue Balls Distribution

Similarly, for the 10 blue balls into 4 urns:

\[



b_1 + b_2 + b_3 + b_4 = 10
\]

Number of solutions:

\[
\binom{13}{3} = 286
\]

---

Combining the Distributions

Since the placement of red and blue balls are independent (and the balls of each color are
indistinguishable within their group), the total number of arrangements is the product of
the two individual counts:

\[
\text{Total arrangements} = \text{Red arrangements} \times \text{Blue arrangements} =
286 \times 286 = 81,796
\]

This is the total number of ways to place 10 identical red balls and 10 identical blue balls
into 4 distinguishable urns.

---

Deeper Insights and Variations

While the above calculation provides a clear solution for the specific problem statement, it
opens avenues for exploring related variations and deeper insights.

1. Different Numbers of Balls

Suppose the quantities differ, for example, 15 red and 12 blue balls. The same approach
applies, simply replacing the total objects:

- Red: \(\binom{15+4-1}{4-1} = \binom{18}{3}\)
- Blue: \(\binom{12+4-1}{4-1} = \binom{15}{3}\)

Total arrangements:

\[
\binom{18}{3} \times \binom{15}{3}
\]



2. Constraints on Urns

What if each urn has a maximum capacity? For example, each urn can hold at most 8 balls.
This introduces upper bounds, transforming the problem into counting solutions to bounded
integer equations, which is more complex and often requires inclusion-exclusion principles
or generating functions.

3. Distinguishing the Balls

If the balls of the same color are distinguishable (say, labeled red balls 1-10 and blue balls
1-10), then the problem becomes much more complex, involving permutations with
restrictions, and the total arrangements would be vastly larger.

4. Other Distributions

- Ordered arrangements: Counting arrangements where the order within each urn matters.
- Sequential placements: Considering the order in which balls are placed rather than just
the final distribution.

---

Practical Applications and Real-World Analogies

Understanding this combinatorial problem isn't solely academic; it has tangible
applications:

- Inventory Management: Distributing identical products into multiple warehouses.
- Data Distribution: Assigning data packets (indistinguishable or distinguishable) across
servers.
- Resource Allocation: Assigning identical resources (like bandwidth or storage) across
different systems.
- Statistical Modeling: Modeling distributions of particles or entities in physics or biology.

---

Conclusion

The problem of placing 10 identical red balls and 10 identical blue balls into 4 distinct urns
exemplifies core principles of combinatorics, particularly the stars and bars theorem.
Through systematic application of counting formulas, we've derived that there are 81,796
distinct arrangements.

This exploration not only showcases the elegance of combinatorial reasoning but also
emphasizes the importance of understanding the nature of objects (identical vs.
distinguishable) and containers (indistinguishable vs. distinguishable). Such principles are
foundational across various scientific and engineering disciplines, underpinning many



algorithms and models used in real-world applications.

As you delve deeper into combinatorics, consider how these principles extend to more
complex scenarios, such as bounded capacities, multiple object types, or ordered
arrangements—each adding layers of richness and complexity to the art of counting.
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