IN THIS QUESTION, You ARE ASkeb To FIND THE ARC-
LENGTH OF THE CURVE Y = (4x+2)*3/2 FRoM X = 1 To X

IN THis QUESTION, You ARe AskeD To FIND THE ARC-LENGTH OF THE CURVE Y = (4x+2)"3/2 FRoM X = 1 To X = THe
CONCEPT OF ARC LENGTH IS FUNDAMENTAL IN CALCULUS, SERVING AS A MEASURE OF THE DISTANCE ALONG A CURVE BETWEEN
Two POINTS. CALCULATING THE ARC LENGTH OF A GIVEN FUNCTION INVOLVES INTEGRATING THE INFINITESIMAL DISTANCES
ALONG THE CURVE, WHICH REQUIRES A GOOD UNDERSTANDING OF DERIVATIVES AND INTEGRALS. IN THIS ARTICLE, WE WILL
EXPLORE THE DETAILED PROCESS OF FINDING THE ARC LENGTH OF THE CURVE \( ¥ = (4x + 2){3/2} ) rrom \(x = 1\) TO
A SPECIFIED UPPER LIMIT, DEMONSTRATING THE STEPS INVOLVED AND PROVIDING INSIGHTS INTO THE UNDERLYING MATHEMATICAL
PRINCIPLES.

UNDERSTANDING THE CONCEPT OF ARC LENGTH

WHAT Is ARC LENGTH?

ARC LENGTH REFERS TO THE MEASUREMENT OF A CURVE'S LENGTH BETWEEN TWO POINTS. UNLIKE STRAIGHT LINES, CURVES ARE
NOT STRAIGHTFORWARD TO MEASURE DIRECTLY, SO CALCULUS OFFERS A SYSTEMATIC APPROACH TO DETERMINE THEIR LENGTHS
USING INTEGRAL CALCULUS.

MATHEMATICAL FORMULA FOR ARC LENGTH

For A FUNCTION \( ¥ = F(x) \) THAT IS CONTINUOUS AND DIFFERENTIABLE ON THE INTERVAL \([A, 8]\), THE ArRC LenGTH \( L
D rroM \(x=a\) To\(x=8\)Isciven BY:

\[
L =\InT_a"8 \s@rT{1 + \LerT( \Frrac{oY}Dx} \rRIGHT)"2} \, DX

\]

THIS FORMULA STEMS FROM THE PYTHAGOREAN THEOREM, CONSIDERING THE INFINITESIMAL CHANGES IN \(x\) anD \(¥\) ALonG
THE CURVE.

STeEP-BY-STEP SoLUTION To FIND THE ARC LENGTH ofF \( ¥ = (4x +
2)M3/23\) rrom \( x=1\) 1o \( x= \TexT{upPer LIMIT} )

IN THIS SECTION, WE WILL METHODICALLY COMPUTE THE ARC LENGTH FOR THE GIVEN FUNCTION. SINCE THE QUESTION APPEARS
INCOMPLETE REGARDING THE UPPER LIMIT, WE'LL ASSUME IT TO BE A VARIABLE \( x = ¢ \), wrere \( ¢ > 1 \). THe PrOCESS,
HOWEVER, REMAINS THE SAME REGARDLESS OF THE SPECIFIC UPPER LIMIT.

Step 1: Fino THE DerivaTiVE \( \FrRAc{DY}{DX} \)

GIVEN THE FUNCTION:



\[
vy =(4x + 2)*{3/2}
\]

APPLY THE CHAIN RULE TO DIFFERENTIATE:

\[
\rrAac{oY}{bx} = \rrac{3}{2} (Ux + 2)*{1/23 \TiMes 4 = 6 (4x + 2)*{1/23
\]

EXPLANATION:

- THe ouTer FUNCTION IS \( U™ 3/2} \), with \(u = 4x + 2 \).
- DerivaTive ofF \(U™{3/23 \) wiTH respecT To \(u \) 1s \( \rrac{33}{23 U™{1/23 \).
- MULTIPLY BY THE DERIVATIVE OF \(U = 4x + 2 \), WHICH IS 4.

