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is a common question in linear algebra, especially when analyzing the structure of subsets within a
larger vector space. Determining whether a set W qualifies as a subspace involves verifying certain
properties. This article explores the criteria for subspaces, how to analyze whether W is a subspace,
and common reasons why W might fail to be one, particularly when W is defined as "the set of all"
(e.g., all vectors satisfying certain properties). Understanding these concepts is essential for students
and practitioners working with vector spaces in mathematics, physics, computer science, and

engineering.

Understanding Subspaces of a Vector Space

What Is a Subspace?

A subspace W of a vector space V over a field (like the real numbers, [l) is a subset of V that itself
forms a vector space under the same addition and scalar multiplication operations defined on V. In
simple terms, W must satisfy three main properties:

¢ Contains the zero vector of V.

¢ Closed under vector addition.

¢ Closed under scalar multiplication.



If all these properties hold, W is considered a subspace of V.

Significance of Subspaces

Subspaces are important because they represent "smaller" vector spaces within a larger context,
allowing us to analyze properties like linear independence, span, basis, and dimension within a subset

that retains vector space structure.

How To Determine If W Is A Subspace

Step 1: Check for Zero Vector

The first step is to verify whether the zero vector of V, often denoted as 0, is in W. If it is not, W

cannot be a subspace.

Step 2: Verify Closure Under Addition

Next, select any two vectors u and v in W. The set W must satisfy:

-u+v|:|W

for the set to be closed under addition.

Step 3: Verify Closure Under Scalar Multiplication

Finally, for any vector u in W and any scalar c in the field over which V is defined, the scalar multiple

c-u must also be in W:



oc-u[lW

If all these conditions hold, W is a subspace of V.

Common Reasons Why W Might Not Be A Subspace

When W is defined as "the set of all" vectors satisfying certain properties, it may sometimes fail to
meet the criteria for being a subspace. Here are some typical reasons, especially when W is a set of

all vectors that meet specific conditions.

Reason 1: W Does Not Contain the Zero Vector

Many sets W are defined by properties that exclude the zero vector. For example, W might be "the set
of all vectors with non-zero components" or "vectors where some component equals a specific non-
zero value." Since the zero vector often satisfies many properties but not all, W may omit it, violating

the first subspace criterion.

Reason 2: W Is Not Closed Under Addition

Suppose W includes vectors that satisfy a certain property, but adding two such vectors results in a
vector outside W. For instance, consider W as "the set of all vectors with positive components." Adding
two positive vectors yields another vector with positive components, so closure holds in this case. But
if W is "vectors with components summing to 1," adding two such vectors results in a vector summing

to 2, which is outside W. Hence, W is not closed under addition.

Reason 3: W Is Not Closed Under Scalar Multiplication

If W includes vectors with specific properties, scaling by certain scalars might produce vectors outside



W. For example, if W is "vectors with positive components," multiplying by a negative scalar results in
vectors with negative components, which are outside W. Therefore, W fails the closure under scalar

multiplication property.

Reason 4: W Is Defined Too Narrow or Too Broad

In some cases, W might be either too restrictive or too inclusive, causing it to fail the subspace criteria.

For example:

e Too narrow: W includes only the zero vector and no others. While it contains zero, it might not

be closed under addition or scalar multiplication if more vectors are added later.

* Too broad: W includes all vectors except those with certain properties, but the defining property

prevents closure under addition or scalar multiplication.

Examples of Sets W That Are or Are Not Subspaces

Example 1: W as the Set of All Zero Vectors

W = {0} is a subspace because:
¢ Contains zero vector.
¢ Closure under addition: 0 + 0 = 0.

e Closure under scalar multiplication: c-:0 = 0 for any scalar c.



Example 2: W as the Set of All Vectors with a Fixed Non-zero

Component

SupposeW={(x,y,z)|:||:|3|z=1}.
e Zero vector: (0, 0, 0) is not in W because z [l 1.

¢ Fails the first property, so W is not a subspace.

Example 3: W as the Set of All Vectors with Components Summing to

Zero

W={(x,y,z)|:||:|3|x+y+z=0}.
¢ Contains zero vector: (0, 0, 0), since 0+ 0+ 0 =0.
e Closed under addition: sum of two vectors with components summing to zero also sums to zero.

¢ Closed under scalar multiplication: scalar multiple of such vectors also sums to zero.

Hence, W is a subspace.

Summary: How to Decide if W Is a Subspace

To determine whether a set W is a subspace of a vector space V, follow these steps:

1. Check if W contains the zero vector of V.



2. Verify that W is closed under vector addition.

3. Verify that W is closed under scalar multiplication.

If any of these properties fail, W is not a subspace. Common reasons include the absence of zero
vector, failure of closure under addition or scalar multiplication, or the defining properties of W

inherently excluding some of these conditions.

Conclusion: Select All That Apply

When examining whether W is a subspace, especially when W is "the set of all" vectors satisfying

certain conditions, carefully analyze the properties:
¢ Does W include the zero vector?
¢ |s W closed under addition?

¢ Is W closed under scalar multiplication?

If any of these are false, W is not a subspace. Understanding these criteria helps avoid common

pitfalls and ensures accurate classification of subsets within vector spaces.
In summary, W is not a subspace if:

e |t does not contain the zero vector.

e |t is not closed under addition.

¢ |t is not closed under scalar multiplication.



By applying these principles, you can systematically analyze whether a given set W qualifies as a
subspace of the vector space V, ensuring rigorous understanding and correct conclusions in your

linear algebra studies and applications.

Frequently Asked Questions

Is the set W, consisting of all vectors satisfying a specific linear
condition, necessarily a subspace of the vector space?

Not necessarily. W must satisfy three criteria—contain the zero vector, be closed under addition, and
be closed under scalar multiplication—to be a subspace. If any of these are violated, W is not a

subspace.

If W is the set of all vectors that satisfy a nonlinear condition, can W
be a subspace?

No. Since subspaces require linearity, sets defined by nonlinear conditions do not generally form

subspaces.

Given W is the set of all vectors in R*n where the sum of components
equals 1, is W a subspace?

No. Because W does not contain the zero vector (which sums to 0), it cannot be a subspace.

Does the set W of all vectors of the form (a, 2a, 3a) for a in R form a
subspace of R"3%

Yes. W is closed under addition and scalar multiplication, and contains the zero vector, so it is a

subspace.



If W is the set of all vectors orthogonal to a fixed non-zero vector v, is
W a subspace?

Yes. The set of all vectors orthogonal to v forms a subspace known as the orthogonal complement.

Additional Resources

W: A Subspace of the Vector Space? An In-Depth Analysis

Introduction: Deciphering the Nature of Set W

When exploring the fascinating realm of vector spaces, one fundamental question often arises: Is a
particular set, designated as W, a subspace of a given vector space V? This inquiry is not merely
academic but forms the backbone of understanding the structural properties of mathematical spaces

that underpin numerous applications—from computer graphics to quantum mechanics.

In this discussion, we analyze the criteria that determine whether W qualifies as a subspace of V,
especially when W is characterized as the set of all elements satisfying certain conditions. We will
dissect the core properties that define subspaces, explore common pitfalls, and clarify why, in some

cases, W may not be a subspace, supported by concrete reasoning and examples.

Understanding the Foundations: What Is a Subspace?



Before delving into the specifics of W, it’s crucial to establish a comprehensive understanding of what

constitutes a subspace within a vector space.

Definition of a Subspace

A subset W of a vector space V over a field F (such as the real numbers R or complex numbers C) is

called a subspace if it satisfies three essential properties:

1. Zero Vector Inclusion: The zero vector of V (denoted 0) is in W.
2. Closed Under Vector Addition: For any vectors u and v in W, their sum u + v is also in W.
3. Closed Under Scalar Multiplication: For any vector v in W and any scalar D in F, the scalar multiple

v is in w.

Only when all these conditions are met can W be considered a subspace of V. This set must

inherently possess the structure of a vector space itself, with the same operations as V.

Characterizing Set W: The Set of All ...

The phrase "W is the set of all..." suggests W is defined by a property or a collection of
properties—often as the solution set to an equation, the set of vectors satisfying certain conditions, or

other criteria.
Some common examples include:
- The set of all vectors v such that Av = 0, where A is a matrix (the null space).

- The set of all vectors v that satisfy a linear equation like a[lx[l + anD + ..+ a[lxl:l = 0.

- The set of all vectors with a particular property, such as being orthogonal to a given vector.



The critical aspect is that these definitions determine whether W is a subspace or not. Let’s examine

typical scenarios and analyze why W might or might not be a subspace.

Evaluating Whether W Is a Subspace: Core Criteria and

Common Scenarios

To systematically analyze the question, consider the following steps:
1. Does W Contain the Zero Vector?

The zero vector must be part of W. If the defining property of W excludes the zero vector, then W

cannot be a subspace.
2. Is W Closed Under Vector Addition?