RESULT:

\[
\rrac{oY}{box} = 6 \sqrT{4x + 23}
\]

STEP 2: SET UP THE ARC LENGTH INTEGRAL

USING THE FORMULA:

\[
L = \inT_{x=13"{x=c} \sqrT{1 + \LerT( \rrac{pY}{Dx} \RIGHT)"2} \, DX

\]

SuesTITuTe \( \FrAC{DY DX} \):

\[
L=\INT_1"c \s@rT{1 + [6 \sqrT{4x + 23]"2} \, Dx
\]

SIMPLIFY INSIDE THE SQUARE ROOT:

\[
L=\INT_1"c \s@rT{1 + 36 (4x + 2)}\, bx
\]

DISTRIBUTE:

\[
L=\INT_1"c \s@rT{1 + 36 \TiMes (4x + 2)} \, bx
\]

\[
L =\INT_1"c \s@rT{1 + 36 \TiMes 4x + 36 \TiMes 2} \, px
\]

\[
L=\INT_1"c \sqrT{1 + 144x + 72} \, px
\]



COMBINE CONSTANT TERMS:

\[
L=\INT_1"c \sqrT{144x + 73} \, oXx
\]

STEP 3: SIMPLIFY AND INTEGRATE

THE INTEGRAL REDUCES TO:

\[
L=\INT_1"c \sqrT{144x + 73} \, bx
\]

TO EVALUATE THIS INTEGRAL, APPLY SUBSTITUTION:

LET:

\[
u=144x+73

\]

THEN:

\l

bu = 144\, ox \QuaD \RiGHTARROW \QUAD Dx = \rrRac{pu}{ 144}

\]

CHANGE OF LIMITS:

- WHen \( x=1\):

\[
u=144(1)+73=144+73=217
\]

- When \( x=c \):

\[

u=144c+73

\]

THE INTEGRAL BECOMES:

\[
L =\inT_{u=2173"{u=144c + 73} \sqrT{u} \TiMes \rrAc{13{ 144} \, bU
\]

SIMPLIFY:

\[
L =\rrac{13{1443\n7_{2173*{144c + 73} u™{1/2}\, bu
\]

Now, INTEGRATE:



\[
\inT u{1/23\, bu = \rrac{23}{3} U™{3/2}
\]

THEREFORE:

\[
L =\rrac{13{144} \1iMes \rrac{23{3} \LerT[ U™{3/2} \riGHT]_{2173}*{144c + 73}
\]

SIMPLIFY CONSTANTS:

\[
L =\rrac{23{4323 \Lert[ (144c + 73)"{3/2} - 217°{3/23} \riGHT]
\]

\WHICH REDUCES TO:

\[
L =\rrac{13{2163 \Lert[ (144c + 73)"{3/2} - 2177{3/2} \rRIGHT]
\]

INTERPRETING THE RESULT AND COMPLETING THE CALCULATION

THe ARC LENGTH \( L \) FrrRoM \( x=1\) To \( x=c \) FOR THE GIVEN FUNCTION IS:

\[
L =\rrac{13}{216} \Lert[ (144c + 73)"{3/2} - 2177{3/2} \RIGHT]
\]

TO FIND THE SPECIFIC LENGTH FOR A PARTICULAR UPPER LIMIT, SUBSTITUTE THE VALUE OF \( C \). FOR EXAMPLE, IF THE
QUESTION SPECIFIES \( x=c=2\), THeN:

\[
L =\rrac{13{2163 \Lert[ (144 \TiMes 2 + 73)"{3/2} - 217"{3/23} \RIGHT]
\]

CALCULATING:

\[

144 \TiMes 2 = 288

\]

\[

288+ 73 =361

\]

\[

L =\rrac{13}{216} \Lert[ 3617{3/23 - 217"{3/23 \riGHT]
\]

SINCE:

\[
36173/23=(361) 13 \1iMes \sQrT{361} =361 \TIMeS 19 = 6859
\]



AND

\[
21773/2} =217 \1i™es \s@rT{2173
\]

CaLcuLaTte \(\sqrT{217} \aPProX 14.730 \):

\[
217 \TiMes 14.730 \aprrox 3198.31

\]

THus,

\[
L \approx \FRAc{1}{216} (6859 -3198.31) = \rrac{13{216} \TiMes 3660.69 \aprrox 16.94

\]

THIS PROVIDES AN APPROXIMATE ARC LENGTH BETWEEN \( x=1\) ano \( x=2 \).

SUMMARY OF THE PROCESS To FIND THE ARC LENGTH

IDENTIFY THE FUNCTION \( v = (4x + 2)"{3/23 \).

o CaLcuLATE ITS DERIVATIVE \( \FRAC{DY}{DX} \) USING THE CHAIN RULE.

® SET UP THE ARC LENGTH INTEGRAL USING THE FORMULA \( L = \INT \s@rT{1 + (\rrac{pY}{ox})"2} \, ox \).
® SIMPLIFY THE INTEGRAND AND PERFORM SUBSTITUTION TO EVALUATE THE INTEGRAL.

® EXPRESS THE RESULT IN TERMS OF THE UPPER LIMIT \( C \), OR EVALUATE FOR SPECIFIC BOUNDS.

ADDITIONAL TIPS FOR SOLVING ARC LENGTH PROBLEMS

1. ALWAYS VERIFY THE DIFFERENTIABILITY: ENSURE THE FUNCTION IS CONTINUOUS AND DIFFERENTIABLE OVER THE
INTERVAL.

2. USE SUBSTITUTION WISELY: RECOGNIZE FORMS THAT FIT STANDARD INTEGRALS, LIKE \( U™{N} \), TO SIMPLIFY
CALCULATIONS.

3. CHECK THE DOMAIN: CONFIRM THE LIMITS OF INTEGRATION ARE APPROPRIATE FOR THE PROBLEM CONTEXT.

4. APPROXIMATE



FREQUENTLY AskeD QUESTIONS

How DO | SET UP THE INTEGRAL TO FIND THE ARC LENGTH OF THE CURVE Y = (4x%
+ 2)M3/2} FroMx =1 TO X = AP

TO FIND THE ARC LENGTH, USE THE FORMULA L =[] FrRoM x=1 To x=a of [}] (1 + [pY/px]"2) DX. FIRST, COMPUTE
DY/DX, THEN SUBSTITUTE INTO THE INTEGRAND AND EVALUATE THE INTEGRAL.

\WHAT IS THE DERIVATIVE DY/DX oF ¥ = (4x + 2)*{3/2}?

USING THE CHAIN RULE, DY/Dx = (3/2) (4x + 2){1/2} 4 = 6 (4x + 2)"{1/2}.

How Do | SIMPLIFY THE EXPRESSION FOR THE ARC LENGTH INTEGRAL WITH DY/ DX
= 6 (4x + 2)™1/2

The iINTEGRAND BECOMES )] (1 + [oY/px]"2) =[] (1 + 36(4x + 2)). SIMPLIFY INSIDE THE SQUARE RooT To GeT [F] (1
+ 36(4x + 2)).

\WHAT SUBSTITUTION CAN BE USED TO EVALUATE THE INTEGRAL FOR THE ARC
LENGTH?

LeT U= 4x + 2. THEN, bu/DX = 4, SO DX = DU/ 4. REWRITE THE INTEGRAL IN TERMS OF U TO SIMPLIFY.

\WHAT ARE THE LIMITS OF INTEGRATION WHEN SUBSTITUTING U = 4X + 2 FROM
Xx=1 TO X=A°P

WHeN x=1, U=4(1)+2=6; WHEN x=A, U=4A+2. SO, THE LIMITS BECOME U=6 TO U=4A+2.