Check whether adding any two vectors in W results in a vector that also satisfies the defining property

of W.
3. Is W Closed Under Scalar Multiplication?

Test whether scalar multiples of vectors in W remain within W.



Case Studies: Analyzing Specific Examples of W

Let's examine some concrete examples to illustrate the principles.

Example 1: W as the Solution Set of a Homogeneous Linear Equation

Suppose W = {v D V | Av = 0}, where A is a matrix representing a linear transformation. This set is

known as the null space of A.

Analysis:

- Zero vector inclusion: Since A0 = 0, zero vector is in W.

- Closure under addition: For u, v D W,Au+v)=Au+Av=0+0=0,sou+v D W.

- Closure under scalar multiplication: For v D W and scalar D A([lv) = DAV = D-O =0, so [lv [l W.

Conclusion: W is a subspace of V.

Example 2: W as the Set of All Vectors with a Fixed Property

Suppose W = {v D V | v has positive length}.
Analysis:

- Zero vector inclusion: The zero vector has zero length, which is not positive; thus, 0 I:l W.



- Closure under addition: The sum of two vectors with positive length can sometimes have zero or
negative length depending on the vectors; however, more critically, since 0 D W, W cannot be a

subspace.

Conclusion: W is not a subspace.

Example 3: W as the Set of All Vectors Orthogonal to a Fixed Vector

Suppose W = {v D V| v - u = 0} for some fixed u.

Analysis:

- Zero vector inclusion: 0 -u=0,s00 I] W.

- Closure under addition: For v[l, v[l [l W, (v[l + v[l) ‘U= VD “u+ v[l -u=0+0=0.

- Closure under scalar multiplication: For v D W, ([lv) ‘U= D(v “u) = D-O = 0.

Conclusion: W is a subspace (specifically, a hyperplane orthogonal to u).

Common Reasons Why W Might Not Be a Subspace

Based on the above examples, the primary reasons W fails to be a subspace include:

1. Absence of the Zero Vector
- If the defining property excludes the zero vector, W cannot be a subspace. For example, sets defined

by inequalities like v with positive length or v with a property that zero vector does not satisfy.



2. Lack of Closure Under Addition
- If the sum of two vectors in W does not satisfy the defining property, W is not a subspace. For

instance, sets where adding two vectors could result in vectors outside W.

3. Lack of Closure Under Scalar Multiplication
- For sets where scalar multiplication breaks the defining property, W is not a subspace. For example,
if W is defined by a property that is not invariant under scalar multiplication (like vectors with positive

length), then W fails this criterion.

4. Non-Linear Definitions
- Sets defined by non-linear conditions (e.g., quadratic equations) generally are not subspaces

because they fail linearity properties.

Practical Approach: How to Determine If W Is a Subspace

To decide whether a set W is a subspace:

1. Verify Zero Vector Inclusion: Check if the zero vector satisfies the defining condition.

2. Test Closure Under Addition: Take arbitrary vectors in W, and verify their sum remains in W.

3. Test Closure Under Scalar Multiplication: Take an arbitrary vector in W, multiply by an arbitrary
scalar, and check if the result remains in W.

4. Use Theoretical Properties: Recognize standard subspaces such as null spaces, column spaces,

and span of vectors, which are always subspaces.
Summary Table:

| Criterion | Satisfied? | Implication |




| Zero vector included? | Yes / No | Determines immediate disqualification |
| Closed under addition? | Yes / No | Essential for subspace status |

| Closed under scalar multiplication? | Yes / No | Essential for subspace status |

Final Thoughts: Selecting All That Apply

When faced with the question, "Is W a subspace of the vector space? If not, why?", the answer hinges

on the properties W satisfies relative to the core criteria.

- If W fails any of the three properties, it is not a subspace.
- Common reasons include:

- W does not contain the zero vector.

- W is not closed under vector addition.

- W is not closed under scalar multiplication.

- W is defined by a property incompatible with linearity (e.g., inequalities, non-linear conditions).

In practice, always check these properties systematically. When W is defined explicitly as "the set of all

vectors satisfying certain conditions," verify each property carefully.

Conclusion: Making Informed Judgments

Understanding whether a set W is a subspace of a vector space V requires a clear grasp of the
defining properties of subspaces. By methodically verifying the inclusion of the zero vector and closure

under addition and scalar multiplication, one can confidently determine the subspace status of W.



In the broader scope of linear algebra, recognizing when W is not a subspace is equally
valuable—highlighting the importance of linearity and the structural integrity of vector spaces. Whether

W is the solution set to a linear system, a set
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