How DO | EVALUATE THE ARC LENGTH INTEGRAL AFTER SUBSTITUTION FOR THE
CURVE ¥ = (4x + 2)*{3/2} FroM x=1 To X=A?

THE INTEGRAL BECOMES L =[] FrRoM U=6 To u=4a+2 of (1/4)[F] (1 + 36U) bu. INTEGRATE THIS EXPRESSION TO
FIND THE ARC LENGTH.

ADDITIONAL RESOURCES

Arc-LeNaTH CaLcuLaTioN oF THE CUurVE \( ¥ = (4x+2)"{3/23 \): AN IN-DEPTH EXPLORATION



INTRODUCTION

IN THE REALM OF CALCULUS, ONE OF THE FUNDAMENTAL AND FASCINATING TOPICS IS THE DETERMINATION OF THE ARC-
LENGTH OF A CURVE. WHETHER YOU'RE A STUDENT DELVING INTO THE INTRICACIES OF CALCULUS OR A SEASONED
MATHEMATICIAN EXPLORING THE DEPTHS OF GEOMETRIC ANALYSIS, UNDERSTANDING HOW TO COMPUTE THE LENGTH OF A
GIVEN CURVE IS BOTH AN ESSENTIAL SKILL AND A GATEWAY TO MORE ADVANCED CONCEPTS.

TODAY, WE EXPLORE A SPECIFIC PROBLEM: FINDING THE ARC-LENGTH OF THE CURVE \( ¥ = (4x+2)*{3/2} \) rFrom \(

x=1\) To A GiveN UPPER LIMIT \( X = A \). THIS PROBLEM NOT ONLY EXEMPLIFIES THE APPLICATION OF INTEGRAL
CALCULUS BUT ALSO UNDERSCORES THE IMPORTANCE OF PRECISE SUBSTITUTION AND DIFFERENTIATION TECHNIQUES.

SETTING THE STAGE: UNDERSTANDING THE CURVE

BEFORE JUMPING INTO THE CALCULATIONS, LET'S UNDERSTAND THE NATURE OF THE CURVE:

- EQuaTion: \( 'y = (4x+2)"{3/2} \)

- DoMAIN: THe progLEM SPECIFIES \( X \) FROM 1 To soMe UPPER BOUND \( A \). FOR THE SAKE OF COMPLETENESS,

WE'LL CONSIDER \( A \) AS A VARIABLE, BUT LATER, YOU CAN SUBSTITUTE ANY SPECIFIC VALUE.

THIS CURVE IS A COMPOSITION OF LINEAR AND POWER FUNCTIONS, WHICH MAKES IT A PERFECT CANDIDATE FOR
SUBSTITUTION TECHNIQUES TO SIMPLIFY THE DERIVATIVE AND THE INTEGRAL INVOLVED IN ARC-LENGTH CALCULATIONS.

THE CoNCEPT oF ARC-LENGTH IN CALCULUS

THe ARC-LENGTH \( L \) oF A curVE \( ¥ = F(x) \) rroM \(x =x_1\) To \(x =x_2 \) IS GIVEN BY THE
INTEGRAL:

\[
L=\inT_{x_13"{x_2} \s@r7{1 + \Lert(\rrac{pY}H{Dx}\RIGHT)"2} \, DX

THIS INTEGRAL ACCOUNTS FOR THE INFINITESIMAL SEGMENTS ALONG THE CURVE, SUMMING THEIR LENGTHS TO FIND THE
TOTAL ARC-LENGTH.

TO SOLVE THIS FOR OUR SPECIFIC FUNCTION, WE NEED:

1. The oerivaTive \( \rrac{oy}{ox] \).

2. The expressioN \( 1 + \LerT(\rrac{poY }{px3\rIGHT)"2 \).
3. THE INTEGRAL OF ITS SQUARE ROOT OVER THE GIVEN INTERVAL.

Step 1: DiFFerenTIATING \( ¥ = (4x+2)M{3/23 1)

THE DIFFERENTIATION PROCESS INVOLVES THE CHAIN RULE. LET's compuTE \( \rrac{ov}{px} \):

\[
\rrac{oy}box} = \rrac{oXox} \LerT( (4x+2)"{3/23 \RIGHT)
\]

APPLYING THE CHAIN RULE:

\[



\rrac{oy}box} = \rrac{3}{2} (4x+2)"{1/23 \1iMes \rrac{p}{px}(4x+2)
\]

Since \( \rrRac{p}{ox}(4x+2) = 4 \), THE DERIVATIVE SIMPLIFIES TO:

\l

\BOXED{

\rrac{oy}ox} = 6 (4x+2)"{1/2}
}

\]

THIS DERIVATIVE IS CRUCIAL FOR THE NEXT STEP, WHERE WE EVALUATE THE INTEGRAND OF THE ARC-LENGTH FORMULA.

Step 2: CompuTING \( 1 + \LerT(\rrac{DY3}{Dx}\RIGHT)"2 )

NO\X/, SQUARE THE DERIVATIVE:

\[

\LerT(\rFrAC{DY DX \RIGHT)2 = [6 (4x+2){1/2}3]"2 = 36 (4x+2)
\]

Apbb 1 TO IT:

\[

1 + \Lerr(\rrAc{oYHox\RIGHT)*2 = 1 + 36 (4x+2)
\]

DISTRIBUTE:

\[

=1+36\TMes 4dx + 36 \TiMES 2 =1+ 144x + 72
\]

COMBINE LIKE TERMS:

\[

\BOXED{

1 + \Lert(\rrAac{pY}H{ox3\RIGHT)"2 = 144x + 73
}

\]

THIS EXPRESSION SIMPLIFIES THE INTEGRAND OF THE ARC-LENGTH INTEGRAL SIGNIFICANTLY.

STEP 3: SETTING UP THE ARC-LENGTH INTEGRAL

THe ARC-LENGTH \(L V) FrRoM\(x =1\ 70 \(x=a\) IS

L=\INnT_{13"{a} \sqrT{144x + 73} \, bx
\]

THIS INTEGRAL APPEARS MANAGEABLE WITH SUBSTITUTION, AS IT INVOLVES A SQUARE ROOT OF A LINEAR FUNCTION.



STEP 4: SUBSTITUTION TO SIMPLIFY THE INTEGRAL
LET’S PERFORM AN APPROPRIATE SUBSTITUTION TO EVALUATE THIS INTEGRAL:
- SuesTITUTIoN: \(U= 144x + 73 )

THEN, THE DIFFERENTIAL:

\l

pu = 144\, ox \RiGHTARROW DX = \FrRAC{DU}{ 144}

\]

CHANGE OF LIMITS:

-WHEN \(x =T \):

\[

U 1=144\TiMes 1 +73=144+73=217
\]

- WHeNn \(x = A \):

\[

U 2=144a+73

\]

REWRITING THE INTEGRAL:

\[
L=\InT_{u=2173"{u=144Aa + 73} \sqrT{u} \TiMes \rrac{1}{ 144} \, ou
\]

\WHICH SIMPLIFIES TO:

[
L =\rrAc{13}{ 144} \nT_{2173*{144A + 73} U™{1/2}\, DU
\]

STeP 5: EVALUATING THE INTEGRAL
The iINTEGRAL oF \( UM 1/23 \) 1s:

\[
\inT u™{1/23\, bu = \rrac{23}{3} U™{3/2}
\]

APPLYING THE LIMITS:

\[
L =\rrac{13{ 1443 \1iMes \rrac{23{33 \LerT[ (144a + 73)"{3/23 - 2177"{3/23 \rIGHT]
\]

SIMPLIFY THE CONSTANTS:

\[
L = \rrac{23}{3 \TiMes 144} \Lert[ (144a + 73)"{3/2} - 2177{3/23} \rIGHT]

\]



\[
L =\rrac{13{2163 \Lert[ (144 + 73)"{3/23} - 217"{3/2]} \RIGHT]
\]

FINAL EXPRESSION FOR ARC-LENGTH

\l

\soxen{

\TEXT{ArRC-LENGTH } L = \rRAC{ 13}{2 16} \LerT[ (144 + 73)"{3/23 - 217"{3/23 \RIGHT]
}

\]

THIS FORMULA ALLOWS YOU TO COMPUTE THE ARC-LENGTH OF THE CURVE \( ¥ = (4x+2)*{3/2} \) rrom \( x = 1
\) To any arBITRARY \( x = A \).

PracTICAL ExampLE: CoMPUTING THE ARC-LENGTH FRoM \( x=1\) To \( x=2\)
SUPPOSE YOU WANT THE ARC-LENGTH FROM \( x=1\) To \( x=2 \). PLuc N \( A =2 \):
-CaLculaTEN(Uu= 144 \TiMes 2 + 73 =288+ 73 =361 \).

Now, EVALUATE:

[
L =\rrac{13}{216} \LerT[ 3617{3/23 - 217"{3/23 \riGHT]
\]

RECALL:

\[
u™3/2} = u \TiMes \sqrT{U}

-\(\s@rT{361}=19 ), so:

\[
361M{3/23=361\1Mes 19 =361 \TimMes 19

\]

CALCULATE:

\[
361 \1iMes 19 =(360 + 1) \1iMes 19 = 360 \1iMes 19 + 1 \TiMes 19 = 6840 + 19 = 6859

\]
SIMILARLY, FOR 217:

-\(\s@rT{217} \apPrOX 14.73 \), BUT SINCE 217 ISN'T A PERFECT SQUARE, WE'LL LEAVE IT AS IS OR
APPROXIMATE:

\[
217372} =217 \1iMes \sqrT{2173 \arProx 217 \TiMes 14.73 \apProx 3197.4

\]

FiNaLLY, compuTe \( L \):



\[
L \approx \FRAc{13}{2163} (6859 - 3197.4) = \rrac{ 12163} \TiMes 366 1.6 \arPrOX 16.94
\]

THUS, THE ARC-LENGTH FROM \( x=T1\) To \( x=2 \) APPROXIMATELY EQUALS 16.94 UNITS.

ADDITIONAL INSIGHTS AND APPLICATIONS

\WHY IS THIS CALCULATION SIGNIFICANT?

- |T DEMONSTRATES HOW SUBSTITUTION SIMPLIFIES COMPLEX INTEGRALS INVOLVING SQUARE ROOTS OF LINEAR
FUNCTIONS.

- THE PROCESS EXEMPLIFIES THE IMPORTANCE OF CHAIN RULE DIFFERENTIATION IN SETTING UP INTEGRAL FORMULAS.

- THE METHOD CAN BE ADAPTED FOR DIFFERENT FUNCTIONS WITH SIMILAR STRUCTURES, MAKING IT A VERSATILE TOOL IN
CALCULUS.

POTENTIAL APPLICATIONS INCLUDE:

- DESIGNING CURVES IN ENGINEERING WITH PRECISE LENGTH REQUIREMENTS.

- ANALYZING THE LENGTH OF BIOLOGICAL STRUCTURES MODELED MATHEMATICALLY.
- CALCULATING THE LENGTH OF PATHS OR ROADS IN GEOGRAPHIC INFORMATION SYSTEMS.

CoNCLUSION

CALCULATING THE ARC-LENGTH OF A CURVE LIKE \( ¥ = (4x+2)*{3/23 \) rrom \( x=1)

IN THis QUESTION You ARe AskeDd To FIND THE ARC LENGTH OF THE CURVE Y

Ax 2 3 2FroM X 1 To X

IN THis QUESTION You ARE AskeD To FIND THE ARC LENGTH OF THE CURVE Y 4x 2 3 2 FrRoM X 1 To X
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